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Abstract

Dynamic multimodal optimization problems (DMMOPs) are a class of prob-

lems consisting of two characteristics, i.e., dynamic and multimodal natures.

The former characteristic reveals that the properties of DMMOPs change over

time, which is derived from dynamic optimization problems (DOPs). The lat-

ter one indicates that there exist multiple global or acceptable local optima,

which comes from the multimodal optimization problems (MMOPs). Although

there has been much attention to both DOPs and MMOPs in the field of meta-

heuristics, there is little work devoting to the connection between the dynamic

and multimodal natures in DMMOPs. To solve DMMOPs, the strategies deal-

ing with dynamic and multimodal natures in the algorithms should cooperate

with each other. Before looking deeply into the connections between two na-

tures, there is necessary to measure the performances of the methods dealing

with two natures in DMMOPs. In this paper, first, considering the dynamic

and multimodal natures of DMMOPs, we design a set of benchmark problems

to simulate various dynamic and multimodal environments. Then, we propose
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the optimization framework called PopDMMO containing several popular algo-

rithms and methods to test and compare the performances of these algorithms,

which gives a general view of solving DMMOPs.

Keywords: Dynamic multimodal optimization, dynamic optimization,

multimodal optimization, optimization framework

1. Introduction

Dynamic multimodal optimization problems (DMMOPs) [1] are a class of

optimization problems that have not attracted much attention in the swarm

and evolutionary computation field. These problems have the attributes of dy-

namic optimization problems (DOPs) and multimodal optimization problems5

(MMOPs). In other words, these problems change their formulations (i.e., fit-

ness landscape, constraints) over time, and in each time there exist multiple

optima. To solve DMMOPs, the goal of the algorithm is to try to find all the

acceptable optima including the global and some acceptable local optima in each

environment. Thus, the decision-maker can quickly pick up his/her preferred10

solution from the returned solution set according to his/her experiences and

preference in each environment.

The dynamic multimodal optimization problem considered in this paper can

be defined as a maximization problem shown as follows. In this paper, only the

global optima is token into consideration when the algorithms solve DMMOPs.15

{x1,x2, · · · ,xnt} = argmax
x∈Ω

f(x, t) (1)

where f(x, t) represents the objective function in the t-th environment, nt is the

number of global optima in the t-th environment, Ω defines the decision space,

respectively.

To our best knowledge, in the swarm and evolutionary computation field,20

there is little work devoting to solving DMMOPs. Luo et al. [1] designed a
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benchmark of DMMOPs based on the moving peaks benchmark (MPB) prob-

lems and proposed an efficient algorithm based on the clonal selection algorithm

to solve the benchmark problems. Cheng et al. [2] utilized the periodic func-

tion as the basic function to design the DMMOP and proposed the algorithm25

called BSO-OS, based on the brain storm optimization (BSO), to deal with

the dynamic and multimodal environment. In [3], Ahrari et al. designed an

adaptive multilevel prediction method to predict the positions of the optima

after the environment changes and proposed a variant of covariance matrix self-

adaption evolution strategy called RS-DCMSA-ES to solve DMMOPs. In the30

same year, they also paid attention to the benchmark generator of DMMO and

proposed deterministic distortion and rotation benchmark (DDRB) to simulate

the environment of DMMOPs [4].

DMMOPs have both dynamic and multimodal natures. Because the dy-

namic and multimodal natures have been studied in solving DOPs and MMOPs,35

respectively, the corresponding strategies in solving DOPs and MMOPs are ex-

pected to be useful in solving DMMOPs.

Indeed, in the swarm and evolutionary computation field, there are a lot of

methods to deal with the dynamic and multimodal natures, respectively. Typi-

cally, dynamic response strategies have been designed to deal with the dynamic40

changes of DOPs. When the environment changes, the optimization algorithms

adopt dynamic response strategies to adapt to the new environment rapidly.

Meanwhile, some niching methods are commonly adopted in the multimodal

environment. These methods can drive the entire population towards multiple

promising areas [5]. With niching methods, the optimization algorithms may45

find more than one optimal solution.

It is noted that there are some similarities and differences between solving

DOPs and DMMOPs. In some work, DOPs may have multiple local optima

in a specific environment, which is quite similar to DMMOPs. For example,

the multiple population strategy, which is widely adopted in MMOPs, is also50

adopted in solving DOPs [6]. However, there is a difference in the goals of solving

for both. The goal of solving DOPs is to find only one optimal solution in each
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environment. Other local optimal solutions can be found in each environment

for future use, but it is not necessary. Whereas the goal of solving DMMOPs is

to catch all the optimal solutions including lots of global optima and acceptable55

local optima. That is to say, the algorithms must find all these solutions in

DMMOPs. The difference can be seen in the performance metric: the indicator

in DOPs just compares the best fitness value or the error of the best individual

in the different algorithms, while the one in DMMOPs compares the number

of the optimal solutions which are found by the algorithms. Considering that60

DOPs do not concern with the distribution of optimal solutions, it is necessary

to construct various dynamic multimodal optimization environments.

Embedding dynamic response strategies and niching methods into a tradi-

tional evolutionary algorithm is a straightforward approach to solve DMMOPs.

The dynamic response strategies are used to track changes of the optimal re-65

gions, while the niching methods drive the individuals into multiple promising

areas. A better approach is to design a customized mechanism for DMMOPs,

which can simultaneously deal with the challenges of these two natures.

Before making deep research on DMMOPs, figuring out the performances of

various combinations of methods is of high significance. In this paper, firstly,70

a test suite containing multiple dynamic multimodal optimization benchmark

problems is proposed. This benchmark systematically considers two aspects,

i.e., the dynamic and multimodal natures, which are explained as follows.

1. Dynamics: The six dynamic change modes in [7] are adopted in our bench-

mark problems. Besides, two novel dynamic change modes are proposed75

in our benchmark problems to simulate the change of the number of global

optima in real-world applications.

2. Multi-modality : In this paper, the DF1 generator [8] and the four composi-

tion functions in [9] are used as the basic functions to simulate multimodal

environments. They have been widely used in benchmarking evolutionary80

optimization.

Furthermore, similar in [10], a framework called PopDMMO is designed to
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test the performances of different methods, including several basic optimizers,

typical niching methods, and dynamic response strategies, which are listed as

follows.85

1. Basic Optimizers: In PopDMMO, six basic optimizers are implemented to

solve the optimization problems, including genetic algorithm (GA), differ-

ential evolution (DE), particle swarm optimization (PSO), clonal selection

algorithm (CSA), evolutionary programming (EP) and evolution strategy

(ES). These population-based algorithms have been widely used to solve90

various optimization problems. However, without additional strategies, it

is hard for these basic optimizers to handle DMMOPs.

2. Niching Methods: Niching methods are useful to deal with multimodal

environments. In our framework, four typical niching methods are imple-

mented, including speciation based on the species radius, speciation based95

on the species size, nearest-better clustering, and hierarchical clustering.

3. Dynamic Response Strategies: Dynamic response strategies are used to

respond the environmental changes. The typical strategies implemented

in our framework include the restart, reinitializing half of the population,

and memory strategy.100

The rest part of this paper is organized as follows. Section 2 discusses

the related work including the methods and strategies used in our framework.

Section 3 presents the dynamic multimodal optimization benchmark which is

implemented in our framework. Section 4 depicts the detailed structures of the

framework. The performance metric and the experimental results are shown in105

Section 5. Finally, Section 6 briefly concludes this work.

2. Related Work

In this section, we review some algorithms and strategies used in PopDMMO.

