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Abstract

Many multi-objective optimization problems in the real world are dynamic, with

objectives that conflict and change over time. These problems put higher de-

mands on the algorithm’s convergence performance and the ability to respond

to environmental changes. Confronting these two points, this paper proposes

a dynamic multi-objective particle swarm optimization algorithm based on ad-

versarial decomposition and neighborhood evolution (ADNEPSO). To overcome

the instability of the traditional decomposition method for the changing Pareto

optimal front (POF) shape, the proposed algorithm utilizes the complemen-

tary characteristics in the search area of the adversarial vector, and the two

populations are alternately updated and co-evolved by adversarial search di-

rections. Additionally, a novel particle update strategy is proposed to select

promising neighborhood information to guide evolution and enhance diversity.

To improve the ability to cope with environmental changes, an effective dynamic

response mechanism is proposed, including three parts: archive set prediction,

exploration of global optimal information, and retention of excellent particles
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to accelerate convergence to the Pareto optimal set (POS) in the new environ-

ment. The proposed algorithm is tested on a series of benchmark problems

and compared to several state-of-the-art algorithms. The results show that AD-

NEPSO performed excellently in both convergence and diversity, and is highly

competitive in dealing with dynamic problems.
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1. Introduction

In recent years, the field of multi-objective optimization has attracted more

and more attention. Multi-objective optimization problem (MOPs) aims to

optimize two or more conflicting targets simultaneously, and involve multiple

fields such as industry [1], biological sciences [2], artificial intelligence [3], etc.5

Usually, multi-objective evolutionary algorithms (MOEAs) [4][5][6] and Multi-

objective particle swarm optimizations (MOPSOs) [7][8][9] are considered to be

alternatives for tackling MOPs, which attempt to search for a Pareto optimal

set (POS) consisting of the best possible tradeoffs among the objectives. The

mapping of the POS in the objective space is called the Pareto optimal front10

(POF).

Multi-objective optimization problems can be classified into two categories:

static multi-objective optimization problems (SMOPs) and dynamic multi-object

ive optimization problems (DMOPs). Compared with the SMOPs, the DMOPs

is more challenging because objective functions, constraints, and parameters15

may be time variant [10]. Moreover, dynamic multi-objective optimization algo

rithms(DMOAs) [11] also have been widely applied in many real-world engi-

neering scenarios, such as scheduling [12][13], finance [14], control [15][16][17],

planning [18][19], design [20] and machine learning [21]. In order to effectively

solve a DMOP, two basic requirements should be considered: (1) When the en-20

vironment changes, the algorithm should provide an effective dynamic response

2



mechanism to track new optima and adapt to the new environment. (2) Before

the change, the algorithm should ensure the ability to rapidly find the current

POS, which is also crucial to tracking performance. Based on these two points,

in this paper, we propose a dynamic multi-objective particle swarm optimiza-25

tion algorithm based on adversarial decomposition and neighborhood evolution

(ADNEPSO).

Due to the superior performance of the multi-objective evolutionary algo-

rithm based on decomposition (MOEA/D) [22], in recent years, some studies

have focused on applying decomposition-based methods to DMOPs [23][24].30

However, a decomposition-based algorithm’s performance strongly depends on

the shapes of the POF [25], especially the orientation of the POF, which makes

the algorithm’s performance unstable in dynamic environments where the POF

shape changes over time. One solution might be to adaptively adjust the weight

vector in the evolutionary process [26][27]. However, due to the high change fre-35

quency and change severity characteristics of the dynamic environment, there

are not enough generations to adjust between the two changes. At the same

time, different from the static environment, the POF shape may change after

the environmental change, and the vector direction must be re-adjusted, which

causes a lot of extra overhead. Bearing these reasons in mind, the proposed40

ADNEPSO applies adversarial decomposition to particle swarm optimization

to enhance the algorithm’s stability. Adversarial decomposition [28], unlike

traditional single reference point-based decomposition, uses two adversarial ref-

erence points zid and znd to generate two sets of uniform vectors, and evolves

through the complementary characteristics of the search directions. To take45

advantage of these characteristics, two populations Nid and Nnd are associated

with reference points zid and znd respectively, and co-evolve using alternate

updates.

On the other hand, particle swarm optimization has shown effectiveness in

solving DMOPs [29][30], but determining how to avoid falling into the local op-50

timal and how to enhance diversity are also challenges. Therefore, in order to

ensure diversity in the evolution process, we propose a novel neighborhood evo-
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lution method. Every subproblem is assigned a global optimal particle Gi, which

is defined as the best position for the subproblem i in the neighborhood traver-

sal. The neighborhood optimal information is used as the parent’s guide position55

and speed update. Moreover, a neighborhood selection strategy is used to find

more promising parents. Finally, an effective dynamic response mechanism is

proposed that combines historical information prediction and global optimal

information exploitation to help quickly respond to environmental changes.

The rest of the paper is structured as follows. Section 2 introduces the60

background, including some basic definitions and related work. The proposed

ADNEPSO is presented in detail in Section 3. Section 4 provides the test

problems, metrics, and parameter settings. Section 5 shows the experimental

statistical results and analysis. A further discussion of the algorithm is offered

in Section 6. Finally, conclusions are drawn in Section 7.65

2. Background

2.1. Dynamic Multi-objective Optimization

DMOPs can be described in terms of various the nature of dynamisms

[10][31][32]. We mainly consider that DMOPs [10][33] can be mathematically

defined as follows:70

minimize F (x, t) = (f1(x, t), f2(x, t), . . . , fM (x, t))T ,

s.t. x ∈ Ω.
(1)

where M is the number of objectives; t means time or environment variable.

And x = (x1, x2, . . . , xn)T is the decision variable vector. Decision space Ω =

[L1, U1] × [L2, U2] × · · · × [Ln, Un], Li and Ui are the lower and upper bounds

of the i-th decision variable, respectively.

Definition 1. Pareto Dominance [34] : At time t, for any two individuals x175

and x2 in the population, at time t, if x1 and x2 satisfy the following conditions:
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∀i ∈ {1, . . . ,m} : fi (x1, t) ≤ fi (x2, t) ,

∧ ∃j ∈ {1, . . . ,m} : fj (x1, t) < fj (x2, t) .
(2)

Then say that x1 dominates x2, denoted as x1 ≺ x2.

Definition 2. Pareto Optimal Set [10] : Given a MOP, at t time, there is no

individual x′ ∈ Rn dominating individual x in the objective space. Then x80

is the optimal solution or the non-dominated solution. All the non-dominated

solutions constitute the Pareto optimal set (POSt), which is denoted as

POSt = {x ∈ Rn|¬∃x′ ∈ Rn, x′ ≺ x} . (3)

Definition 3. Pareto Optimal Front : At t time, the mapping of POS in the

objective space is called Pareto optimal front POF , which is defined as follows:

85

POFt = {f(x, t)|x ∈ POSt} . (4)

Definition 4. Ideal point zid: The ideal point zid = (zid1 , z
id
2 , . . . , z

id
m), where

zidi is the infimum of fi(x) for every i ∈ {1, 2, . . . ,m}.

Definition 5. Nadir point znd: The nadir point znd = (znd1 , znd2 , . . . , zndm ),

where zndi is the supremum of fi(x),x ∈ POS for every i ∈ {1, 2, . . . ,m}.

In addition, Farina et al. [10]and others classified DMOPs into four types90

based on different combinations of POSt and POFt dynamic changes: (1) Type

I:POSt changes while POFt remains unchanged. (2) Type II:Both POSt and

POFt changed. (3) Type III:POSt remains unchanged while POFt changes.

(4) Type IV:Both POSt and POFt remain unchanged.

2.2. Related Works95

In the past few years, dynamic multi-objective optimization (DMO) has

attracted a lot of attention from researchers and many DMOAs have been pro-

posed to solve DMOPs. According to the response mechanism and diversity
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strategy adopted, the existing methods can be divided into the following cate-

gories:100

(1)Diversity introduction: Diversity introduction aims to help the popula-

tion that had previously converged in the previous environment to jump out

of the current position and explore new regions. Cobb et al. [35] proposed a

triggered hypermutation method, which increases the probability of mutation

when the environment changes to encourage population divergence. Deb et al.105

adopted different diversity strategies in two versions of dynamic fast and elitist

multiobjective genetic algorithm (DNSGA-II) [12]; one is to randomly initialize

some individuals after the change occurs, and the other is to introduce diversity

via Gaussian mutation. Vivek et al. [36] proposed an adaptive mutation opera-

tion called variable local search (VLS), which gradually increases the intensity of110

mutation without detecting changes, and the operator makes the diversity level

of the introduced population better match with the degree of environmental

change. In general, methods such as random initialization and hypermutation

can effectively enhance population diversity, however, the information obtained

prior to a change is lost after these operations [37].115

(2)Diversity maintenance: The technique of maintaining diversity is not

only applied when the environment is changed, but it also focuses on preserving

the inherent diversity of the population throughout the whole optimization pro-

cess. Random immigration [38][39][40] is considered to be a typical and effective

method. The main idea is to inject new genetic materials into the evolutionary120

population at fixed intervals. Chang et al. [41] proposed a query-based machine

learning method. When a particle is considered to be trapped in a local opti-

mum, it actively adapts the ratio of quantum particles and neutral particles to

achieve diversity without analyzing the distribution of optima in the solution

space. However, when the optimization process has been misguided, the method125

cannot adjust the quantum radius adaptively. Jiang et al. proposed a steady-

state and generational evolutionary algorithm (SGEA) [42], which employs the

stable tracking ability of the steady-state algorithm to maintain diversity. In

the method, half of the outdated solutions with good distribution are reused,
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and the other half reinitialized solutions in the new population are produced by130

a guess of the new location of the changed POS. SGEA has the ability to effec-

tively track changed POF, but may hard to recover the linked decision variables

and significant diversity loss. In addition, there are other diversity maintenance

techniques [43][44][45] that effectively utilize the inherent characteristics of al-

gorithms.135

(3)Prediction strategy : After the change occurs, the prediction-based strat-

egy collects historical population information and estimates the position of the

POS at the next moment through some prediction models. Hatzakis and Wal-

lace [46] proposed a feed-forward prediction strategy (FPS). The re-initialized

population includes three parts: prediction solution set, non-dominated solution140

set, and random initialization solution set. Zhou et al. [47] developed a pop-

ulation prediction strategy (PPS) based on a regularity model-based multiob-

jective estimation of distribution algorithm (RM-MEDA) [48] to solve DMOPs.

In PPS, the population is divided into population centers and manifolds, and

an autoregressive time series forecasting technique is applied to guide the es-145

timation of new locations. Cao [23] proposed a novel differential prediction

model in which the second-order difference model takes into account uniformly

accelerated modes of centroid motion, and the main novelty is that the second-

order difference model can collect more historical information to estimate the

new locations in the new environment. Muruganantham et al. [49]combined the150

Kalman filter model with (multiobjective evolutionary algorithm with decompo-

sition based on differential evolution) MOEA/D-DE and designed an effective

dynamic multi-objective optimization algorithm (called evolutionary dynamic

multiobjective optimization via kalman filter prediction) MOEA/D-KF. The

prediction mechanism helps to guide the search toward the changed optima.155

When the environment changes, a scoring scheme is devised to hybridize the

KF prediction with a random reinitialization method. Moreover, there are some

other efficient dynamic prediction models, such as inverse modeling [50], transfer

learning [51], mixture-of-experts prediction [52].