First, we introduce some basic optimizers. Then, the niching methods used in

our framework are discussed. Finally, the dynamic response strategies are given.110
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2.1. Basic Optimizers

PopDMMO contains six basic population-based optimizers, which are listed

as follows. These optimizers mainly utilize a given population to generate the

individuals of the next generation to find the optimal solutions.

2.1.1. Genetic Algorithm115

As a kind of evolutionary algorithm, genetic algorithm (GA) [11, 12] has

been widely studied for several decades [13, 14]. In PopDMMO, GA utilizes the

simulated binary crossover (SBX) [15] operator to modify the genes of the two

chromosomes, where the parents are selected by the roulette selection operators.

Besides, for each gene, we randomly generate a value between 0 and 1. If the120

random value is less than a predefined value mut, the gene would be changed

to a uniform distribution value between the lower and upper bounds. In this

paper, mut is set to 0.01. After generating the offspring, the parents and the

offspring are put together to select the best individuals whose number is the

same as the corresponding sub-population.125

2.1.2. Differential Evolution

Differential evolution (DE) [16] is an evolutionary optimization algorithm

that is widely used to handle various optimization problems [17, 18, 19]. Es-

pecially, Brest et al. [20] designed jDE with self-adaptive control parameters

and a multiple population strategy to solve the dynamic optimization problems,130

which is the winner of the CEC 2009 dynamic benchmark competition.

DE has a lot of strategies to balance exploration and exploitation. In our

framework, the basic DE with DE/rand/1 strategy is shown in Formula (2).

DE/rand/1 strategy randomly selects three different individuals, i.e. xr1, xr2

and xr3, which are also different from the current one, and utilizes mutation135

operator to generate the mutant individual v. Then, DE adopts the binomial

crossover strategy to change the mutant. That is, the value zij of offspring in

each dimension is either from the mutant vij or the parent xij controlled by

the parameter CR. If all the random values are greater than CR, there is a
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random dimension jrand of which the value comes from the mutant v. As for the140

selection operator, the parent individual and its offspring are compared by their

fitness values and the winner is selected as the individual in the next generation.

In this paper, the parameters F and CR are set to 0.5 and 0.9, respectively.

v = xr1 + F ∗ (xr2 − xr3)

zij =

 vij , randij ≤ CR or j = jrand,

xij , otherwise,

(2)

2.1.3. Particle Swarm Optimization

Particle swarm optimization (PSO) [21] is another widely used to solve var-145

ious optimization problems [22, 23, 24]. Here, considering the convergence, we

implement gbestPSO as the basic optimizer in PopDMMO. Formula (3) shows

the velocity vi of i-th individual, where g is the current evolutionary genera-

tion. The parameters r1 and r2 are randomly values from 0 to 1. Besides, the

parameters χ, c1 and c2 are the constants, which are set to 0.729, 2.05 and 2.05,150

respectively [25]. Each particle xi in gbestPSO would move towards not only its

own historical best position (pbesti) but also the historical best position among

all the particles (gbest). After the update of the velocity, the individuals are

updated by adding the velocities directly.

vi(g + 1) =χ ∗ (vi(g) + c1 ∗ r1 ∗ (pbesti − xi)

+ c2 ∗ r2 ∗ (gbest− xi))
(3)

2.1.4. Clonal Selection Algorithm155

Clonal selection algorithm (CSA) [26] simulates the process that the anti-

bodies evolve to eliminate the specific antigens which are the analogy of the

optimization problems [27, 28]. In PopDMMO, a typical CSA similar in [29]

is implemented as follows. For each antibody xi sorted in descending order of

affinity, the optimizer clones nc times, shown in Formula (4), where nk repre-160

sents the size of the k-th sub-population containing xi. After the process of

cloning, the value in each dimension of the mutant vij is calculated between the

current one xij and the random selected individual xrj differing from xij , where
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β is a random value from 0 to 1. Then, the offspring is obtained whose value in

j dimension is picked either from the current individual xij with a probability165

of (1−α), or from the mutant vij with a probability of α. Parameter ρ is set to

a fixed value 4 and f̂ is the normalized affinity between 0 and 1. Formula (4)

shows the process and key parameters in CSA.

nc = ceil(0.1 ∗ nk/i)

vij = ((1− β) ∗ xij) + (β ∗ xrj)

α = e(−ρ∗f̂)

(4)

2.1.5. Evolutionary Programming

In our framework, evolutionary programming (EP) algorithm from [30] is set170

as one of the basic algorithms. EP adopts Formula (5) to obtain the offspring

value zij on the j-th dimensional value corresponding to the parent individual

value xij , where the parameters τ ′ and τ are equal to 1/
√
2D and 1/

√
2
√
D (D

stands for the dimension of the problem). ηij is the mutation step for the j-th

dimension of the i-th individual and is initially set to 3. After mutation, EP175

mixes the parent individuals and offspring ones together. Then, each individual

is compared with other randomly selected q (i.e., 10) solutions. Finally, the N

individuals winning the most comparisons are added to the population in the

next generation.

zij = xij + ηij ∗N(0, 1)

ηij = ηij ∗ exp(τ ′N(0, 1) + τNj(0, 1))
(5)

2.1.6. Evolution Strategy180

Among the evolution strategies, covariance matrix adaptation evolution strat-

egy (CMA-ES), proposed by Hansen and Ostermeier [31, 32], is implemented

in PopDMMO. CMA-ES updates the covariance matrix according to the dis-

tribution of the current population, and then updates the multivariate normal

distribution to resample around the parent recombinant to obtain a new gener-185

ation of population. The details can be referred to [32].
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2.2. Typical Niching Methods in Multimodal Optimization

To solve multimodal optimization problems, lots of researchers have been

embedding niching methods into evolutionary algorithms [5]. Niching methods

explicitly or implicitly drive the population into multiple promising areas si-190

multaneously. Crowding [33] is one of the niching methods in the early stages,

where the comparison is made between the offspring and its nearest parent.

Later, various efficient niching methods have been developed to improve the

performance of solving MMOPs, such as speciation [34, 35] and nearest-better

clustering (NBC) [36]. In [37], Haghbayan et al. proposed the novel niching195

methods based on the nearest neighbor information and the hill valley method

for the multimodal environment. In [38], Wang et al. designed a novel nich-

ing method with no parameter based on adaptive estimation distribution and

distribution differential evolution. In [39] Lin et al. added a rule to NBC to

limit the minimum number of individuals in the cluster and made the threshold200

adaptive. In [40], Biswas et al. designed a novel niching method based on the

parent-centric mutation operator and the crowding method. Besides, niching

methods can be adopted in the complex optimization environment. For ex-

ample, in [41], Mukherjee et al. proposed the multi-population strategy, which

locates multiple local optimal regions simultaneously in a dynamic environment,205

so that the algorithm can quickly catch the moving global optima after a change.

In this part, four basic niching methods are adopted in our proposed frame-

work. These methods divide the population into multiple sub-populations. For

convenience, the sub-population after dividing is called species and the best

individual in the species is called seed in this paper.210

2.2.1. Speciation Based on the Species Radius

Speciation strategy based on the species radius [34], proposed by Li et al.,

divides the population into several species by the fitness values and the distance

information. This method adopts a parameter σs to determine whether the

current individual belongs to a certain species or is the seed of a new species.215

Specifically, for each individual in the population, if the minimum distance
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between the current individual and the nearest seed is great than σs/2, the

current one forms a new species, otherwise, it belongs to the nearest species.

Formula (6) shows the calculation of σs [34].