(4)Memory mechanisms: The memory mechanism usually stores previous160
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solutions in the memory pool. When the environment changes, especially when

the environmental conditions are similar to the previous environment, the past

solutions are reintroduced to improve the performance of the algorithm. Ex-

isting research shows that memory-based methods are often more effective for

DMOPs where the environment changes periodically [51]. Branke [53] proposes165

a memory enhanced evolutionary algorithm, which stores the best individuals

in the archive. When a change is detected, the stored individuals is replace the

same number of current solutions. Hu et al. [54] proposed a method based on

environmental sensitivity called IEC. IEC establishes an information exchange

mechanism in a dynamic environment through two parts: micro-changing de-170

cision and macro-changing decision. Besides, IEC adopts a memory strategy

that associates weight vectors, the maximum 30 % of population members will

be replaced by historical solutions. Wang et al. [55] investigated different

multi-objective dynamic optimization schemes, including restart strategies, ex-

plicit memory mechanisms, local search memory strategies, and mixed memory175

schemes. In Koo’s MO-EGS (a predictive gradient strategy for multiobjective

evolutionary algorithms in a fast changing environment) [56], a memory item

consisting of centroid and centroid variance is added to the external memory

pool. If the external memory pool is full, the oldest memory item is being

replaced.180

(5)Multipopulation approaches: As the name suggests, multiple subpopu-

lation methods use multiple subpopulations to simultaneously explore different

regions. Subpopulations share and cooperate with each other to improve conver-

gence and diversity. Goh et al. proposed a competitive-cooperative coevolution-

ary paradigm called DCOEA [37]. Its main idea is to develop an iterative process185

of competition and cooperation, through different subpopulations to optimize

each subcomponent, so that coevolutionary algorithms can deal with static and

dynamic multi-objective problems. Helbig [45] developed a dynamic vector eval-

uated particle swarm optimization algorithm (DVEPSO). In the method, each

objective is individually optimized by one swarm and the swarm share knowl-190

edge of each other about the objects they are solving. Liu [29] proposed a novel
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coevolutionary technique based on multi-swarm particle swarm optimization, in

which a new speed update equation and effective boundary constraint strategy

are developed.

3. Proposed ADNEPSO195

In this section, we introduce the details of the proposed algorithm AD-

NEPSO. First, the concept of adversarial decomposition is given. Second, the

overall framework of the algorithm is introduced, and then show the details of

the particle update and neighborhood Gbest update. Finally, the content of the

dynamic response mechanism is given.200

3.1. Adversarial Decomposition

Most decomposition-based algorithms utilize a single reference point to gen-

erate uniform vectors, which makes the algorithm behave differently when there

are different POF shapes (especially when the shape is concave or convex). As

shown in Fig.1, the solid line represents zid vector, and the solution converged205

on the POF is marked with blue. The dotted line represents znd vector, and

the corresponding solution is marked with green. It can be found that when the

POF is concave, the zid vector can obtain a relatively uniform solution set, but

when the POF is convex, the obtained solution set is no longer uniform, while

the solution set obtained by the znd vector shows the opposite. In other words,210

the zid vector and znd vector can complement each other’s poorly distributed

regions, enhancing the algorithm’s adaptability to POF shapes.

MOEA/D provides several reputable scalar functions, the weighted sum ap-

proach (WS), tchebycheff approach (TCH), and boundary intersection approach

(PBI). Considering WS cannot effectively deal with non-concave problems and215

TCH’s search ability is stronger than PBI when there are fewer generations

[57], a modified version of TCH [28]is used in this paper, which is expressed as

follows:

g (x|w, z∗) = max
1≤i≤m

{(fi(x)− z∗i ) /wi}+ α
∑m

i=1 (fi(x)− z∗i ) /wi,

z∗ = zid or znd.
(5)
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𝒁𝒊𝒅 

𝒁𝒏𝒅 

(a)concave

𝒁𝒏𝒅 

𝒁𝒊𝒅 

(b)convex

Figure 1: Adversarial decomposition adapts to different POF shapes

In the modified version, the relationship between the weight vector w and the

convergence direction is adjusted through division, and the new addition term220

α
∑m

i=1 (fi(x)− z∗i ) /wican reduce the weak domination solution to some extent,

where α is an augmentation and set to 10−6 by [58] recommendation.

3.2. Overall Framework

The basic framework of the proposed algorithm is shown in Algorithm 1. AD-

NEPSO uses two populations Nid = (xid1 , x
id
2 , . . . , x

id
N ) and Nnd = (xnd1 , xnd2 , . . . ,225

xndN ) to maintain evolution. Nid and Nnd are respectively associated with two

reference points zid and znd. The corresponding globally best position vec-

tors are denoted as Gbid = (Gid
1 , G

id
2 , . . . , G

id
N )and Gbnd = (Gnd

1 , Gnd
2 , . . . , Gnd

N ).

Where Giis defined as the best position among those that particles in the neigh-

borhood of a particle have traversed. In the initial generation, Nid starts to230

evolve first; the offspring are generated through the particle update (line 15

of Algorithm 1), and the neighborhood is updated through the neighborhood

Gbest update (line 17 of Algorithm 1). To effectively utilize the similarity of

the control region of the adversarial vector, during the neighborhood update
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Algorithm 1 The overall framework of ADNEPSO

Input: N(population size), genmax(maximum number of generations),

T (neighborhood size), set time period t = 0, set gen=0.

Output: Population Pt;

1: Random initialization population P0,then Nid ← P0, Nnd ← P0;

2: Initializ globally best position vector Gbid ← Nid, Gbnd ← Nnd;

3: Initialize zid and znd, weight vector W = {w1, w2, . . . , wn} and the neigh-

borhood B{wi} of each vector, set flagid(i) = 0(i ∈ Nid), flagnd(i) = 0(i ∈

Nnd)(record whether the subproblem was updated in the last generation);

4: while gen < genmax do

5: if there is an environmental change then

6: dynamic response(Gbid, Gbnd,archive At−1);

7: t = t+1;

8: end if

9: if gen%2 == 0 then

10: N ← Nid, Gb← Gbid, Gb
′ ← Gbnd, f lag ← flagid, f lag

′ ← flagnd;

11: else

12: N ← Nnd, Gb← Gbnd, Gb
′ ← Gbid, f lag ← flagnd, f lag

′ ← flagid;

13: end if

14: for i= 1 to N do

15: particle update(xi(xi ∈ N), Gb, flag); % Generate a new particles x̂i

16: update zid and znd;

17: neighborhood Gbest update(x̂i, Gb,Gb
′, f lag, flag′);

18: xi ← x̂i;

19: end for

20: gen=gen+1;

21: end while

22: P0 ← Combine Nid and Nnd and truncate the population size to N

process, part of the Gnd
i in the adversarial population Nnd is updated. Then235

population Nnd begins to evolve in the second generation; these updated Gnd
i
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guide the generation of new particles, and the offspring also update the Gid
i

of the adversarial population Nid. Fig.2 describes the meaning of alternating

updates, ADNEPSO evolves population Nid in odd generations and evolves Nnd

population in even generations, and Gbid and Gbnd are used to complete the240

information interaction and coevolution. Furthermore, before each generation

cycle, if an environmental change is detected, an additional dynamic response

(line 6 of Algorithm 1) mechanism is implemented. In the following subsections,

more details about each component of ADNEPSO are given.

Update 
Nid

Update 
Nnd

Even Generation

Odd Generation

Update  the Gbid

Update  the Gbnd

Figure 2: Alternating update

3.3. Particle Update245

The purpose of the particle update is to produce a promising offspring. In the

traditional particle swarm search method, the speed of the particle determines

the update direction. Assuming xi is the i-th particle in the population N , xi

is updated by using a velocity vi. The new position x̂i of the particle can be

calculated as follows:250

v̂i = ωvi + c1r1 (Pbesti − xi) + c2r2 (Gbesti − xi),

x̂i = xi + vi.
(6)

where Pbesti and Gbesti are respectively the position information of personal

best and global best particles for xi. ω is inertia weight to balance the global
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Algorithm 2 particle update

Input: xi(xi ∈ populationN), Gb = (G1, G2, . . . , GN ), f lag;

Output: offspring particle x̂i;

1: Generate a random number p = rand[0, 1], Calculate the number of vectors

Ts with Rank(n) = 1 in the neighborhood, and calculate ps by the Eq.8 ;

2: if (p ≤ ps) ∧ (Ts 6= 0) then

3: Randomly choose a Gn from B{wi} with flag(n) = 1 ;

4: else

5: Randomly choose a Gn from B{wi} with flag(n) = 0 ;

6: end if

7: Calculate x̂i by Eq.7;

8: if Gi has not been updated for more than two generations then

9: Perform an additional mutation operation on by x̂i formula;

10: end if

11: Output x̂i;

search and the local search; c1,c2 are two learning factors; r1 and r2 are two

randomly generated numbers within the range of [0, 1]. Regarding the parameter

selection and stochastic stability of PSO, the works proposed by Erskine et255

al. [59] is worthy of reference. A Considering the guidance of neighborhood

information on population evolution and the maintenance of diversity, in this

paper, Eq.6 is modified as follows:

v̂i = ω · vi(t) + c1r1 (Gi − xi) + c2r2

(
Gn∈B{wi} − xi

)
,

x̂i = xi + vi.
(7)

where Gi is the global best particle of the i-th subproblem; B{wi} represents the

neighborhood of the i-th subproblem and Gn is a global best particle selected260

from the neighborhood B{wi}. It should be noted that the step size (Gi −

xi) ensures that the particle xi can search for the optimal direction of the

current subproblem, and (Gn−xi) provides a search direction from the xi to the

neighborhood optimal particle. Because of the proximity of reference vectors,
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particles in the neighborhood have similar evolutionary trends. Therefore, the265

information provided by a good Gn can often improve the convergence efficiency

of the entire neighborhood.

On the other hand, how to choose an appropriate Gn also deserves atten-

tion. In general, during the iterative process of the algorithm, the performance

and value provided by each subproblem are different [60][61]. For a subprob-270

lem i, if the Gi was updated in the last evaluation, then we consider that the

subproblem i has obtained some new convergence and distribution information,

which is likely to have a guiding effect on other particles in the neighborhood

with similar evolutionary trends. In addition, this selection method promotes

the diversity of the parents because the particles that were the parent in the275

previous generation will not have a great probability to still be selected as the

parent in the current generation. We use a selection probability ps to evaluate

what kind of neighborhood information should be selected. ps can be calculated

as follows  ps = m+ (1−m)
(
Ts

T

) 1
2 Ts 6= 0,

ps = 0 Ts = 0.
(8)

where T is the neighborhood size and Ts is the number of subproblems in the280

neighborhood that were updated in the last generation. m ∈ [0, 1] is a predefined

parameter for adjusting the weight of neighborhood information, and in this

paper, m is set to 0.1. In the early stage of evolution, there are numerous

updated subproblems in the neighborhood, and the algorithm has a greater

probability of selecting the parent from these updated subproblems. When the285

population tends to converge, the update frequency of the subproblems in the

neighborhood decreases. At this time, a smaller ps can avoid the loss of diversity

caused by the heavy use of some subproblems. The pseudo-code of the particle

update procedure is presented in Algorithm 2. The selection probability ps is

calculated at first; the Rank value is used to record the update of the particles.290

If the Gi was updated during the last evaluation, then the Rank(i) is set to 1.

Furthermore, if Gi remains unchanged for more than two generations, then an

additional mutation operation [57] is used to help the particles effectively jump
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out of the local optimum.

Algorithm 3 neighborhood Gbest update

Input: offspring particle x̂i, Gb = (G1, G2, . . . , GN ), Gb′ = (G′1, G
′
2, . . . , G

′
N ),

f lag, flag′;

1: for j= 1 to T do

2: if g (x̂i|w, z) < g (Gj |w, z) then

3: Gj ← x̂i;

4: Tempflag(j) = 1;

5: end if

6: end for

7: Find the subproblem with the smallest Euclidean distance in the adversarial

vector group, with the index labeled S;

8: for k= 1 to T, k ∈ B{wS} do

9: if g (x̂i|w, z′) < g (G′k|w, z′) then

10: Gk ← x̂i;

11: flag′(k) = 1;

12: end if

13: end for

14: Reset flag = 0, flag ← Tempflag;

15: Reset Tempflag = 0;

3.4. Neighborhood Gbest Update295

In ADNEPSO, the neighborhood Gbset update is applied to both the current

population and adversarial populations, which is detailed in Algorithm 3. First,

the offspring x̂i updates the neighborhood B{wS} according to the aggregate

value g (x|w, z∗), which is calculated by the previously mentioned equation Eq.5.

To take advantage of the complementary and coevolution of the two populations,300

after updating the current neighborhood, we calculate the Euclidean distance

between x̂i and the adversarial vector and find the closest adversary subproblem

S, then B{wS} is updated. It is worth noting that the Rank values of these
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updated adversary subproblems are also recorded and guide evolution in the

next generation. During the entire replacement process, only the neighborhood305

optimal particle Gj is replaced, but the corresponding population particle xj is

not changed. This is because the functions of Gb and population N are not the

same. Gb keeps the optimal solution and provides an effective search direction,

while the population keeps diversity particles, which is very important for the

random search ability.310

3.5. Dynamic Response

Algorithm 4 dynamic response

Input: Gbid, Gbnd,archive At−1;

Output: Nid, Nnd, At;

1: GbDS ← (Gbid ∨Gbnd);

2: truncate GbDS into the archive At of size N;

3: At → Ppredict;

4: (GbDS\At) ∧Gbid → Pretain;

5: (GbDS\At) ∧Gbnd → Pexploit ;

6: Nid, Nnd ← Ppredict ∨ Pretain ∨ Pexploit;

An ideal dynamic algorithm should not only have efficient convergence per-

formance but also have an effective environment response mechanism. When

an environmental change is detected, the response mechanism should be able

to maintain a good level of population diversity and relocate the population315

in promising areas close to the new POS [49]. Prediction-based methods often

perform well when the dynamic environment exhibits a predictable pattern, but

this method may fail or even mislead the direction of population evolution when

the environment changes drastically. Reusing the old solution in the new envi-

ronment can also effectively use historical information, whereas excessive reuse320

of the old solution causes the loss of population diversity so that the population

falls into a local optimum and cannot find the POS of the new environment.

Consequently, determining how to balance convergence and diversity is a sig-
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nificant part of designing an effective dynamic response mechanism. For these

reasons, this paper adopts a novel dynamic handling mechanism, which includes325

three operations: predictive archive, exploit Gbest information, and retain par-

ticles. The execution process is described in Algorithm4, In the remainder of

this section, we discuss more related details.

Assuming the environment changes at time t, first merge Gbid, Gbnd into

GbDSand truncate to archive At. The truncation operator is similar to that330

used in SPEA2 [62]. We describe the predictive archive, which uses an archive

centroid representative of the entire archive to track and predict the movement

of the POS [56]. Let Ct represent the centroid of the archive At, it can be

defined as:

Ct =
1

|At|
∑
x∈At

x. (9)

Then the estimated moving direction of the archive centroid can be expressed335

as follows:

Dt = Ct − Ct−1. (10)

Based on the moving direction, for each member xt ∈ At, the new location in

the decision space can be predicted as follows:

xt+1 = xt +Dt. (11)

Fig.3 describes this process. The N solutions in the archive set are predicted

to be in a new and promising location in the decision space. In order to further340

enhance the diversity, the remaining GbDS−N solutions use different strategies

according to their own population. The particles belonging to the Gbid are

retained, and these retained particles can often help evolve the population with

less intensity of environmental changes. Particles belonging to Gbnd are used to

exploit new Gbest information to introduce diversity. Suppose that Gt
i is the345

globally best particle of the ith subproblem at time t.We can define an exploit

step-size as:

Et
i = Gt

i −Gt−1
i . (12)
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Figure 3: Predictive archive.

Then there is a particle Gt
k in the B{wi} having the nearest distance to Gt

i,

which can be found using the following equation:

Gt
k = arg min

k∈B{wi}
‖Gt

k −Gt
i‖2. (13)

The search step size can be defined as:350

St
k = Gt

k −Gt
i. (14)

Having obtained the exploit step-size and search step-size, the new position

can be calculated as follows:

Gt+1
i = Gt

i + Et
i + rand(0, 1)‖St

k‖~e. (15)
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Figure 4: Exploit Gbest information.

where ~e is a unit vector with a random direction. Fig.4 gives the explanation

of how to exploit individuals. It can be observed that the exploit operation is

searching for a certain sub-problem instead of the whole population. Compared355

with the overall translation of the POS manifold, the exploit operation can

provide diversity more effectively. Randomly reinitializing the population is also

beneficial to population diversity, but this method completely gives up historical

information and appears to a bit blind. Thus, we adopt a more moderate method

to increase the chance of exploration and minimize the amount of time consumed360

for algorithms to converge as much as possible.
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In addition, it is worth noting that due to the spatial uniformity of the

truncation operator, the three parts can maintain a good distribution in the

objective space. That is to say, for each neighborhood in the new population,

particles from different operations are included, which is very helpful for the365

neighborhood update of particles in the new environment.

3.6. Computational Complexity Analysis

This section discusses the complexity of ADNEPSO in one generation. The

main computing resources of ADNEPSO are consumed by the following aspects:

(1) Suppose M is the number of objectives and N is the population size, then370

the estimation of nadir point requires to calculate the current non-dominated

solution, which spends O(MN2) computations. (2) The update procedure of a

particle (line 14 of Algorithm 1) requires O(M) computations, so the entire pop-

ulation update takes O(MN). (3) In the process of neighborhood Gbest update

(line 16 of Algorithm 1), each set of vectors costs O(MNT ) computing power375

separately, and the complexity of finding the nearest adversarial subproblem

for the offspring particle is O(MN2), and the entire neighborhood Gbest up-

date procedure requests O(MN(N+2T )). Therefore, the overall computational

complexity of ADNEPSO in each generation is O(MN(N + 2T )).

4. Experimental setting380

This section is devoted to the experimental design used to investigate the

performance of ADNEPSO, including the benchmark problems, performance

metrics, compared algorithms, and their parameter settings.

4.1. Benchmark Problems

Benchmark problems play an important role in evaluating and analyzing the385

performance of algorithms. We used 16 test problems: FDA1-5 [10], dMOP test

set [37], and JY1-9 [33]. The first two test problem sets are the most commonly

used, and their POS is linear. The JY problem contains some new characteris-

tics, such as the nonlinear correlation of decision variables, discontinuous POF,
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non-monotonic and time-varying variable links, and mixed change types. Some390

test instances, such as dMOP1-3, JY5, and JY7, have the characteristics of

obvious concave and convex changes to the POF shape, so as to better investi-

gate the performance of ADNEPSO. The time instance t [10] involved in these

problems is determined by the equation:

t =
1

nt
b τ
τt
c, (16)

where τ is the current generation count; τt is the frequency of environmental395

change, and nt is the severity of environmental change.

4.2. Performance Metrics

It is very important to use the correct tool to measure the performance of the

algorithm[63]. Therefore, to effectively evaluate the performance of convergence

and diversity, the performance metrics that we adopt in our experimental studies400

are introduced in this section.

1)Inverted Generational Distance (IGD): IGD [47][64] evaluates convergence

and diversity by measuring the proximity of real POF and obtained POF, which

can be defined as follows:

IGDt (POF ∗t , PFt) =

∑
v∈POF∗

t
d (v, POFt)

|POF ∗t |
. (17)

where POF ∗t and POFt are the real POF at time t and the POF obtained405

by the algorithm respectively, and d(v, POFt) is minimum Euclidian distance

between v and the point in POFt. The smaller the IGD value, the better the

convergence and the more uniform the distribution.

2) Hypervolume hlDifference (HVD): The HVD [65][42][66] calculates the

difference in hypervolume between POF ∗t and POFt.410

HVD(POF ∗t , POFt) = HV (POF ∗t )−HV (POFt), (18)

where HV (S) is the hypervolume of a set S. The reference point for the compu-

tation of hypervolume is (zt1+0.5, zt2+0.5, ..., ztM +0.5), where ztj is the maximum
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value of the jth objective of the POF ∗t , and M is the number of objectives. A

smaller HVD indicates the better overall performance of the algorithm.

3) Spacing(SP) [67]: The SP measures the uniformity of individuals in the415

obtained POF, and is computed as:

SP =
√

1
|POFt|−1

∑|POFi|
i=1

(
di − d̄

)2
di = mink=1,...|POFt|,k 6=i

(∑m
j=1 |POFt(i, j)− PFt(k, j)|

)
.

(19)

where di is the distance between the i-th individual in the POF and the member

with the smallest distance, and d̄ is the average of di.

4.3. Comparison Algorithms and Parameter Settings

Four state-of-the-art dynamic multi-objective optimization algorithms, FPS,420

PPS, MOEA/D, and MOEA/D-KF, are selected for the sake of comparison with

ADNEPSO. A brief description of each algorithm in the comparison and related

parameter settings follows.

(1)FPS [46]: FPS designed a feed-forward prediction strategy that responds

to environmental changes. The forecasting model is created using the sequence425

of prior optimum locations, and the new population includes three parts: the

solution predicted by the historical information through the Auto Regression

(AR) model, partial non-dominated solutions in the current environment and

some new randomly generated solutions.

(2)PPS: Zhou et al. [47]proposed a dynamic multi-objective evolutionary430

algorithm based on population prediction, which is called the population pre-

diction strategy (PPS). The population is divided into population center and

manifolds. The population center of the new moment and the prediction from

the center of several historical moments as well as previous manifolds are used

to predict the next manifold. Once the new center has been predicted, the man-435

ifold is directly shifted to the new PS model. This method has proven to have

good convergence performance and competitiveness for dynamic optimization.

(3)MOEA/D [22]: MOEA/D is representative of a decomposition-based ap-

proach. The basic idea of MOEA/D is to decompose a MOP into a number of
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single-objective optimization subproblems through aggregation functions and440

optimizes them simultaneously. Each solution is associated with a subproblem,

and each subproblem is optimized by using information from its neighborhoods.

It has been proven that the decomposition method brings excellent population

convergence and diversity.

(4)MOEA/D-KF: Murugananthamet et al. [49] introduced a prediction445

mechanism based on Kalman filtering in MOEA/D-DE and proposed a novel

dynamic multi-objective optimization algorithm MOEA/D-KF. When the en-

vironment changes, the algorithm uses a scoring scheme to determine whether

to use the KF-based prediction mechanism or a random initialization method.

(5)IEC: IEC is proposed in recent by Hu at al [54] , which adopted a method450

based on environmental sensitivity changes and MOEA/D-DE to effectively

track the moving POF or POS in dynamic optimization. In IEC, an effective U-

test mechanism is used to determine whether to make a micro-changing decision

or a macro-changing decision. Moreover, a new memory strategy is proposed to

select population members replaced by historical information according to the455

position of the weight vector.

The relevant experimental parameters were set as follows. For all algorithms,

the population size N was set to 100, and the number of decision variables was set

as 10. The environmental change was set to 50 times in each run and recorded

the experimental results are based on 20 independent runs. The crossover proba-460

bility was pc=1.0 and its distribution index was η=20. The mutation probability

was pm =1/n and its distribution η=20. For MOEA/D, a random initialization

response mechanism is added to the static version. In ADNEPSO, the inertia

weight ω was set to commonly used 0.4, the learning factor c1 = c2 = 1, and

the neighborhood size T = 20. For change detection, 5% of the population465

was randomly selected and re-evaluate to detect environmental changes in each

generation. In addition, to ensure that the number of populations was 100 in

a three-objective problem, 1000 weight vectors were generated by simplex lat-

tice design [68] and reduced to 100 using SPEA2 [62]. The Wilcoxon rank-sum

test [69] was used to indicate significant differences at the 0.05 significance level470
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in the comparisons. Some other parameters of the compared algorithms were

referenced from their original papers.

5. Experimental Results and Analysis

Comparison results of ADNEPSO with five other popular algorithms in

terms of IGD, HVD, and SP values are presented in tables 1,2, and 3, re-475

spectively. In order to better observe the effect of change frequency on the

algorithm, the changing severity nt is fixed to 10, and the change frequency

τt is set to 20, 25, and 30, respectively. The (mean) algorithms with the best

performance are highlighted in dark color and the second-best performance in

light color. Furthermore,(‡) and (†) represent significant differences were com-480

pared by their means, ADNEPSO was better than or equivalent to the other

algorithms.