σs =

√∑D
i=1(upperi − loweri)2

2 ∗ D
√
Ng

(6)

where upper and lower are the upper and lower bound of the decision space, D220

is the dimension of the problem, Ng is the number of the optimal solutions in

the current environment. It is noted that the range for each dimension is the

same.

2.2.2. Speciation Based on the Species Size

Speciation based on the species size is proposed by Qu [42]. Because the225

speciation based on the species radius does not limit the maximum size of the

species, which might not be beneficial to search for multiple global optima, this

strategy requires the number of individuals in the species does not exceed the

specified value m, which forms the species more uniformly. In our framework,

m is set to 10.230

The process is illustrated as follows. First, the individuals in the population

are sorted from the best to the worst and set to non-selected states. Then,

the best non-selected individual is regarded as the seed of new species, and the

nearest (m − 1) individuals are added to the species. These individuals are

marked as selected. Repeat this step until all individuals have been assigned.235

Finally, the partition scheme is constructed.

2.2.3. Nearest-Better Clustering

Nearest-better clustering (NBC), proposed by Preuss [36], is another tech-

nique to transforming a population into multiple species. Similar to the spe-

ciation strategies, NBC also needs to sort the individuals from the best to the240

worst. Then, each individual except for the best one should find its nearest-

better neighbor and these two individuals should be connected. The nearest-

better neighbor is the nearest individual to the current one among the solutions
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which have better fitness values than the current one. After the connection,

the population transforms into a spanning tree. Subsequently, the edges whose245

lengths are greater than the weighted average length are cut off. Finally, each

subtree forms a species and the root of the subtree is the seed of the species. In

PopDMMO, the weight parameter φ is set to 2.0, which is the default value in

[36].

2.2.4. Hierarchical Clustering250

Hierarchical clustering (HC) [43] is one of the typical clustering methods. It

utilizes the distances of each pair of individuals to divide the population into

multiple clusters. In the hierarchical clustering method, the number of clusters

K is needed to be pre-defined. However, a reasonable K is hard to set. To

get better performances by this method, PopDMMO allows HC to achieve the255

number of optima in advance and set it to K. The details can be referred to

[43].

2.3. Dynamic Response Strategies in Dynamic Optimization

In PopDMMO, for simplicity, all the optimization algorithms will learn the

changes of the DMMOPs, i.e., the problem consumes a certain number of fit-260

ness evaluations. Based on this strategy, the framework mainly focuses on the

dynamic response strategies. That is, how to respond to the change of the

problems.

In this part, three dynamic response strategies are implemented in PopDMMO.

2.3.1. Restart265

The most common strategy is to restart the entire population when the

environment changes [44]. Here, the DOPs with multiple environments could be

regarded as several static optimization problems, and the environment changes

can be regarded as a switch from one static optimization problem to another.

Thus, when the environment changes, the old population is discarded and the270

population is randomly generated to restart.
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2.3.2. Reinitializing Half of the Population

Restart strategy is a simple method to respond to the change. However,

due to the discard of the old population, the optimal solutions found by the

algorithm in the previous environment are also deleted, which is a great waste275

of computation. If the environment changes slightly, the old population is quite

helpful to find new optima, since the optimal solutions in a new environment

are close to the ones in the previous environment, .

Compared with restart strategy, reinitializing parts of the population strat-

egy keeps some individuals in the previous environment, which utilizes the his-280

tory information. This strategy keeps the better part of the population, and

the random individuals would replace the worse part. The better part is used

to guide the algorithm to look for the optimal solutions nearby, and the ran-

dom individuals to increase the diversity which enables the population to move.

In this paper, the best 50% individuals are kept and the worst 50% ones are285

discarded. The percentage is set as the same in [1].

2.3.3. Explicit Memory

In some DOPs, the environment changes periodically. In other words, the

current environment is the same as or similar to the one in history. To deal with

this case, an additional space called memory is adopted to save the superior290

solutions found by the algorithm [45, 46, 47]. The algorithm could re-use these

solutions in a new environment.

Here, Algorithm 1 shows the details. First, all the individuals in the pop-

ulation and the memory are re-evaluated. Second, we put at most 5 different

seeds (the number is denoted as num) of the species into a temporary archive295

A. The function len() is used to obtain the size of the seed set. Subsequently,

the population is sorted by the fitness values in descending way. Next, we keep

the better half of individuals and discard the worst ones. If the memory is not

empty, we select the best num individuals from the memory into the population,

and then randomly generate some individuals into the population until the size300

reaches back to N . Finally, the temp archive is used to update the memory.
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When the memory is not full, just add the individuals of the temporary archive

A to the memory one by one. When the memory is full, for each individual in

the temp archive, if it is better than the closest individual in the memory, it

will be added into the memory and the closest one will be removed.305

Algorithm 1 Memory strategy

Input: seeds (seeds of all the species), P (population), M (memory), N (size

of the population)

1: Re-evaluate the population P and the memory M ;

2: num = min(len(seeds), 5);

3: Put the best num seeds into an archive A;

4: Sort P by fitness in descending order;

5: Discard the worst half individuals in P ;

6: if len(M) > 0 then

7: Select at most best num individuals of M into P ;

8: end if

9: Randomly generate the rest individuals;

10: Update M by A;

Of course, besides these strategies mentioned above, there are other strate-

gies to respond the environmental changes, such as the hyper-mutation [48],

elitism-based immigrants [49] and random immigrants [49]. In the hyper-mutation

strategy, when the environment changes, the probabilities of offspring generation

operators are hugely increased to track the moving optimal regions [48]. The310

elitism-based and random immigrants strategies [49] generates the immigrants

based on the best individuals in each generation and randomly generated ones,

respectively. These methods could be easily added to the proposed framework

by the users.
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3. Benchmark315

In this paper, we have designed a novel dynamic multimodal optimization

benchmark problem. Here, we discuss the benchmark from the multimodal and

dynamic natures, respectively.

3.1. Basic Multimodal Functions

To simulate various multimodal cases in real-world applications, we adopt320

the functions of DF1 generator [8] to generate the simple multimodal landscapes.

Besides, the composition functions from the CEC’2013 Competition on Niching

Methods for Multimodal Function Optimization [9] are utilized to simulate the

complex multimodal landscapes with lots of local optimal solutions.

In the benchmark problems, DF1 generator [8] is used to simulate differ-325

ent multimodal occasions. DF1 generator is a class of dynamic optimization

problems. Here, we just discuss the landscape of the fitness functions without

time-changed property. Formula (7) shows the objective function of DF1 gen-

erator. Similar in [1], the peaks in the DF1 generator are separated into global

and local peaks. G and L represent the number of the global and the local330

ones, respectively. Hi(t), Wi(t) and Xi(t) mean the height, width and position

of i-th peak in the t-th environment, which may change with time later. It is

noted that the heights of the global peaks are the same while the heights of the

local peaks are different. Besides, the heights of the local peaks are lower than

the ones of the global peaks. The algorithm should catch all the global optima335

as many as possible.

f(x(t)) =

max
i=1···G,

G+1,···G+L

Hi(t)−Wi(t) ∗

√√√√ D∑
j=1

(xj(t)−Xij(t))2

 (7)

Besides, the composition functions in [9] are utilized to simulate the complex

multimodal environments. Formula (8) shows the objective function, where ωi

is the weight of the i-th basic function fi, oi is the position of global peak in
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the current basic function, f̂i means the normalized function of fi. Parameter340

λi controls the landscape of the basic functions. When λi is greater than 1, the

landscape is stretched, while it is smaller than 1, the landscape is compressed.

Mi is a rotation matrix, which changes the positions. The details can be referred

to [9].

f(x(t)) = −
n∑

i=1

ωi(f̂i((x(t)− oi(t))/λi ·Mi(t))) (8)

Figure 1 shows the 2-dimensional initial landscapes of the basic multimodal345

functions in the proposed DMMOPs. The lower bound lower and upper bound

upper are set to -5 and 5 in each dimension, respectively.

1. Function F1: The function F1 simulates the general multimodal landscape

by the DF1 generator shown in Figure 1(a), where all the parameters

including the heights, widths and the positions of the peaks are randomly350

generated. Besides, there exist 4 global peaks which should be found by

the optimization algorithms and at most 4 local peaks which may mislead

the algorithms to find the local optimal regions.

2. Function F2: There are several groups of peaks uniformly lying in the

decision space in Function F2. Each group contains multiple global peaks.355

Obviously, the distance between each group is greater than the one in the

same group. For simplicity, there are 4 global peaks and no local peaks in

the landscape. Each group has 2 global optimal peaks. The landscape is

depicted in Figure 1(b).

3. Function F3: The landscape of F3 is similar to of F7 in [9] by the DF1360

generator. In Figure 1(c), it can be seen that the distance between the

peak and its adjacent peak increases. Similar to F2, 4 global peaks with

no local peaks are existed in F3.

4. Function F4: The landscape of F4 is similar to of F8 in [9] by the DF1

generator depicted in Figure 1(d). The attribute of the global peaks is365
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that the distance between each peak and its adjacent peak is the same. In

Function F4, there are only 4 global peaks.

5. Function F5: The composition function F5 is the same as the function F9

in [9] shown in Figure 1(e). This problem utilizes six basic sub-functions

to generate the initial landscape by Formula (8). Each sub-function cor-370

responds a global peak, thus, 6 global peaks are in the initial multimodal

environment.

6. Function F6: The composition function F6 simulates the landscape of the

function F10 in [9]. F6 contains 8 basic sub-functions in Formula (8) and

has 8 optima. From Figure 1(f), in a specific sub-regions, there are a lot375

of local peaks in the landscape.

7. Function F7: The composition function F7 adopts 6 basic sub-functions

which are the same as the function F11 in [9]. Similar to F5, F7 also has

6 global peaks which the optimization algorithms should find, shown in

Figure 1(g).380

8. Function F8: The composition function F8 utilizes 8 sub-functions, derived

from the function F12 in [9], and has 8 optimal solutions. In Figure 1(h),

it can be seen that there exists a massive number of local optimal peaks

in the decision space.

3.2. Dynamic Change of Basic Multimodal Functions385

The other core property of DMMOPs is the dynamic nature. In this paper,

several dynamic change strategies are adopted to change the environments when

satisfying the change conditions. In this paper, when the number of consumed

fitness evaluations of the current environment reaches the specific values (i.e., the

frequency freq), the problems would change their landscape. Here, 6 dynamic390

change modes proposed in generalized dynamic benchmark generator (GDBG)

[7] are adopted and 2 additional change modes are proposed in our framework.
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(a) Function F1 (b) Function F2 (c) Function F3

(d) Function F4 (e) Function F5 (f) Function F6

(g) Function F7 (h) Function F8

Figure 1: The 2-dimensional initial landscapes of the multimodal basic functions in DMMOPs
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The two novel modes simulate the scenarios that the number of the global peaks

is changed in the dynamic environment.

For a given parameter E(t) at t-th environment, we define the following eight395

strategies to change the value. The parameters are illustrated in the following

part.

1. Change Mode 1 (C1): Small step changes. In this mode, the parameter is

slightly changed when the environment changes which is shown as follows.

400

E(t+ 1) = E(t) + α · Er · r · Es (9)

2. Change Mode 2 (C2): Large step changes. In this mode, the change step

of the parameter is much larger than C1, which is shown as follows.

E(t+ 1) = E(t) + Er · (α · sign(r) + (αmax − α) · r) · Es (10)

3. Change Mode 3 (C3): Random changes. In this mode, when the environ-

ment changes, the parameter would add a standard Gaussian distribution

value N(0, 1) with a step Es.405

E(t+ 1) = E(t) + Es ·N(0, 1) (11)

4. Change Mode 4 (C4): Chaotic changes. The parameter in this mode is

changed chaotically, which is shown in Formula (12).

E(t+ 1) = Emin +A · (E(t)− Emin) · (1− (E(t)− Emin)/Es) (12)

5. Change Mode 5 (C5): Recurrent changes. In this mode, the parameters

in all the environments are changed periodically. In other words, the

environmental data of the problem is generated in a periodic manner.410

Formula (13) shows the changes.

E(t+ 1) = Emin + Er · (sin(
2π

P
t+ φ) + 1)/2 (13)

18



6. Change Mode 6 (C6): Recurrent with noisy changes. In this mode, the

parameters are changed periodically but with some noisy. There still ex-

ist some small difference between the current environment and its most

similar one. It means that the the current environment would be similar415

to a certain historical one after several changes.

E(t+ 1) =Emin + Er · (sin(
2π

P
t+ φ) + 1)/2

+ ns ·N(0, 1)

(14)

7. Change Mode 7 (C7): The number of the global peaks changes periodi-

cally. C7 firstly sets the number of the global peaks between 2 and the

maximum number defined in the basic functions. Formula (15) shows the

change, where the parameter dir represents that the number of the global420

peaks in the next environment (g(t+1)) is increasing (i.e., dir = 2) or de-

creasing (i.e., dir = 1) decided by the number in the current environment

(g(t)). If the number reaches the maximum number, it is decreased one by

one in each environment until it equals to 2. Then, it is increased to the

maximal number and then decreased to 2, and so on. Other parameters425

such as the height and width are slightly modified as in C1.

g(t+ 1) = g(t) + (−1)dir (15)

8. Change Mode 8 (C8): The number of the global peaks changes randomly.

In this mode, the number of the global peaks is randomly set to a value

ranging from 2 to the maximum number defined in the basic functions.

Formula (16) depicts C8, where the function randi(lower, upper) ran-430

domly generates an integer between lower and upper, and gmax represents

the maximum number of the global peaks which is the same as the one in

Section 3.1. Similar to C7, other parameters are slightly modified as in

C1.

g(t+ 1) = randi(2, gmax) (16)

The parameters in Formulas (9) ∼ (14) are set as follows, which are the same435

as in [7]. The parameters α, αmax, A, P , and ns are constants and set to 0.04,
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0.01, 3.67, 12 and 0.8, respectively. Parameter ϕ is the initial phase and set to

a fixed value, which is pre-randomized. Parameter r is a randomly generated

value between -1 and 1. The function sign() returns 1 if the input parameter

is greater than 0, -1 if the input parameter is less than 0, otherwise returns 0.440

The parameter Er represents the range of E(t), which is set to (Emax −Emin),

where Emax and Emin are the upper and lower bound of E(t), respectively.

The parameter Es describes the change severity of E(t). Here, the heights of

local peaks, the width of all peaks, and the rotation angle are changed in this

way. The height changes between 30 and 70 (the severity is 7.0), while the445

width changes between 1 and 12 (the severity is 1.0). As for the rotation angel

discussed later, the changing severity is 1 in all the change strategies. The range

of the rotation angle is [0, π/6] in C5 and C6, and [−π, π] in other strategies.

For different types of DMMOPs, the core parameters are dynamically changed

to generate a new landscape in the next environment. In F1 ∼ F4, the heights450

Hi of local peaks, the widths Wi and positions Xi of all peaks are modified,

while in F5 ∼ F8, for simplicity, the positions of the optimal solutions oi and

the rotation matrix Mi are changed by corresponding strategies.