5.1. Results on FDA and dMOP Problems

From Table 1, it can be seen that ADNEPSO obtained the smallest IGD

value on all FDA and dMOP testing instances, And IEC obtained the all second-485

best value except FDA2 and FDA3. This may mean that ADNEPSO and IEC

may be more advantageous when dealing with problems where the decision

variables have a linear relationship. On the other hand, as τt increases, the

performance of all algorithms improved significantly. The reason may be that

smaller τt makes the algorithm not have sufficient generations to drive the popu-490

lation to find the approximate POS before the environment changes. For FDA3

and dMOP3, the distribution of the solution in the POF changes with time,

and ADNEPSO shows strong competitiveness. In addition, since some of the

excellent particles from the last generation are retained as new populations, for

problems where POS remains unchanged, such as dMOP1, ADNEPSO often495

performed better.
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Table 1: Mean and SD of IGD indicator obtained by six algorithms.

prob (τt, nt) PPS FPS MOEA/D MOEA/D-KF IEC ADNEPSO

FDA1

(20,10) 7.191e-3(6.237e-4)‡ 1.290e-2(1.847e-3)‡ 4.731e-2(6.776e-3)‡ 5.977e-3(1.549e-4)‡ 5.523e-3(1.210e-4)‡ 4.387e-3(4.942e-4)

(25,10) 5.985e-3(3.288e-4)‡ 9.257e-3(9.492e-4)‡ 3.550e-2(4.737e-3) ‡ 5.298e-3(7.651e-5)‡ 4.976e-3(7.906e-5)‡ 4.113e-3(1.499e-4)

(30,10) 5.339e-3(2.358e-4)‡ 7.202e-3(9.055e-4)‡ 3.000e-2(4.299e-3)‡ 4.911e-3(7.336e-5)‡ 4.723e-3(4.287e-5)‡ 4.042e-3(1.587e-4)

FDA2

(20,10) 3.437e-2(6.775e-4)‡ 3.150e-2(4.842e-4)‡ 1.059e-1(8.431e-3) ‡ 4.741e-2(1.771e-4)‡ 4.713e-2(8.467e-5)‡ 2.977e-2(9.249e-4)

(25,10) 3.297e-2(8.272e-4)‡ 3.110e-2(2.806e-4)‡ 9.744e-2(8.266e-3) ‡ 4.714e-2(1.579e-4)‡ 4.697e-2(6.895e-5)‡ 2.970e-2(8.400e-4)

(30,10) 3.211e-2(4.328e-4)‡ 3.092e-2(2.737e-4)‡ 9.277e-2(6.669e-3)‡ 4.705e-2(1.339e-4)‡ 4.692e-2(3.877e-5)‡ 2.969e-2(9.444e-4)

FDA3

(20,10) 8.100e-2(5.987e-2)‡ 9.271e-3(9.062e-4)‡ 3.053e-2(2.532e-3) ‡ 1.977e-2(2.363e-3)‡ 1.705e-2(2.233e-3)‡ 6.155e-3(1.595e-3)

(25,10) 6.600e-2(6.075e-2)‡ 6.976e-3(4.661e-4)‡ 2.409e-2(3.211e-3) ‡ 1.789e-2(2.313e-3)‡ 1.493e-2(1.550e-3)‡ 5.429e-3(9.874e-4)

(30,10) 3.057e-2(9.994e-3)‡ 5.990e-3(5.182e-4)‡ 2.141e-2(2.790e-3)‡ 1.617e-2(1.871e-3)‡ 1.379e-2(1.223e-3)‡ 5.040e-3(5.429e-4)

FDA4

(20,10) 8.937e-2(1.353e-3)‡ 9.065e-2(1.688e-3)‡ 8.656e-2(1.026e-3) ‡ 7.710e-2(1.269e-3)‡ 7.057e-2(3.302e-4)‡ 5.993e-2(2.500e-4)

(25,10) 8.549e-2(1.313e-3)‡ 8.632e-2(1.821e-3)‡ 8.003e-2(1.025e-3) ‡ 7.445e-2(6.632e-4)‡ 6.954e-2(2.217e-4)‡ 5.925e-2(1.658e-4)

(30,10) 8.362e-2(8.200e-4)‡ 8.354e-2(1.600e-3)‡ 7.618e-2(4.538e-4)‡ 7.332e-2(3.718e-4)‡ 6.904e-2(2.636e-4)‡ 5.872e-2(1.580e-4)

dMOP1

(20,10) 2.656e-2(1.231e-2)‡ 8.644e-3(2.457e-3)‡ 1.660e-1(2.042e-2) ‡ 7.327e-3(1.462e-3)‡ 6.028e-3(6.972e-4) 6.092e-3(2.251e-3)†
(25,10) 2.175e-2(1.528e-2)‡ 7.002e-3(3.343e-3)‡ 1.196e-1(1.881e-2) ‡ 5.876e-3(6.025e-4)‡ 5.309e-3(8.998e-4)‡ 4.668e-3(2.972e-4)

(30,10) 1.816e-2(1.407e-2)‡ 4.962e-3(1.017e-3)‡ 1.049e-1(1.633e-2)‡ 4.959e-3(4.926e-4)‡ 4.447e-3(1.261e-4)† 4.408e-3(1.151e-3)

dMOP2

(20,10) 8.313e-2(5.791e-2)‡ 1.510e-2(2.769e-3)‡ 1.153e-1(1.882e-2) ‡ 6.389e-3(1.745e-4)‡ 5.747e-3(1.661e-4)‡ 4.697e-3(2.897e-4)

(25,10) 5.969e-2(6.269e-2)‡ 1.020e-2(9.483e-4)‡ 8.991e-2(1.356e-2) ‡ 5.591e-3(1.249e-4)‡ 5.143e-3(7.743e-5)‡ 4.235e-3(3.500e-5)

(30,10) 3.983e-2(3.238e-2)‡ 7.802e-3(6.915e-4)‡ 6.428e-2(1.138e-2)‡ 5.026e-3(8.773e-5)‡ 4.791e-3(5.002e-5)‡ 4.076e-3(5.408e-5)

dMOP3

(20,10) 3.238e-2(9.462e-3)‡ 1.190e-2(1.791e-3)‡ 5.912e-2(8.204e-3) ‡ 5.891e-3(1.403e-4)‡ 5.433e-3(1.289e-4)‡ 4.827e-3(9.738e-4)

(25,10) 2.698e-2(1.191e-2)‡ 9.028e-3(1.126e-3)‡ 4.358e-2(4.855e-3) ‡ 5.295e-3(8.452e-5)‡ 5.011e-3(1.081e-4)‡ 4.271e-3(2.441e-4)

(30,10) 1.573e-2(5.527e-3)‡ 7.133e-3(4.851e-4)‡ 3.438e-2(3.955e-3)‡ 4.918e-3(5.250e-5)‡ 4.708e-3(4.530e-5)‡ 4.071e-3(1.252e-5)

JY1

(20,10) 4.648e-2(1.968e-2)‡ 1.445e-2(1.582e-3)‡ 2.313e-2(3.087e-3) ‡ 7.477e-3(1.396e-4)‡ 7.050e-3(9.482e-5)‡ 4.966e-3(2.794e-5)

(25,10) 2.303e-2(7.757e-3)‡ 9.814e-3(5.697e-4)‡ 1.808e-2(1.480e-3) ‡ 6.829e-3(5.135e-5)‡ 6.576e-3(6.144e-5)‡ 4.684e-3(9.389e-6)

(30,10) 1.575e-2(4.086e-3)‡ 7.624e-3(4.396e-4)‡ 1.505e-2(2.240e-3)‡ 6.480e-3(4.242e-5)‡ 6.288e-3(4.028e-5)‡ 4.604e-3(7.610e-6)

JY2

(20,10) 8.851e-2(2.778e-2)‡ 5.295e-2(7.116e-4)‡ 5.934e-2(2.179e-3) ‡ 5.010e-2(1.072e-4) 5.015e-2(7.430e-5)† 5.023e-2(3.416e-5)‡
(25,10) 6.710e-2(1.543e-2)‡ 5.128e-2(1.957e-4)‡ 5.634e-2(1.532e-3) ‡ 4.994e-2(8.931e-5) 4.999e-2(8.023e-5)† 5.019e-2(1.301e-5)‡
(30,10) 5.771e-2(5.991e-3)‡ 5.064e-2(1.320e-4)‡ 5.464e-2(1.205e-3)‡ 4.984e-2(7.547e-5) 4.990e-2(6.863e-5)† 5.019e-2(1.235e-5)‡

JY3

(20,10) 3.253e-1(1.082e-2)‡ 2.494e+(2.564e-3) ‡ 4.406e-1(1.987e-2) ‡ 3.149e-1(3.107e-3)† 3.153e-1(1.937e-3)‡ 3.135e-1(3.739e-3)

(25,10) 3.148e-1(7.703e-3)† 2.491e+(2.034e-3) ‡ 4.142e-1(2.120e-2) ‡ 3.151e-1(2.460e-3)† 3.143e-1(3.004e-3)‡ 3.134e-1(3.243e-3)

(30,10) 3.096e-1(9.617e-3) 2.488e+(1.224e-3) ‡ 4.128e-1(1.560e-2)‡ 3.152e-1(2.700e-3)‡ 3.143e-1(3.528e-3)‡ 3.116e-1(3.336e-3)‡

JY4

(20,10) 7.788e-2(1.657e-2)‡ 1.513e-1(1.205e-2)‡ 3.603e-2(2.175e-3) ‡ 1.914e-2(1.907e-4) 2.011e-2(1.103e-4)‡ 2.092e-2(8.781e-4)‡
(25,10) 6.053e-2(1.556e-2)‡ 1.324e-1(9.179e-3)‡ 3.132e-2(2.748e-3) ‡ 1.913e-2(1.288e-4) 2.016e-2(7.735e-5)‡ 2.052e-2(7.276e-4)‡
(30,10) 4.929e-2(1.472e-2)‡ 1.234e-1(8.913e-3)‡ 2.772e-2(2.084e-3)‡ 1.934e-2(7.470e-5) 2.028e-2(8.533e-5)‡ 2.019e-2(7.036e-4)‡

JY5

(20,10) 7.849e-3(4.698e-4) ‡ 4.995e-3(2.151e-4)‡ 1.762e-2(1.503e-3) ‡ 7.024e-3(1.871e-4)‡ 6.681e-3(7.393e-5)‡ 4.545e-3(3.103e-5)

(25,10) 7.937e-3(1.272e-3)‡ 4.681e-3(1.436e-4)‡ 1.376e-2(9.547e-4) ‡ 6.859e-3(1.186e-4)‡ 6.614e-3(8.138e-5)‡ 4.341e-3(1.093e-5)

(30,10) 7.351e-3(1.135e-4)‡ 4.520e-3(5.652e-5)‡ 1.200e-2(1.218e-3)‡ 6.708e-3(8.451e-5)‡ 6.591e-3(7.800e-5)‡ 4.268e-3(1.326e-5)

JY6

(20,10) 2.168e+0(1.274e-1)‡ 2.256e+0(9.577e-2) ‡ 5.213e-1(5.600e-2) 6.025e-1(6.251e-2)‡ 7.311e-1(6.108e-2)‡ 5.221e-1(5.624e-2)‡
(25,10) 1.952e+0(9.324e-2)‡ 2.132e+0(7.902e-2) ‡ 4.110e-1(2.828e-2)‡ 4.848e-1(4.308e-2)‡ 6.152e-1(4.678e-2)‡ 3.567e-1(3.599e-2)

(30,10) 1.812e+0(7.086e-2)‡ 1.978e+0(6.997e-2) ‡ 3.493e-1(1.486e-2)‡ 3.890e-1(3.696e-2)‡ 4.839e-1(4.513e-2)‡ 2.651e-1(6.070e-2)

JY7

(20,10) 7.799e+0(1.012e+0)‡ 1.109e+1(3.756e-1)‡ 1.302e+(1.342e-1) ‡ 1.207e+0(9.616e-1)‡ 9.770e-1(5.365e-1)‡ 6.303e-1(4.228e-1)

(25,10) 6.111e+0(1.487e+0) ‡ 1.077e+1(4.115e-1)‡ 1.280e+(1.419e-1) ‡ 8.335e-1(5.992e-1)‡ 7.364e-1(6.098e-1)‡ 8.108e-1(4.771e-1)

(30,10) 4.741e+0(1.410e+0) ‡ 1.019e+1(5.769e-1)‡ 1.264e+(1.345e-1) ‡ 8.868e-1(6.153e-1)‡ 1.089e+0(5.695e-1) ‡ 7.450e-1(6.007e-1)

JY8

(20,10) 1.268e-2(9.948e-4)‡ 6.367e-3(6.056e-4) 3.602e-2(2.869e-3) ‡ 1.763e-2(1.238e-3)‡ 1.587e-2(5.183e-4)‡ 9.571e-3(6.319e-4)‡
(25,10) 1.118e-2(8.754e-4)‡ 6.035e-3(4.176e-4) 2.970e-2(2.809e-3) ‡ 1.668e-2(1.178e-3)‡ 1.560e-2(6.665e-4)‡ 9.441e-3(4.511e-4)‡
(30,10) 1.074e-2(6.396e-4)‡ 5.849e-3(8.093e-5) 2.643e-2(2.605e-3)‡ 1.677e-2(1.065e-3)‡ 1.563e-2(5.083e-4)‡ 9.588e-3(3.578e-4)‡

JY9

(20,10) 8.010e-2(2.885e-2)‡ 5.276e-2(1.836e-2)‡ 4.261e-2(8.567e-3) ‡ 1.013e-2(9.760e-4)‡ 8.807e-3(3.397e-4)‡ 5.615e-3(7.284e-5)

(25,10) 4.578e-2(1.784e-2)‡ 3.773e-2(1.291e-2)‡ 3.469e-2(6.773e-3) ‡ 8.321e-3(4.153e-4)‡ 7.615e-3(1.833e-4)‡ 4.913e-3(3.646e-5)

(30,10) 4.300e-2(3.436e-2)‡ 2.716e-2(9.881e-3)‡ 2.642e-2(4.638e-3)‡ 7.311e-3(1.691e-4)‡ 6.926e-3(9.686e-5)‡ 4.681e-3(1.859e-5)

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.