For a given numerical parameter (i.e., Hi, Wi), Formulas (9) ∼ (14) are used

to change the data directly. As for a given matrix parameter (i.e., oi, Xi, Mi),455

the following steps dynamically modify the matrix data [7]. First, as a numerical

parameter, the rotation angel θ is still modified by Formulas (9) ∼ (14). Then,

the dimension is randomly separated into several groups, each group contains

two dimensions. If the dimension D is an odd number, the (D − 1) dimension

is randomly selected. Subsequently, a rotation matrix R is constructed. The460

values of Rii, Rij , Rji, and Rjj are generated by the parameter θ, where i and

j represent the selected dimensions in a group. Finally, The matrix is changed

by the rotation matrix R.

3.3. Other Details

In the dynamic change strategy, there may be multiple global optimal solu-465

tions running to the same positions (or very close positions). Considering that it
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is pointless to look for two very similar optima, the minimum distance between

these optima is larger than a given value dpeaks [1]. If the minimum distance

is not greater than dpeaks, the position of a peak moves multiple times until

the condition of the minimum distance is satisfied. The movement of peaks’470

positions is depicted in Formula (17).

Xi = Xi + v,

v =
r

∥r∥
∗ dpeaks

(17)

where r represents a random direction used in the movement and the length

of the movement v is set to dpeaks. In our benchmark, dpeaks is set to 0.1.

Besides, the proposed DMMOP has 60 environment and each environment con-

tains 5000 ∗D fitness evaluations.475

Overall, the proposed benchmark problems are designed from two aspects.

On the one hand, the initial fitness landscape of the optimization problems

has multiple global peaks, and simulates simple and complex multimodal en-

vironments by DF1 generator and composition functions. On the other hand,

8 change strategies simulate different dynamic change situations including the480

change of the number of global peaks. Besides, we select 5 and 10 as the di-

mensions of DMMOPs in our experiments. The proposed DMMOPs with 5

dimension is regarded as the relatively simple questions, and the ones with 10

dimension are considered to be relative high-dimensional problems.

4. PopDMMO485

In this paper, PopDMMO is implemented to test the performance of the

algorithms on DMMOPs. Here, we would discuss PopDMMO in detail.

4.1. Process of PopDMMO

In PopDMMO, several algorithms and methods are combined to solve the

proposed DMMOPs in Section 3. Table 1 shows the methods implemented in490

our proposed framework. The details refer to Section 2.
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Table 1: Components in PopDMMO

Basic Optimizers Niching Methods Dynamic Response Strategies

Genetic Algorithm

Differential Evolution

Particle Swarm Optimization

Clonal Selection Algorithm

Evolutionary Programming

Evolutionary Strategy

Speciation Based on the Species Radius

Speciation Based on the Species Size

Nearest-Better Clustering

Hierarchical Clustering

Restart

Reinitializing Half of the Population

Explicit Memory

Algorithm 2 shows the process of the optimization algorithms in PopDMMO.

The sequence diagram of PopDMMO is shown in Figure 2. PopDMMO requires

algorithm object alg to record the methods solving DMMOPs. The process is

shown as follows.495

1) The initialization method is called to generate the initial population. In

the framework, all algorithms start with a random population from the

lower bound to the upper bound.

2) The termination condition is checked whether the evolution process should

be stopped or not. PopDMMO considers that the algorithm is terminated500

when all the fitness evaluations are consumed.

3) Inner the loop, the algorithm evolves the population for one generation by

Function Evolve(). Different methods have different implementations for

the basic optimizers and niching methods.

4) After evolving the population, it is necessary to check if there is a change505

that occurred in the optimization problem by Function CheckChange().

The detail is that the number of fitness evolution in the current environ-

ment reaches the maximum value.

5) If the environment changes, the dynamic response strategy is performed

to generate the novel population for the evolution.510

6) Return to Step 2. If the algorithm is terminated, the result population is

processed to obtain the performance metric.
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Algorithm 2 Process of the Optimization Algorithms in PopDMMO

Input: alg (algorithm object), g (current generation)

Output: pr (performance indicator)

1: Call alg.Initialize();

2: g = g + 1;

3: while not alg.Terminate() do

4: Call alg.Evolve();

5: g = g + 1;

6: if alg.CheckChange() == TRUE then

7: alg.RespondChange();

8: end if

9: end while

10: Execute the performance metric method to achieve pr;

Algorithm 3 shows the process of function Evolve(). First, the selected nich-

ing method is adopted to divide the population into multiple sub-populations.

Then, the offspring set children is initially set to an empty set. Next, for each515

sub-population, the offspring individuals are generated by Function GetOff-

spring() and insert them into children. Finally, the parent population P (g) and

the offspring children are put together to select the next generation P (g + 1)

through Function Select().

In PopDMMO, most of the basic optimizers are adopted by Algorithms 2520

and 3. However, due to the characteristics of some optimizers, some modifi-

cations need to be added to adapt these optimizers. For example, in DE, the

sub-population could be evolved under the condition that the size of the sub-

population must be greater than 3. If the size of the sub-population is less

than or equal to 3, the sub-population would utilize some individuals closest525

to the seed to accomplish the process of evolving in the current generation. In

the algorithm with CSA, if there is only one individual in the sub-population,

it would be attended into the selection process directly without the mutation
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Algorithm 3 Function Evolve()

Input: g (current generation), P (g) (population in g-th generation)

Output: P (g + 1) (population in (g + 1)-th generation)

1: Use a niching method to divide P (g) into multiple sub-populations;

2: children = ∅;

3: for Sub-population sp in P (g) do

4: Generate offspring child of sp;

5: children = children ∪ child;

6: end for

7: P (g + 1) = Select(P (g), children);

process. Besides, in CMA-ES, it is hard to adopt niching methods to separate

the population in each iteration. Therefore, we would separate the population530

at the beginning as well as after the execution of the dynamic response strategy,

and use the best individual in the sub-population as the initial position. Each

sub-population is evolved by a basic CMA-ES optimizer. This makes that the

size of the population is the summary of the sizes of the sub-populations, while

the sizes in other basic optimizers are set to 100.535
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Figure 2: The sequence diagram of PopDMMO
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4.2. Structure of PopDMMO

Figure 3 shows the file structure of PopDMMO, which is made up of Mat-

lab files. In the root directory, 7 folders represent the different functions of

PopDMMO. The folder Algorithms contains the codes which represent the algo-

rithms to solve the problems. The folder Core is the foundation of PopDMMO.540

The files in the folder Data record the results of the corresponding algorithm

solving the problems. The folder Experiments manages the experiment files in

this paper. The file ex.m in the folder Experiment is the program entrance for

the whole experiments. Besides, the files ex1.m, ex2.m and ex3.m represents the

entrances of the three experiments depicted in Section 5.2. The folder Metrics545

is used to obtain the performances of the given algorithms. The folder Problems

contains the benchmark problems, where DMMOPs, discussed in the previous

section, are implemented. Some functions are used frequently in the framework,

and we extract this part of the codes and put them into the folder Tools.

The basic structure of PopDMMO is simple. 6 Matlab files form the cor-550

nerstone of the framework in the folder Core. Among them, the file Hub.m is

a bridge to communicate with other data object, preserving various parameters

in a single run. These properties are mainly separated into three categories.