The average HVD value, standard deviation, and statistical test results of

the five algorithms are shown in Table 2. It can be observed that the HVD

value is similar to IGD in most test problems. The only difference is that FPS

gets the best HVD value instead of ADNEPSO for FDA3, which may be be-500

cause compared with the IGD indicator, the HVD indicator prefers boundary

solutions [70] in evaluating the algorithm’s performance. In other words, FPS
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may perform better than in retaining boundary solutions. For IGD or HVD,

the variance of ADNEPSO in most problems is smaller than that of other algo-

rithms, which shows that ADNEPSO has good stability and robustness, while505

MOEA/D is not ideal and fluctuates greatly, which may be because MOEA/D

has no good response mechanism to environmental change.

The SP values obtained by the six algorithms are presented in Table 3, and

the experimental results show that ADNEPSO outperformed other algorithms

on most FDA and dMOP testing problems, which illustrates that ADNEPSO510

has better solution set uniformity. FPS achieved the best distribution in FDA2

and FDA3, specifically, among the four decomposition-based algorithms, the dis-

tribution of ADNEPSO is much better than the MOEA/D, MOEA/D-KF and

IEC. especially when the POF shape has a concave-convex variation character-

istic. FDA1 belongs to the first type I, whose POF shape remains a constant515

convex shape, while dMOP1 and dMOP2 belong to type II, whose POF shape

changes back and forth between concave and convex. The adversarial decom-

position applied in ADNEPSO shows its superiority when dealing with these

problems. Apart from that, ADNEPSO clearly performed better than other

algorithms on the FDA4, indicating that ADNEPSO can more effectively han-520

dle three objective DMOPs. Comparing the above three tables, we can draw

the following conclusion: The reason that IEC is slightly inferior to ADNEPSO

in comprehensive performance may be its weaker handling of distribution, and

ADNEPSO has strong competitiveness in dealing with the dynamic problems

of linear correlation of variables.525

5.2. Results on JY Problems

Compared with the FDA and dMOP test suites, the JY test suites add

some complex characteristics to make the problem more challenging, includ-

ing mixed POF shape (convexity-concavity), non-monotonic and time-varying

variable links, mixed change types and randomness of type changes. It can be530

seen intuitively from the experimental results that ADNEPSO achieved the best

performance on the majority of JY test suites in terms of IGD, HVD, and SP
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Table 2: Mean and SD of HVD indicator obtained by six algorithms.

prob τt, nt PPS FPS MOEA/D MOEA/D-KF IEC ADNEPSO

FDA1

(20,10) 1.530e-2(1.565e-3)‡ 2.856e-2(3.975e-3)‡ 6.465e-2(3.697e-3)‡ 1.446e-2(7.670e-4)‡ 1.315e-2(6.813e-4)‡ 6.941e-3(5.900e-4)

(25,10) 1.224e-2(8.996e-4)‡ 2.008e-2(2.027e-3)‡ 5.370e-2(3.469e-3)‡ 1.203e-2(4.231e-4)‡ 1.108e-2(4.308e-4)‡ 6.168e-3(2.967e-4)

(30,10) 1.060e-2(7.462e-4)‡ 1.512e-2(2.001e-3)‡ 4.761e-2(3.261e-3)‡ 1.063e-2(2.799e-4)‡ 9.859e-3(3.008e-4)‡ 5.790e-3(3.565e-4)

FDA2

(20,10) 4.053e-2(9.854e-4)‡ 3.664e-2(6.306e-4)‡ 5.133e-2(1.086e-3)‡ 5.063e-2(2.989e-4)‡ 4.976e-2(1.677e-4)‡ 3.403e-2(1.145e-4)

(25,10) 3.856e-2(1.158e-3)‡ 3.602e-2(4.014e-4)‡ 4.801e-2(1.076e-3)‡ 4.995e-2(2.146e-4)‡ 4.938e-2(6.909e-5)‡ 3.380e-2(1.266e-4)

(30,10) 3.735e-2(5.788e-4)‡ 3.576e-2(3.679e-4)‡ 4.626e-2(9.988e-4)‡ 4.970e-2(1.657e-4)‡ 4.917e-2(6.798e-5)‡ 3.360e-2(1.109e-4)

FDA3

(20,10) 5.789e-1(4.505e-2)‡ 4.933e-1(8.499e-3) 5.400e-1(1.392e-2)‡ 9.305e-1(3.160e-1)‡ 7.408e-1(1.720e-1)‡ 5.824e-1(1.504e-2)‡
(25,10) 5.511e-1(2.926e-2)‡ 4.990e-1(4.362e-3) 5.369e-1(1.249e-2)‡ 7.289e-1(2.519e-1)‡ 6.206e-1(1.436e-1)‡ 5.836e-1(2.390e-2)‡
(30,10) 5.379e-1(1.426e-2)‡ 5.019e-1(2.401e-3) 5.320e-1(1.011e-2)‡ 6.045e-1(1.692e-1)† 5.938e-1(1.282e-1)‡ 6.026e-1(1.260e-2)‡

FDA4

(20,10) 4.200e-1(8.882e-2)‡ 6.146e-1(1.313e-1)‡ 1.980e-1(1.666e-2)‡ 1.966e-1(3.335e-2)‡ 1.663e-1(3.461e-2)‡ 1.472e-1(5.783e-3)

(25,10) 4.075e-1(7.715e-2)‡ 5.015e-1(2.017e-1)‡ 1.690e-1(1.061e-2)‡ 1.853e-1(5.166e-2)‡ 1.544e-1(3.542e-2)‡ 1.413e-1(5.677e-3)

(30,10) 3.402e-1(3.337e-2)‡ 3.912e-1(1.126e-1)‡ 1.532e-1(8.588e-3)‡ 1.675e-1(3.699e-2)‡ 1.482e-1(2.266e-2)‡ 1.383e-1(4.889e-3)

dMOP1

(20,10) 4.948e-2(1.434e-2)‡ 1.473e-2(3.148e-3)‡ 1.337e-1(8.095e-3)‡ 1.733e-2(2.165e-3)‡ 1.319e-2(1.259e-3)‡ 1.194e-2(1.121e-3)

(25,10) 3.306e-2(8.485e-3)‡ 1.102e-2(1.671e-3)‡ 1.216e-1(6.505e-3)‡ 1.387e-2(1.488e-3)‡ 1.092e-2(1.113e-3)‡ 8.920e-3(7.426e-4)

(30,10) 2.555e-2(1.027e-2)‡ 9.336e-3(2.294e-3)‡ 1.117e-1(5.665e-3)‡ 1.112e-2(1.588e-3)‡ 8.701e-3(5.523e-4)‡ 7.181e-3(5.823e-4)

dMOP2

(20,10) 8.109e-2(3.065e-2)‡ 4.042e-2(7.139e-3)‡ 1.020e-1(8.993e-3)‡ 1.662e-2(8.376e-4)‡ 1.442e-2(9.346e-4)‡ 9.626e-3(6.569e-4)

(25,10) 6.535e-2(2.875e-2)‡ 2.747e-2(2.694e-3)‡ 9.318e-2(7.502e-3)‡ 1.396e-2(5.649e-4)‡ 1.248e-2(5.886e-4)‡ 7.730e-3(1.521e-4)

(30,10) 4.026e-2(8.410e-3)‡ 2.077e-2(2.410e-3)‡ 8.603e-2(7.328e-3)‡ 1.197e-2(4.128e-4)‡ 1.099e-2(3.074e-4)‡ 6.918e-3(3.061e-4)

dMOP3

(20,10) 7.255e-2(2.145e-2)‡ 2.623e-2(3.707e-3)‡ 7.089e-2(3.396e-3)‡ 1.399e-2(5.370e-4)‡ 1.281e-2(5.257e-4)‡ 8.375e-3(9.831e-4)

(25,10) 6.035e-2(2.636e-2)‡ 1.956e-2(2.385e-3)‡ 5.887e-2(3.095e-3)‡ 1.197e-2(3.809e-4)‡ 1.111e-2(6.079e-4)‡ 7.090e-3(5.369e-4)

(30,10) 3.385e-2(1.137e-2)‡ 1.512e-2(1.035e-3)‡ 5.032e-2(2.257e-3)‡ 1.060e-2(3.122e-4)‡ 1.002e-2(4.596e-4)‡ 6.280e-3(7.235e-5)

JY1

(20,10) 1.112e-1(6.671e-2)‡ 2.149e-2(3.207e-3)‡ 3.866e-2(4.462e-3)‡ 7.981e-3(2.931e-4)‡ 7.076e-3(3.092e-4)‡ 4.780e-3(4.739e-5)

(25,10) 4.501e-2(2.057e-2)‡ 1.332e-2(1.006e-3)‡ 3.374e-2(3.412e-3)‡ 6.648e-3(1.252e-4)‡ 6.214e-3(1.832e-4)‡ 4.150e-3(2.178e-5)

(30,10) 2.685e-2(9.745e-3)‡ 9.664e-3(8.065e-4)‡ 2.728e-2(3.704e-3)‡ 5.876e-3(1.027e-4)‡ 5.564e-3(1.172e-4)‡ 3.857e-3(1.564e-5)

JY2

(20,10) 1.279e-1(1.007e-1)‡ 2.464e-2(2.254e-3)‡ 3.723e-2(4.864e-3)‡ 1.009e-2(3.050e-4)‡ 9.290e-3(3.476e-4)‡ 7.369e-3(5.261e-5)

(25,10) 5.988e-2(4.775e-2)‡ 1.618e-2(7.128e-4)‡ 2.898e-2(4.003e-3)‡ 8.661e-3(2.529e-4)‡ 8.116e-3(2.701e-4)‡ 6.609e-3(3.575e-5)

(30,10) 2.940e-2(1.339e-2)‡ 1.223e-2(5.509e-4)‡ 2.403e-2(3.700e-3)‡ 7.709e-3(1.367e-4)‡ 7.392e-3(2.345e-4)‡ 6.213e-3(1.751e-5)

JY3

(20,10) 4.024e-1(1.153e-1)‡ 1.126e+1(2.561e-2)‡ 4.154e-1(1.272e-1)‡ 2.957e-1(1.497e-1)‡ 3.552e-1(6.056e-2)‡ 2.359e-1(1.710e-1)

(25,10) 3.121e-1(1.404e-1)‡ 1.123e+1(2.673e-2)‡ 3.793e-1(1.479e-2)‡ 2.899e-1(1.212e-1)‡ 2.913e-1(1.397e-1)‡ 2.467e-1(1.663e-1)

(30,10) 2.862e-1(1.319e-1)‡ 1.120e+1(1.277e-2)‡ 3.716e-1(1.338e-2)‡ 3.065e-1(1.315e-1)‡ 3.157e-1(1.274e-1)‡ 1.639e-1(1.760e-1)

JY4

(20,10) 1.905e-1(5.261e-2)‡ 1.498e+1(1.286e+)‡ 5.348e-2(3.271e-3)‡ 2.952e-2(6.709e-4))‡ 2.459e-2(4.304e-4) 3.122e-2(2.719e-3))‡
(25,10) 1.345e-1(4.405e-2)‡ 1.737e+1(1.582e+)‡ 4.320e-2(4.411e-3)‡ 2.545e-2(4.239e-4))‡ 2.284e-2(1.943e-4) 2.757e-2(1.698e-3))‡
(30,10) 1.005e-1(3.658e-2)‡ 1.850e+1(1.379e+)‡ 3.616e-2(3.812e-3)‡ 2.356e-2(2.105e-4))‡ 2.184e-2(1.592e-4) 2.504e-2(1.704e-3))‡

JY5

(20,10) 1.192e-2(8.591e-4)‡ 6.748e-3(4.098e-4)‡ 2.432e-2(2.200e-3)‡ 9.340e-3(8.699e-4)‡ 7.539e-3(7.266e-4)‡ 5.901e-3(3.197e-5)

(25,10) 1.193e-2(2.337e-3)‡ 6.125e-3(2.635e-4)‡ 1.838e-2(1.257e-3)‡ 8.022e-3(5.486e-4)‡ 6.913e-3(6.885e-4)‡ 5.376e-3(2.625e-5)

(30,10) 1.081e-2(1.805e-4)‡ 5.839e-3(1.108e-4)‡ 1.491e-2(1.543e-3)‡ 7.042e-3(5.119e-4)‡ 6.488e-3(5.575e-4)‡ 5.079e-3(1.290e-5)

JY6

(20,10) 2.074e+1(2.619e+)‡ 1.922e+1(1.133e+)‡ 1.205e+0(2.915e-1) 3.620e+0(4.327e-1)‡ 4.275e+0(5.445e-1) ‡ 2.452e+0(3.036e-1))‡
(25,10) 1.738e+1(1.674e+)‡ 1.755e+1(1.101e+)‡ 7.129e-1(1.219e-1) 2.595e+0(2.151e-1)‡ 3.298e+0(3.597e-1) ‡ 1.492e+0(1.896e-1))‡
(30,10) 1.556e+1(8.047e-1)‡ 1.585e+1(9.454e-1)‡ 4.319e-1(7.626e-2) 1.910e+0(1.873e-1)‡ 2.456e+0(3.417e-1) ‡ 9.488e-1(1.578e-1))‡

JY7

(20,10) 3.272e+2(5.799e+1)‡ 5.014e+2(1.826e+1)‡ 8.484e+0(1.628e+0) ‡ 2.972e+1(3.307e+1)‡ 1.705e+1(1.076e+1)‡ 1.064e+1(1.180e+1)

(25,10) 2.380e+2(6.493e+1)‡ 4.674e+2(2.803e+1)‡ 8.032e+0(1.350e+0) ‡ 1.281e+1(1.674e+1) 1.131e+1(1.061e+1) 1.325e+1(1.135e+1))‡
(30,10) 1.646e+2(5.383e+1)‡ 4.284e+2(2.612e+1)‡ 8.149e+0(1.448e+0) ‡ 1.213e+1(1.549e+1)‡ 1.589e+1(1.056e+1)‡ 1.134e+1(1.509e+1)

JY8

(20,10) 1.411e-1(9.912e-3)‡ 1.206e-1(3.352e-3)‡ 1.305e-1(6.220e-3)‡ 1.338e-1(1.092e-2)‡ 1.197e-1(5.549e-3)† 1.155e-1(1.120e-4)

(25,10) 1.299e-1(5.592e-3)‡ 1.191e-1(2.001e-3)‡ 1.314e-1(5.416e-3)‡ 1.421e-1(9.809e-3)‡ 1.210e-1(4.759e-3)‡ 1.156e-1(7.829e-5)

(30,10) 1.285e-1(5.471e-3)‡ 1.177e-1(7.826e-4)† 1.315e-1(8.839e-3)‡ 1.442e-1(8.096e-3)‡ 1.249e-1(8.121e-3)‡ 1.156e-1(1.037e-4)

JY9

(20,10) 2.725e-1(1.483e-1)‡ 1.682e-1(7.818e-2)‡ 5.700e-2(5.997e-3)‡ 1.550e-2(3.863e-3)‡ 1.100e-2(1.202e-3)‡ 5.893e-3(1.227e-4)

(25,10) 1.270e-1(8.441e-2)‡ 1.096e-1(5.210e-2)‡ 4.997e-2(6.351e-3)‡ 9.998e-3(1.084e-3)‡ 8.187e-3(4.189e-4)‡ 4.633e-3(5.892e-5)

(30,10) 1.451e-1(2.025e-1)‡ 6.932e-2(3.410e-2)‡ 4.282e-2(5.136e-3)‡ 7.952e-3(6.668e-4)‡ 6.828e-3(3.658e-4)‡ 4.072e-3(3.506e-5)

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.

values. JY1 is a typical type I problem; only the POS changes with time. It

can test the convergence speed of the algorithm. ADNEPSO showed a strong

convergence performance and won on all three indicators. JY2 is a simple type535

II problem, and ADNEPSO was slightly worse than MOEA/D-KF in IGD value

and slightly better than MOEA/D-KF in HVD value. It can be seen that the

two perform better , while PPS, FPS, and MOEA/D performed poorly. JY3
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introduces time-varying non-monotonic dependencies between any two decision

Table 3: Mean and SD of SP indicator obtained by six algorithms.

prob τt, nt PPS FPS MOEA/D MOEA/D-KF IEC ADNEPSO

FDA1

(20,10) 8.067e-3(3.966e-3)‡ 6.347e-3(8.905e-4)‡ 5.822e-3(2.679e-4)‡ 5.554e-3(9.619e-5)‡ 5.308e-3(9.311e-5) 3.226e-3(5.526e-5)

(25,10) 5.535e-3(2.186e-3)‡ 5.264e-3(1.470e-3)‡ 6.114e-3(1.938e-4)‡ 5.291e-3(6.967e-5)‡ 5.135e-3(6.210e-5) 3.140e-3(5.499e-5)

(30,10) 3.956e-3(6.972e-4)‡ 3.954e-3(2.314e-4)‡ 6.190e-3(1.749e-4)‡ 5.124e-3(5.549e-5)‡ 5.012e-3(3.586e-5) 3.190e-3(4.081e-5)

FDA2

(20,10) 6.440e-3(1.128e-3)‡ 4.762e-3(2.394e-4) 7.540e-3(5.703e-4)‡ 1.696e-2(1.471e-4)‡ 1.721e-2(1.113e-4) 6.862e-3(7.209e-4)‡
(25,10) 5.725e-3(7.533e-4)‡ 4.439e-3(7.762e-5) 8.617e-3(5.325e-4)‡ 1.712e-2(7.061e-5)‡ 1.727e-2(7.438e-5) 5.919e-3(3.784e-4)‡
(30,10) 5.811e-3(1.136e-3)‡ 4.414e-3(1.071e-4) 9.274e-3(5.175e-4)‡ 1.717e-2(8.350e-5)‡ 1.735e-2(5.852e-5) 5.563e-3(3.091e-4)‡

FDA3

(20,10) 1.127e-2(1.797e-3)‡ 6.101e-3(5.301e-4)‡ 5.070e-3(3.457e-4) 5.724e-2(3.229e-2)‡ 4.658e-2(2.525e-2) 1.506e-2(5.914e-3)‡
(25,10) 8.151e-3(2.529e-3)‡ 4.977e-3(3.956e-4) 5.610e-3(3.832e-4)‡ 4.261e-2(3.380e-2)‡ 3.215e-2(2.693e-2) 2.072e-2(5.744e-3)‡
(30,10) 7.941e-3(2.367e-3)‡ 4.521e-3(4.157e-4) 6.004e-3(3.592e-4)‡ 2.597e-2(2.561e-2)‡ 2.875e-2(2.369e-2) 2.879e-2(4.500e-3)‡

FDA4

(20,10) 4.795e-2(3.654e-3)‡ 5.949e-2(5.472e-3)‡ 5.117e-2(8.421e-4)‡ 5.856e-2(1.853e-3)‡ 5.803e-2(2.813e-3) 2.563e-2(3.552e-4)

(25,10) 4.628e-2(2.967e-3)‡ 5.342e-2(5.589e-3)‡ 5.164e-2(6.169e-4)‡ 5.572e-2(2.530e-3)‡ 5.740e-2(3.720e-3) 2.521e-2(2.312e-4)

(30,10) 4.440e-2(1.796e-3)‡ 5.072e-2(5.812e-3)‡ 5.195e-2(6.701e-4)‡ 5.363e-2(2.079e-3)‡ 5.636e-2(1.984e-3) 2.489e-2(2.234e-4)

dMOP1

(20,10) 2.802e-2(2.503e-2)‡ 8.209e-3(6.176e-3)‡ 4.071e-3(1.047e-3)‡ 3.938e-3(1.990e-4)‡ 3.962e-3(4.076e-4) 3.241e-3(1.305e-4)

(25,10) 1.535e-2(1.840e-2)‡ 4.757e-3(3.666e-3)‡ 4.307e-3(3.276e-4)‡ 3.608e-3(7.478e-5)‡ 3.556e-3(1.314e-4) 3.006e-3(1.849e-4)

(30,10) 4.326e-3(9.231e-4)‡ 3.982e-3(1.540e-3)‡ 4.430e-3(3.354e-4)‡ 3.422e-3(6.409e-5)‡ 3.285e-3(5.469e-5) 2.815e-3(5.633e-5)

dMOP2

(20,10) 1.032e-2(3.825e-3)‡ 7.022e-3(2.389e-3)‡ 4.163e-3(3.833e-4)‡ 4.283e-3(4.816e-5)‡ 3.760e-3(8.095e-5) 3.097e-3(7.772e-5)

(25,10) 7.694e-3(3.609e-3)‡ 5.070e-3(6.420e-4)‡ 4.649e-3(3.384e-4)‡ 3.934e-3(5.183e-5)‡ 3.549e-3(4.178e-5) 2.891e-3(5.476e-5)

(30,10) 6.153e-3(4.547e-3)‡ 4.194e-3(8.279e-4)‡ 5.031e-3(3.482e-4)‡ 3.711e-3(3.822e-5)‡ 3.440e-3(4.961e-5) 2.805e-3(3.828e-5)

dMOP3

(20,10) 1.166e-2(4.219e-3)‡ 6.117e-3(6.738e-4)‡ 5.375e-3(2.851e-4)‡ 5.484e-3(7.262e-5)‡ 5.259e-3(7.665e-5) 3.321e-3(7.444e-5)

(25,10) 7.538e-3(2.860e-3)‡ 4.977e-3(7.943e-4)‡ 5.779e-3(2.040e-4)‡ 5.277e-3(7.762e-5)‡ 5.111e-3(7.027e-5) 3.134e-3(4.908e-5)

(30,10) 5.710e-3(2.139e-3)‡ 4.092e-3(2.870e-4)‡ 5.998e-3(1.190e-4)‡ 5.153e-3(3.954e-5)‡ 5.005e-3(5.602e-5) 3.114e-3(5.171e-5)

JY1

(20,10) 2.071e-2(5.212e-3)‡ 1.003e-2(1.214e-3)‡ 1.155e-2(2.264e-3)‡ 1.395e-2(1.020e-3)‡ 1.238e-2(1.115e-3) 4.247e-3(7.982e-5)

(25,10) 1.340e-2(4.850e-3)‡ 7.619e-3(5.237e-4)‡ 1.062e-2(8.838e-4)‡ 1.300e-2(1.446e-3)‡ 1.186e-2(1.231e-3) 3.873e-3(4.728e-5)

(30,10) 9.473e-3(4.521e-3)‡ 6.247e-3(7.923e-4)‡ 1.053e-2(4.208e-4)‡ 1.209e-2(8.765e-4)‡ 1.112e-2(5.358e-4) 3.722e-3(2.743e-5)