One category is to characterize the whole optimization environment, such as

the algorithm object, the problem object, the current run number, and the per-555

formance indicator. One is used in the problem object to describe the problem

landscape, such as the dimension D, the lower bound lower and the upper

bound upper, maximum fitness evaluation evaluation and frequency freq to

change the environment. The last category is the parameters frequently utilized

in the algorithm object, such as the population size N , the current generation560

g, and the record population used to obtain the performance. Besides, all the

mentioned parameter settings can be set in the constructor of Hub class. After

instantiating the hub object, the entire algorithm flow can be executed through

the function Start(), and the result is the performance of the corresponding

algorithms solving the specific optimization problems.565

The file Individual.m is another important file in PopDMMO. In the file
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Individual.m, the class Individual represents an individual in the population.

An algorithm maintains a population to evolve and the population consists of N

Individual objects, where N is the size of the population. There are 4 properties

to characterize an individual: the values in the decision space dec, the fitness570

value fit, the constraint violations con, and additional data add which stores

other data of individuals in some specific algorithms, such as the velocity v in

PSO. The variable add internally holds multiple key-value pairs whose value

could be accessed via a string-type key.

In PopDMMO, each optimization algorithm is represented by a class, which575

is stored in the Algorithms folder. Due to some common logic widely adopted

in various algorithms, the shared logic is abstracted into the Algorithm.m file

under the Core folder. The Algorithm class is regarded as the basic class and

all the optimization algorithms inherit from it. There are some key parameters

defined here. For example, the random stream algRand fixes the random value.580

That is, the algorithm executes the same logic several times to get the same ran-

dom number. Besides, there are several functions used to evolve the population.

The function Initialize() is used to initialize the population firstly, which would

be executed only once in the algorithm object. PopDMMO adopts the random

generation method as the default population initialization. The function Termi-585

nate() determines whether the algorithm process should be terminated or not.

Here, the termination condition is that the consumed fitness evaluation reaches

the maximum number. The function Evolve() would evolve the population once

if it is called once. The function Record() is used to record the core population.

For example, DE should record the current population pop, while PSO should590

record the pbest population pbest.

Next, the DynamicAlgorithm class in DynamicAlgorithm.m is a subclass

of Algorithm class, and adds some functions related to the dynamic functions.

There are two functions in it. The first one (the function CheckChange()) checks

if an environmental change has occurred in the current generation. PopDMMO595

considers that the optimization algorithms will receive a signal from the problem

whenever the problem has consumed the specified number of fitness evaluations.
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The other function (the function RespondChange()) deal with the population

when responding to the environmental changes.

Similar to the structure of the algorithm, there exists a class called Problem600

in Problem.m under the Core folder. All the problem objects are inherited

from the abstract class Problem directly or indirectly. In the problem object,

the function Initialize() initializes the parameters of the problem, including the

number of global and local optima. This object is used to calculate the fitness

value and constraint violation of an individual by the function GetFits() and605

GetCons(). Besides, it records the fitness values and the positions of the optimal

solutions.

The last class is DynamicProblem class in DynamicProblem.m, which has

some functions related to the dynamic natures. For example, the random stream

proRand which has the same function as the algRand in the algorithm object,610

the index of the current environment env. Besides, it implements the dynamic

changes of the problems indicating how to change the data in the problems

mentioned in Section 3.2.

5. Experimental Settings and Results

5.1. Performance Metric615

In this paper, we adopt a performance indicator called peak ratio (PR),

which is modified by [9], to obtain the performances of the implemented algo-

rithms. However, to make the indicator more suitable for the dynamic multi-

modal optimization problems, PR is slightly modified shown in Formula (18),

which is the same as in [1].620

PR =

∑Run
i=1

∑Dy
j=1 NPFij∑Run

i=1

∑Dy
j=1 Peaksij

(18)

In Formula (18), Run means the number of the independent algorithm runs,

which is set to 30. Dy means the environment changes of the problem in a run

and it is set to 60, which is the same to [1]. To reduce the impact caused by

the randomness, each algorithm runs 30 times. NPFij stands for the number of
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global peaks found by the current algorithm in the i-th run and j-th environment625

and Peaksij represents the number of global peaks in the current environment

of DMMOPs.

Given a resultant population, how many global peaks are found by the al-

gorithm (i.e., NPFij) is still a core issue. Here, from the perspective of the

accuracy of the fitness value and the distance of the decision values, Algorithm630

4 (File get peaks.m in Folder Metrics) decides the number of peaks found by

the algorithms. First, the individuals in the resultant population are iterated to

detect whether it is a global optimal solution or not. Next, the nearest global

peak o′ of the current individual xi is considered. Then, the fitness gap and

distance gap between xi and o′ is checked. If the fitness gap is less than ϵf and635

the distance gap is less than ϵd, we consider that the global peak o′ is found by

the algorithm. If the global peak o′ is not stored in the set S, the method would

insert it into S. Finally, after the iteration, the number of the global peaks in S

is considered as the optimal peaks found by the algorithm. Here, the parameter

ϵd is set to dpeaks/2 (i.e., 0.05), and ϵf is set to three values including 1e-3,640

1e-4 and 1e-5.

5.2. Experimental Results

In this part, several algorithms with different niching methods and dynamic

response strategies are compared. Due to the limited space of this paper, parts

of the results on the problems are listed and compared here. All experiments645

are executed on Matlab R2020b. The resource code can be referred to https:

//github.com/iskcal-research/PopDMMO.

For the sake of convenience, the symbol Fa(b, c) represents a DMMOP that

utilizes the basic function Fa as its basic function, parameter b as its dimension,

and Change Mode c as its change strategy. For example, F1(5, C1) stands for a650

DMMOP whose basic multimodal function is F1, dimension is 5 and dynamic

change strategy is C1.
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Algorithm 4 Obtain the value NPF

Input: P (resultant population), ϵf (accuracy), ϵd (distance gap), F (fitness

function)

Output: NPF (number of global peaks found by the algorithm)

1: Set S = ∅;

2: for i = 1 to N do

3: Set o′ as the global peaks nearest to the individual xi;

4: if |F (xi)− F (o′)| < ϵf and ∥xi − o′∥ < ϵd then

5: Consider that the global peak o is found;

6: if o′ not in S then

7: Add o′ into S;

8: end if

9: end if

10: end for

11: Set NPF as the size of S;

5.2.1. Comparisons of Different Basic Algorithms

Tables 2, 3 and 4 show the compared results of the algorithms with different

basic optimizers in the different cases. These optimization algorithms utilize655

NBC as their niching method and the restart strategy to respond to the envi-

ronment changes. In addition, the results in the row titled ‘nbr’ represent the

number of best results obtained by the corresponding algorithms at all accura-

cies. The values with bold font represent the corresponding optimizers achieve

the best performances among the compared optimizers. The last row shows the660

rankings of different algorithms based on Friedman test [50].

First, Table 2 represents the PR results on different basic functions of DM-

MOPs. Here, we just compare the performances of different basic optimizers

on the 5-dimensional problems with the slight change. It can be seen that the

algorithm with DE obtains the most best PR results. The optimizer in second665

place is PSO, which obtain the best result on F5(5, C1). Although the rest al-
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gorithms do not obtain the best results, EP and CMA-ES still get a very close

performance against the best algorithm, such as the second place on F6(5, C1),

and the second place on F8(5, C1), respectively. In addition, the performances

of the algorithms on the complex composition functions (i.e., F5 ∼ F8) are worse670

than the ones on the first type basic functions (i.e., F1 ∼ F4).

Second, Table 3 represents the PR results on different change modes of

DMMOPs. From the table, it can be seen that the optimization algorithms

with DE win in most cases, while the algorithms with PSO obtain second place.