JY2

(20,10) 2.210e-2(6.807e-3)‡ 1.177e-2(2.068e-3)‡ 8.677e-3(1.573e-3)‡ 9.358e-3(1.635e-3)‡ 6.954e-3(1.015e-3) 3.453e-3(6.641e-5)

(25,10) 1.456e-2(5.607e-3)‡ 7.254e-3(1.054e-3)‡ 8.060e-3(9.963e-4)‡ 7.940e-3(1.369e-3)‡ 6.964e-3(1.821e-3) 3.196e-3(3.996e-5)

(30,10) 1.030e-2(4.256e-3)‡ 5.470e-3(5.890e-4)‡ 7.822e-3(5.208e-4)‡ 7.076e-3(1.132e-3)‡ 5.891e-3(5.247e-4) 3.102e-3(3.693e-5)

JY3

(20,10) 1.674e-1(1.665e-1)‡ 3.020e-2(4.501e-3)‡ 1.343e-2(1.753e-2)‡ 1.726e-2(7.047e-3)‡ 2.188e-2(1.544e-2) 8.615e-3(1.187e-3)

(25,10) 7.370e-2(6.282e-2)‡ 2.646e-2(2.262e-3)‡ 1.041e-2(1.057e-3)‡ 1.375e-2(5.000e-3)‡ 1.373e-2(3.908e-3) 7.283e-3(8.715e-4)

(30,10) 5.023e-2(2.944e-2)‡ 2.535e-2(3.158e-3)‡ 1.016e-2(1.120e-3)‡ 1.125e-2(2.600e-3)‡ 1.346e-2(3.331e-3) 6.338e-3(8.878e-4)

JY4

(20,10) 1.634e-2(3.567e-3)‡ 4.026e-1(3.852e-2)‡ 2.910e-3(6.546e-4)‡ 2.791e-3(2.327e-4) 1.570e-2(6.882e-4) 1.017e-2(5.098e-4)

(25,10) 1.339e-2(3.632e-3)‡ 4.173e-1(4.624e-2)‡ 3.037e-3(8.630e-4)‡ 2.223e-3(1.856e-4) 1.423e-2(6.747e-4) 9.790e-3(4.552e-4)

(30,10) 1.024e-2(2.055e-3)‡ 4.187e-1(4.146e-2)‡ 2.673e-3(3.537e-4)‡ 1.987e-3(1.122e-4) 1.343e-2(7.261e-4) 9.647e-3(2.417e-4)

JY5

(20,10) 7.866e-3(2.796e-3)‡ 5.986e-3(2.055e-3)‡ 9.682e-3(1.087e-3)‡ 2.050e-2(5.597e-3)‡ 1.786e-2(8.952e-3) 3.517e-3(9.428e-5)

(25,10) 6.669e-3(3.716e-3)‡ 4.762e-3(1.053e-3)‡ 9.384e-3(9.028e-4)‡ 1.680e-2(4.875e-3)‡ 1.519e-2(6.488e-3) 3.288e-3(3.783e-5)

(30,10) 5.184e-3(1.717e-3)‡ 4.208e-3(8.194e-4)‡ 9.110e-3(5.468e-4)‡ 1.434e-2(6.109e-3)‡ 1.302e-2(3.126e-3) 3.254e-3(4.335e-5)

JY6

(20,10) 2.829e-1(3.358e-2)‡ 2.192e-1(7.580e-3)‡ 6.432e-2(1.652e-2)‡ 1.832e-1(1.721e-2)‡ 4.366e-1(4.948e-2) 4.052e-2(4.961e-3)

(25,10) 2.599e-1(5.575e-2)‡ 2.066e-1(7.681e-3)‡ 5.774e-2(1.525e-2)‡ 1.496e-1(2.059e-2)‡ 3.587e-1(4.008e-2) 2.727e-2(5.797e-3)

(30,10) 2.021e-1(1.089e-2)‡ 1.885e-1(8.970e-3)‡ 4.205e-2(1.206e-2)‡ 1.215e-1(1.253e-2)‡ 3.041e-1(3.418e-2) 2.035e-2(4.111e-3)

JY7

(20,10) 1.676e+0(1.390e-1)‡ 1.549e+0(1.017e-1)‡ 9.222e-2(4.175e-2)‡ 2.071e-1(7.205e-2)‡ 3.718e-1(1.152e-1) 2.983e-2(1.230e-2)

(25,10) 1.416e+0(2.049e-1)‡ 1.486e+0(9.890e-2)‡ 9.415e-2(2.422e-2)‡ 1.350e-1(7.017e-2)‡ 2.505e-1(8.828e-2) 2.329e-2(7.321e-3)

(30,10) 1.169e+0(2.234e-1)‡ 1.427e+0(1.250e-1)‡ 9.495e-2(2.058e-2)‡ 1.166e-1(6.536e-2)‡ 2.403e-1(9.600e-2) 1.721e-2(8.052e-3)

JY8

(20,10) 1.098e-2(2.341e-3)‡ 4.583e-3(2.437e-4) 1.232e-2(1.791e-3)‡ 2.161e-2(4.159e-3)‡ 1.651e-2(1.776e-3) 6.923e-3(2.362e-4)‡
(25,10) 9.649e-3(1.718e-3)‡ 4.454e-3(1.856e-4) 1.084e-2(5.117e-4)‡ 2.202e-2(4.211e-3)‡ 1.679e-2(1.825e-3) 6.212e-3(2.831e-4)‡
(30,10) 9.367e-3(2.183e-3)‡ 4.349e-3(1.543e-4) 1.108e-2(4.907e-4)‡ 2.196e-2(2.509e-3)‡ 1.667e-2(1.694e-3) 5.769e-3(1.438e-4)‡

JY9

(20,10) 6.172e-2(3.862e-2)‡ 1.356e-2(3.809e-3)‡ 1.516e-2(8.391e-3)‡ 1.971e-2(3.964e-3)‡ 1.780e-2(4.584e-3) 4.768e-3(8.562e-5)

(25,10) 2.711e-2(1.364e-2)‡ 8.908e-3(1.453e-3)‡ 1.210e-2(4.307e-3)‡ 1.652e-2(2.124e-3)‡ 1.428e-2(1.143e-3) 4.164e-3(7.572e-5)

(30,10) 2.107e-2(1.917e-2)‡ 7.854e-3(8.655e-4)‡ 1.084e-2(9.608e-4)‡ 1.450e-2(1.278e-3)‡ 1.338e-2(1.122e-3) 3.824e-3(5.027e-5)

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.

variables instead of linear dependencies, meaning that each variable has a dif-540

ferent amount of change [33]. The results show that ADNEPSO is also com-

petitive, which may benefit from good diversity protection technology. JY4 is

constructed as a discontinuous and time-varying POF segment. It can be ob-
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served that MOEA/D-KF and IEC obtained the best IGD value and HVD value

in JY4 respectively while our algorithm is slightly poorer than them. One reason545

we surmise is that adversarial decomposition cannot deal with the discrete POF

very well. JY5 has obvious POF change characteristics, and the POF gradually

changes from convex geometry to concave geometry, and this characteristic can

well examine the performance of our proposed algorithm. We notice that AD-

NEPSO performed clearly better than other algorithms. Especially, as can be550

seen from Table 3, among the four decomposition-based algorithms, ADNEPSO

significantly improved the distribution, implying that ADNEPSO has superior-

ity for the concave-convex problem. JY6 and JY7 introduce a more complex

multimodal characteristic, in which the local optimal number of JY6 changes

with time, while JY7 considers the change of POF on the basis of the fixed555

number of local optimal, which makes them sufficiently challenging. For JY6,

it can be observed that MOEAD and ADNEPSO achieved better results. For

JY7, ADNEPSO, MOEA/D-KF and IEC all performed well. Perhaps the main

reasons are that both MOEA/D and KF have a re-initialization mechanism, and

IEC has excellent environmental sensitivity detection mechanism and memory560

strategy. These method can better avoid falling into local optimal. In addition,

the excellent performance of ADNEPSO also shows that the proposed diversity

maintenance and introduction strategy is effective. The number of POF geomet-

ric segments of JY8 will vary over time. IGD and HVD statistical results show

a difference on JY8, FPS had the best IGD performance while ADNEPSO had565

the best HVD value. As mentioned, the reason for the difference may be that

ADNEPSO can better handle the dominant resistance solution, but is slightly

inferior to FPS in distribution. Compared with other algorithms, ADNEPSO

performed better in terms of convergence and distribution, which means that

ADNEPSO also has good adaptability to mixed changes. JY9 is very novel and570

interesting because it switches cyclically in Type I, Type II, and Type III over

time. Compared with other algorithms, ADNEPSO performed better in terms

of convergence and distribution, which illustrates that ADNEPSO also has good

adaptability to mixed changes.

29



0 5 10 15 20 25 30 35 40 45 50
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

time

IG
D

 

 
ADNEPSO
FPS
PPS
MOEAD−KF
MOEAD
IEC

0 10 20 30 40 50

3

4

5

6

7

8

9

x 10
−3

(a) FDA1

0 5 10 15 20 25 30 35 40 45 50
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

time

IG
D

 

 
ADNEPSO
FPS
PPS
MOEAD−KF
MOEAD
IEC
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(h) JY1

Figure 5: Evolution curves of average IGD values for eight problems with nT =10 and τT =30.
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(d) JY5
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(e) JY6
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(f) JY7
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(g) JY8
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(h) JY9

Figure 6: Evolution curves of average IGD values for eight problems with nT =10 and τT =30.
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Figure 7: The POF of FDA1 obtained by the six algorithms

5.3. Analyzing The Evolutionary Processes of The Compared Algorithms575

In addition to analyzing the statistical results of IGD, HVD, and SP, we show

some more intuitive results, including evolution curves of the average IGD values

and POF obtained by six algorithms at different moments, which can more

clearly test the algorithms’ comparative performance. The change frequency τt

and changing severity nt of all the algorithms are fixed to (30,10).580

Fig.5 and Fig.6 show the IGD evolution curve of all test problems. It can

be observed that ADNEPSO maintained a small and stable IGD value during

the entire iteration of majority problems, which means ADNEPSO has excel-

lent environmental response capabilities. We also notice that PPS had a high

IGD peak in the early stage of the algorithm in some test problems such as585
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(b) MOEA/D-KF
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(c) MOEA/D
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Figure 8: The POF of dMOP2 obtained by the six algorithms

FDA3, dMOP2, and JY1. A possible reason is that the prediction mechanism

of the PPS needs to accumulate a lot of historical information in the first few

generations. As a result, the performance of the PPS in the early stage of

the algorithm is often unsatisfactory, but with more generations, the perfor-

mance of PPS gradually becomes better and tends to be stable. Additionally,590

when POF convexity-concavity changes dramatically, such as in JY5, the IGD

value of the decomposition-based algorithm had fluctuations (periodic peaks)

with environmental changes, while ADNEPSO is more stable, which shows that

the adversarial decomposition strategy in dealing with such problems achieved

better results. IEC and MOEA/D-KF have similar curve shapes in many test595

instances (such as FDA2, JY4), which may be because both use MOEA/D-DE
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(b) MOEA/D-KF
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Figure 9: The POF of JY1 obtained by the six algorithms

as a static framework. For FDA4, the performance of ADNEPSO is far ahead of

the other algorithms, which further shows that ADNEPSO can deal with three-

dimensional problems more effectively. In JY3, the FPS performance was not

very satisfactory, which may indicate that the FPS is not suitable for handling600

the non-monotonic decision variables characteristic.

Fig.9-Fig.11 show the solution set and true POF obtained by FDA1, dMOP2,

JY1, JY5, and JY8 at 21 different moments in sequence, where the solution is

marked with red dots, and the true POF is marked with blue curves. Also, it

can be seen that ADNEPSO maintained good convergence and distribution at605

different moments. For FDA1 and dMOP2, MOEA/D was not able to search the

entire PF for most of the time. This may be because MOEA/D cannot quickly
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Figure 10: The POF of JY5 obtained by the six algorithms

track environmental changes. For JY5 and JY8, the population of PPS almost

did not converge in the first few generations. In JY5, when the decomposition-

based algorithms MOEA/D, MOEA/D-KF deal with the convex POF, due to610

the fixed weight vector, a large number of solutions converged to the middle

part of the POF, which made the overall population distribution uneven. It can

be found that MOEA/D-KF and IEC have some dominant resistance solutions

in FDA1 and JY8, while ADNEPSO has almost none, possibly benefiting from

the two-population mechanism and a more reasonable scalar function.615
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Figure 11: The POF of JY8 obtained by the six algorithms

6. Further Discussion

The influence of different environmental changes on the algorithm and the

influence of different components of ADNEPSO are discussed in this section.