From the perspective of ranking of Friedman test, CMA-ES is the best among675

the rest four algorithms. In addition, the algorithms with CSA only find around

10% global optima in most cases.

Finally, Table 4 depicts the PR results on 10-dimensional DMMOPs, where

DE optimizer gets the most best results, and the PSO, GA and CMA-ES opti-

mizers win on F1(10, C1). Compared with the data on 5-dimensional problems680

depicted in Table 3, it could be found that, as the dimension increases, almost

all the performances have decreased, especially on the DF1 generator.

5.2.2. Comparisons of Different Niching Methods

In this subsection, the algorithms with different niching methods are com-

pared. These algorithms utilize DE as their basic optimizer, and the restart685

strategy as the dynamic response strategy. Here, in Table 5, the column ‘None’

represents that no niching method is adopted in the algorithm. The column

‘SBSR’ stands for the speciation based on the species radius, and ‘SBSS’ stands

for the speciation based on the species size, while ‘NBC’ and ‘HC’ stands for

nearest-better clustering and hierarchical clustering methods, respectively.690

From Table 5, it can be seen that the algorithm with the nearest-better

clustering method obtains the best performance, while the speciation based on

the species radius has the second-best result mainly on the complex multimodal

problems with a large number of local optimal peaks. And hierarchical clustering

gets the best PR values on DMMOPs with F3(5, C1).695
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Table 2: PRs achieved by optimization algorithms with different basic optimizers on different

basic functions of DMMOPs

Prob. ϵf DE PSO EP GA CSA CMA-ES

F1(5, C1)

1e-3 0.409 0.344 0.351 0.288 0.032 0.309

1e-4 0.405 0.342 0.321 0.272 0.004 0.309

1e-5 0.403 0.338 0.276 0.253 0.000 0.309

F2(5, C1)

1e-3 0.834 0.570 0.522 0.306 0.081 0.483

1e-4 0.819 0.559 0.336 0.262 0.018 0.483

1e-5 0.807 0.544 0.131 0.192 0.002 0.483

F3(5, C1)

1e-3 0.472 0.390 0.382 0.266 0.191 0.342

1e-4 0.460 0.384 0.317 0.255 0.100 0.342

1e-5 0.449 0.375 0.221 0.235 0.033 0.342

F4(5, C1)

1e-3 0.512 0.426 0.377 0.270 0.162 0.358

1e-4 0.498 0.419 0.299 0.251 0.070 0.358

1e-5 0.488 0.407 0.212 0.226 0.014 0.358

F5(5, C1)

1e-3 0.244 0.258 0.169 0.060 0.000 0.192

1e-4 0.243 0.257 0.158 0.057 0.000 0.192

1e-5 0.241 0.257 0.145 0.055 0.000 0.192

F6(5, C1)

1e-3 0.249 0.226 0.248 0.140 0.025 0.209

1e-4 0.249 0.226 0.246 0.134 0.013 0.209

1e-5 0.249 0.225 0.243 0.128 0.007 0.209

F7(5, C1)

1e-3 0.289 0.280 0.211 0.032 0.051 0.210

1e-4 0.284 0.278 0.202 0.030 0.025 0.210

1e-5 0.279 0.277 0.191 0.028 0.010 0.210

F8(5, C1)

1e-3 0.193 0.084 0.027 0.000 0.000 0.155

1e-4 0.188 0.083 0.022 0.000 0.000 0.155

1e-5 0.183 0.082 0.019 0.000 0.000 0.155

bbr 21 3 0 0 0 0

Ranking 5.875 4.8333 3.4167 2.0833 1.0417 3.7500
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Table 3: PRs achieved by optimization algorithms with different basic optimizers on different

change strategies of DMMOPs

Prob. ϵf DE PSO EP GA CSA CMA-ES

F1(5, C1)

1e-3 0.409 0.344 0.351 0.288 0.032 0.309

1e-4 0.405 0.342 0.321 0.272 0.004 0.309

1e-5 0.403 0.338 0.276 0.253 0.000 0.309

F1(5, C2)

1e-3 0.330 0.303 0.291 0.258 0.088 0.273

1e-4 0.327 0.301 0.273 0.248 0.024 0.273

1e-5 0.323 0.297 0.245 0.233 0.004 0.273

F1(5, C3)

1e-3 0.363 0.343 0.314 0.272 0.103 0.323

1e-4 0.358 0.341 0.290 0.260 0.034 0.323

1e-5 0.356 0.339 0.252 0.245 0.006 0.323

F1(5, C4)

1e-3 0.409 0.427 0.306 0.245 0.042 0.392

1e-4 0.400 0.421 0.258 0.226 0.009 0.392

1e-5 0.394 0.411 0.190 0.196 0.001 0.392

F1(5, C5)

1e-3 0.289 0.322 0.257 0.232 0.046 0.308

1e-4 0.285 0.319 0.243 0.226 0.012 0.308

1e-5 0.283 0.314 0.219 0.216 0.002 0.308

F1(5, C6)

1e-3 0.308 0.329 0.271 0.236 0.044 0.308

1e-4 0.304 0.326 0.254 0.226 0.014 0.308

1e-5 0.301 0.321 0.223 0.216 0.002 0.308

F1(5, C7)

1e-3 0.445 0.411 0.388 0.356 0.022 0.373

1e-4 0.441 0.407 0.370 0.344 0.004 0.373

1e-5 0.440 0.403 0.332 0.326 0.000 0.373

F1(5, C8)

1e-3 0.346 0.323 0.317 0.264 0.047 0.305

1e-4 0.345 0.323 0.298 0.259 0.032 0.305

1e-5 0.343 0.319 0.267 0.246 0.029 0.305

bbr 15 9 0 0 0 0

Ranking 5.4167 5.3333 3.2500 2.0417 1.0000 3.9583
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Table 4: PRs achieved by optimization algorithms with different basic optimizers on 10-

dimensional DMMOPs

Prob. ϵf DE PSO EP GA CSA CMA-ES

F1(10, C1)

1e-3 0.250 0.250 0.200 0.250 0.000 0.250

1e-4 0.250 0.250 0.106 0.250 0.000 0.250

1e-5 0.250 0.250 0.022 0.250 0.000 0.250

F2(10, C1)

1e-3 0.495 0.280 0.089 0.262 0.000 0.283

1e-4 0.486 0.279 0.014 0.248 0.000 0.283

1e-5 0.478 0.278 0.000 0.219 0.000 0.283

F3(10, C1)

1e-3 0.335 0.252 0.169 0.258 0.003 0.251

1e-4 0.333 0.252 0.065 0.252 0.000 0.251

1e-5 0.331 0.252 0.009 0.244 0.000 0.251

F4(10, C1)

1e-3 0.336 0.251 0.163 0.262 0.001 0.251

1e-4 0.333 0.251 0.065 0.254 0.000 0.251

1e-5 0.331 0.251 0.007 0.237 0.000 0.251

F5(10, C1)

1e-3 0.325 0.181 0.188 0.169 0.000 0.183

1e-4 0.324 0.181 0.141 0.167 0.000 0.183

1e-5 0.324 0.181 0.092 0.166 0.000 0.183

F6(10, C1)

1e-3 0.232 0.130 0.150 0.124 0.000 0.128

1e-4 0.231 0.129 0.123 0.124 0.000 0.128

1e-5 0.230 0.129 0.090 0.123 0.000 0.128

F7(10, C1)

1e-3 0.168 0.166 0.118 0.034 0.001 0.105

1e-4 0.168 0.166 0.104 0.032 0.000 0.105

1e-5 0.167 0.166 0.082 0.031 0.000 0.105

F8(10, C1)

1e-3 0.152 0.035 0.005 0.002 0.000 0.105

1e-4 0.151 0.035 0.002 0.001 0.000 0.105

1e-5 0.150 0.035 0.001 0.001 0.000 0.105

bbr 24 3 0 3 0 3

Ranking 5.7292 4.4583 2.5208 3.2083 1.0208 4.0625
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Table 5: PRs achieved by optimization algorithms with different niching methods on different

basic functions of DMMOPs

Prob. ϵf None SBSR SBSS NBC HC

F1(5, C1)

1e-3 0.250 0.423 0.382 0.409 0.376

1e-4 0.250 0.419 0.368 0.405 0.373

1e-5 0.250 0.416 0.357 0.403 0.370

F2(5, C1)

1e-3 0.248 0.500 0.493 0.834 0.812

1e-4 0.244 0.500 0.429 0.819 0.793

1e-5 0.236 0.499 0.378 0.807 0.780

F3(5, C1)

1e-3 0.252 0.388 0.319 0.455 0.465

1e-4 0.247 0.380 0.292 0.444 0.454

1e-5 0.242 0.373 0.278 0.435 0.445

F4(5, C1)

1e-3 0.259 0.499 0.369 0.512 0.500

1e-4 0.244 0.487 0.335 0.498 0.486

1e-5 0.241 0.479 0.313 0.488 0.476

F5(5, C1)

1e-3 0.156 0.251 0.107 0.244 0.203

1e-4 0.156 0.249 0.096 0.243 0.200

1e-5 0.156 0.247 0.089 0.241 0.199

F6(5, C1)

1e-3 0.125 0.247 0.244 0.249 0.244

1e-4 0.125 0.246 0.241 0.249 0.243

1e-5 0.125 0.245 0.239 0.249 0.242

F7(5, C1)

1e-3 0.167 0.280 0.211 0.289 0.230

1e-4 0.167 0.273 0.193 0.284 0.227

1e-5 0.167 0.267 0.181 0.279 0.225

F8(5, C1)

1e-3 0.122 0.210 0.042 0.193 0.165

1e-4 0.120 0.203 0.029 0.188 0.161

1e-5 0.117 0.194 0.020 0.183 0.157

bbr 0 9 0 12 3

Ranking 1.2500 4.0833 1.7917 4.5000 3.3750
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5.2.3. Comparisons of Different Dynamic Response Strategies

This subsection mainly presents a comparison result of different dynamic

response strategies depicted in Tables 6 and 7. Table 6 shows different change

modes on the basic function F1, while Table 7 shows the results of different

change modes on the basic function F8. All the comparisons are based on the700

algorithms with DE and NBC methods. The column titled ‘None’ represents no

dynamic response strategy is adopted into the algorithms. In this type, when the

environment changes, the algorithm still uses the previous population searching

for the new optima. The columns titled ‘Restart’ and ‘RHP’ stand for the

restart and the reinitializing half of the population strategies, respectively. The705

column called ‘Memory’ represents the explicit memory strategy that adopts

Algorithm 1 to generate the population in the new environment.

From Tables 6 and 7, it can be seen that restart strategy has the best per-

formance in most cases among different change strategies. The results illustrate

that the current reinitializing half of the population strategy does not handle710

the environmental changes well. Besides, in these two tables, it can be seen that

memory strategy obtains the best PR results on the problems with C5 and C6

in the DMMOPs with F1 indicating that explicit memory strategy has a better

performance on the simple recycle environments.

6. Conclusion715

In this paper, we designed the dynamic multimodal optimization benchmark

problems, which are based on multimodal optimization problems and dynamic

optimization problems. Meanwhile, a test suite containing multiple optimizers

and various strategies is implemented called PopDMMO. Finally, the results

of the various optimization algorithms are compared to illustrate the perfor-720

mances on the proposed dynamic multimodal optimization problems, including

three perspectives: the basic optimizer, the niching strategy, and the dynamic

response strategy.

In the future, we will design an efficient algorithm for solving the proposed
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Table 6: PRs achieved by optimization algorithms with different dynamic response strategies

on different types of F1

Prob. ϵf None Restart RHP Memory

F1(5, C1)

1e-3 0.105 0.409 0.167 0.224

1e-4 0.098 0.405 0.164 0.221

1e-5 0.092 0.403 0.160 0.217

F1(5, C2)

1e-3 0.092 0.330 0.242 0.274

1e-4 0.085 0.327 0.239 0.272

1e-5 0.077 0.323 0.238 0.271

F1(5, C3)

1e-3 0.077 0.363 0.234 0.262

1e-4 0.071 0.358 0.232 0.260

1e-5 0.066 0.356 0.231 0.257

F1(5, C4)

1e-3 0.050 0.409 0.319 0.331

1e-4 0.048 0.400 0.314 0.325

1e-5 0.044 0.394 0.309 0.319

F1(5, C5)

1e-3 0.024 0.289 0.198 0.334

1e-4 0.023 0.285 0.195 0.329

1e-5 0.021 0.283 0.193 0.324

F1(5, C6)

1e-3 0.024 0.308 0.251 0.373

1e-4 0.024 0.304 0.248 0.371

1e-5 0.024 0.301 0.246 0.368

F1(5, C7)

1e-3 0.131 0.445 0.177 0.245

1e-4 0.124 0.441 0.172 0.238

1e-5 0.115 0.440 0.164 0.235

F1(5, C8)

1e-3 0.105 0.346 0.173 0.240

1e-4 0.099 0.345 0.170 0.233

1e-5 0.091 0.343 0.169 0.228

bbr 0 18 0 6

Ranking 1.0000 3.7500 2.0000 3.2500
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Table 7: PRs achieved by optimization algorithms with different dynamic response strategies

on different types of F8

Prob. ϵf None Restart RHP Memory

F8(5, C1)

1e-3 0.004 0.193 0.055 0.065

1e-4 0.004 0.188 0.054 0.063

1e-5 0.004 0.183 0.053 0.062

F8(5, C2)

1e-3 0.004 0.199 0.134 0.137

1e-4 0.003 0.194 0.132 0.135

1e-5 0.003 0.191 0.130 0.134

F8(5, C3)

1e-3 0.004 0.186 0.121 0.125

1e-4 0.003 0.182 0.118 0.122

1e-5 0.003 0.179 0.116 0.119

F8(5, C4)

1e-3 0.004 0.207 0.164 0.159

1e-4 0.003 0.201 0.161 0.156

1e-5 0.003 0.198 0.158 0.154

F8(5, C5)

1e-3 0.013 0.194 0.088 0.143

1e-4 0.012 0.187 0.085 0.139

1e-5 0.012 0.181 0.082 0.137

F8(5, C6)

1e-3 0.008 0.196 0.111 0.177

1e-4 0.007 0.190 0.107 0.172

1e-5 0.007 0.183 0.104 0.168

F8(5, C7)

1e-3 0.005 0.118 0.068 0.075

1e-4 0.005 0.114 0.066 0.073

1e-5 0.005 0.111 0.065 0.071

F8(5, C8)

1e-3 0.005 0.129 0.074 0.084

1e-4 0.005 0.125 0.072 0.081

1e-5 0.005 0.121 0.071 0.080

bbr 0 24 0 0

Ranking 1.000 4.0000 2.1250 2.8750
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benchmark problems. In other words, we will focus on the connection between725

the dynamic nature and multimodal nature, and design an effective strategy that

is more appropriate to the dynamic multimodal environment in the subsequent

work.
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