The influence of different environmental change intensities and higher environ-

mental change frequency on the algorithm, as well as the influence of different620

components of ADNEPSO are discussed in this section.

6.1. Influence of Change Severity

Like τt, change severity nt is also an important parameter in DMOPs, which

can also affect the performance and effect of the algorithm. In the experiment,
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we set nt = 5, nt = 10,and nt = 20 to study the change severity for the al-625

gorithm’s impact. The smaller nt corresponds to the more drastic changes in

the environment, making the problem more challenging. The IGD statistics of

all algorithms under different nt are recorded in Table 4. From the table, the

sensitivity of each algorithm to change severity can be analyzed in detail.

It can be observed from the Table 4 that ADNEPSO performed better un-630

der different nt, and as nt increased, the performance of all the algorithms

improved. For the JY4 problem, ADNEPSO obtained the best results when

the environmental changes were more severe, and the results were slightly worse

than MOEA/D-KF and IEC when the environmental changes were gentle. For

the JY8 problem, ADNEPSO only obtained the second-best value regardless of635

the severity. For relatively simple problems, ADNEPSO was not sensitive to

changes in severity, which may be due to ADNEPSO’s good dynamic response

mechanism and diversity maintenance capabilities. Regrettably, for JY6 and

JY7, ADNEPSO lost its advantage in cases of severe environmental changes.

One possible reason is that JY6 and JY7 have multi-modal characteristics. In640

this situation, ADNEPSO is more likely to fall into local optimum when the

environment changes severely.

6.2. Influence of Higher Environmental Change Frequency

In the previous discussion, in order to verify the effect of changing frequency

on algorithm performance, experiments were carried out on FDA, dMOP, and645

JY test series with nt fixed to 10, and τt set to 20, 25, and 30. In this sec-

tion, a higher change frequency (τt is set to 5 and 10) will be applied, and the

experimental results are recorded in Table 5.

It can be observed from Table 5 that IEC obtains the best or the second

best results in most of the test instances, followed by ADNEPSO, ADNEPSO650

obtained the remaining the best results and most of the second best results, and

finally MOEA/D-KF, while MOEA/D, PPS, and FPS performed poorly. After

an in-depth analysis of why the algorithms perform as they do, we believe that

the reasons may be explained as follows: Since ADNEPSO needs to update the
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Table 4: Mean and SD of IGD indicator obtained by six algorithms.

prob (τt, nt) PPS FPS MOEA/D MOEA/D-KF IEC ADNEPSO

FDA1

(25, 5) 5.911e-3(4.233e-4)‡ 1.293e-2(2.769e-3)‡ 3.494e-2(4.537e-3)‡ 6.522e-3(1.080e-4)‡ 5.867e-3(8.290e-5)‡ 4.239e-3(3.911e-4)

(25,10) 5.985e-3(3.288e-4)‡ 9.257e-3(9.492e-4)‡ 3.550e-2(4.737e-3)‡ 5.298e-3(7.651e-5)‡ 4.976e-3(7.906e-5)‡ 4.113e-3(1.498e-4)

(25,20) 6.071e-3(5.614e-4)‡ 6.612e-3(2.021e-4)‡ 3.682e-2(4.205e-3)‡ 4.908e-3(8.503e-5)‡ 4.447e-3(5.516e-5)‡ 4.345e-3(6.499e-4)

FDA2

(25, 5) 3.334e-2(1.038e-3)‡ 3.111e-2(2.868e-4)‡ 1.001e-1(8.038e-3)‡ 4.721e-2(1.827e-4)‡ 4.704e-2(8.239e-5)‡ 2.994e-2(6.873e-4)

(25,10) 3.297e-2(8.271e-4)‡ 3.110e-2(2.806e-4)‡ 9.744e-2(8.266e-3)‡ 4.714e-2(1.579e-4)‡ 4.697e-2(6.895e-5)‡ 2.970e-2(8.403e-4)

(25,20) 2.639e-2(7.845e-4)‡ 2.487e-2(2.899e-4)‡ 1.001e-1(8.935e-3)‡ 3.991e-2(2.100e-4)‡ 4.692e-2(1.248e-4)‡ 2.325e-2(2.156e-4)

FDA3

(25, 5) 6.611e-2(2.749e-2)‡ 1.450e-2(2.942e-3) 2.464e-2(2.298e-3)‡ 2.015e-2(2.006e-3)‡ 1.884e-2(1.425e-3)‡ 2.227e-2(4.386e-3)

(25,10) 6.600e-2(6.074e-2)‡ 6.976e-3(4.661e-4)‡ 2.409e-2(3.211e-3)‡ 1.789e-2(2.313e-3)‡ 1.493e-2(1.550e-3)‡ 5.429e-3(9.874e-4)

(25,20) 1.826e-2(4.515e-3)‡ 5.298e-3(1.876e-4) 2.638e-2(2.755e-3)‡ 1.846e-2(2.885e-3)‡ 1.382e-2(1.751e-3)‡ 5.375e-3(5.083e-4)‡

FDA4

(25, 5) 9.928e-2(1.942e-3)‡ 9.348e-2(2.233e-3)‡ 7.979e-2(7.638e-4)‡ 7.720e-2(8.168e-4)‡ 7.139e-2(3.011e-4)‡ 6.015e-2(1.904e-4)

(25,10) 8.549e-2(1.313e-3)‡ 8.632e-2(1.821e-3)‡ 8.003e-2(1.025e-3)‡ 7.445e-2(6.632e-4)‡ 6.954e-2(2.217e-4)‡ 5.925e-2(1.658e-4)

(25,20) 8.186e-2(1.689e-3)‡ 8.224e-2(1.541e-3)‡ 7.962e-2(4.650e-4)‡ 7.297e-2(5.912e-4)‡ 6.864e-2(2.943e-4)‡ 5.875e-2(1.904e-4)

dMOP1

(25, 5) 2.006e-2(1.255e-2)‡ 6.707e-3(1.516e-3)‡ 1.229e-1(1.512e-2)‡ 5.739e-3(6.356e-4)‡ 5.045e-3(3.272e-4)‡ 5.010e-3(1.176e-3)

(25,10) 2.175e-2(1.528e-2)‡ 7.002e-3(3.343e-3)‡ 1.196e-1(1.881e-2)‡ 5.876e-3(6.025e-4)‡ 5.309e-3(8.998e-4)‡ 4.668e-3(2.972e-4)

(25,20) 2.664e-2(1.879e-2)‡ 5.846e-3(1.031e-3)‡ 1.447e-1(2.398e-2)‡ 5.597e-3(6.993e-4)‡ 4.932e-3(4.724e-4) 5.174e-3(1.360e-3)‡

dMOP2

(25, 5) 4.004e-2(1.058e-2)‡ 1.779e-2(6.378e-3)‡ 8.509e-2(1.382e-2)‡ 7.257e-3(2.106e-4)‡ 6.302e-3(1.130e-4)‡ 4.533e-3(1.851e-4)

(25,10) 5.969e-2(6.270e-2)‡ 1.020e-2(9.483e-4)‡ 8.991e-2(1.356e-2)‡ 5.591e-3(1.249e-4)‡ 5.143e-3(7.743e-5)‡ 4.235e-3(3.502e-5)

(25,20) 4.915e-2(4.346e-2)‡ 7.108e-3(3.560e-4)‡ 9.634e-2(2.061e-2)‡ 5.020e-3(1.290e-4)‡ 4.535e-3(9.685e-5)‡ 4.233e-3(8.727e-5)

dMOP3

(25, 5) 2.294e-2(5.927e-3)‡ 1.353e-2(2.928e-3)‡ 4.463e-2(5.506e-3)‡ 6.564e-3(1.469e-4)‡ 5.874e-3(8.891e-5)‡ 4.577e-3(5.415e-4)

(25,10) 2.698e-2(1.191e-2)‡ 9.028e-3(1.126e-3)‡ 4.358e-2(4.855e-3)‡ 5.295e-3(8.452e-5)‡ 5.011e-3(1.081e-4)‡ 4.271e-3(2.441e-4)

(25,20) 1.670e-2(1.085e-2)‡ 6.527e-3(2.089e-4)‡ 4.225e-2(5.129e-3)‡ 4.894e-3(6.541e-5)‡ 4.445e-3(3.374e-5)‡ 4.310e-3(4.438e-4)

JY1

(25, 5) 2.753e-2(6.238e-3)‡ 1.297e-2(1.986e-3)‡ 1.957e-2(3.039e-3)‡ 8.307e-3(1.441e-4)‡ 7.674e-3(8.227e-5)‡ 4.819e-3(2.677e-5)

(25,10) 2.303e-2(7.757e-3)‡ 9.814e-3(5.697e-4)‡ 1.808e-2(1.480e-3)‡ 6.829e-3(5.135e-5)‡ 6.576e-3(6.144e-5)‡ 4.684e-3(9.383e-6)

(25,20) 1.248e-2(3.068e-3)‡ 7.203e-3(2.347e-4)‡ 1.819e-2(2.283e-3)‡ 6.459e-3(1.006e-4)‡ 6.023e-3(4.466e-5)‡ 4.693e-3(1.932e-5)

JY2

(25, 5) 6.272e-2(6.693e-3)‡ 5.146e-2(1.325e-3)‡ 5.454e-2(1.803e-3)‡ 4.891e-2(9.810e-5)† 4.869e-2(1.008e-4)‡ 4.792e-2(1.972e-5)

(25,10) 6.710e-2(1.543e-2)‡ 5.128e-2(1.957e-4)‡ 5.634e-2(1.532e-3)‡ 4.994e-2(8.931e-5) 4.999e-2(8.023e-5)† 5.019e-2(1.297e-5)‡
(25,20) 5.205e-2(4.178e-3)‡ 4.624e-2(1.976e-4)‡ 5.273e-2(1.819e-3)‡ 4.599e-2(5.770e-5)† 4.576e-2(5.099e-5)† 4.555e-2(2.100e-5)

JY3

(25, 5) 3.175e-1(1.481e-2)† 2.525e+0(1.553e-3) ‡ 4.310e-1(2.489e-2)‡ 3.214e-1(7.341e-3)‡ 3.238e-1(4.337e-3)‡ 3.157e-1(9.210e-3)

(25,10) 3.148e-1(7.704e-3)† 2.491e+0(2.034e-3) ‡ 4.142e-1(2.120e-2)‡ 3.151e-1(2.460e-3)† 3.143e-1(3.004e-3)† 3.134e-1(3.242e-3)

(25,20) 2.654e-1(1.300e-2)† 2.502e+0(2.083e-3) ‡ 3.561e-1(1.820e-2)‡ 2.671e-1(4.555e-3)† 3.122e-1(4.599e-4)‡ 2.652e-1(5.720e-3)

JY4

(25, 5) 6.041e-2(8.295e-3)‡ 1.550e-1(1.236e-2)‡ 3.167e-2(2.022e-3)‡ 2.172e-2(4.423e-4) 2.075e-2(2.023e-4)‡ 2.041e-2(3.508e-4)

(25,10) 6.053e-2(1.556e-2)‡ 1.324e-1(9.179e-3)‡ 3.132e-2(2.748e-3)‡ 1.913e-2(1.288e-4) 2.016e-2(7.735e-5)‡ 2.052e-2(7.275e-4)‡
(25,20) 3.782e-2(7.172e-3)‡ 1.057e-1(6.370e-3)‡ 3.187e-2(1.979e-3)‡ 2.116e-2(1.086e-4) 1.843e-2(7.138e-5) 2.226e-2(5.057e-4)‡

JY5

(25, 5) 1.514e-2(7.714e-4)‡ 4.600e-3(8.153e-5)‡ 1.303e-2(1.068e-3)‡ 6.494e-3(6.660e-5)‡ 6.274e-3(5.517e-5)‡ 4.387e-3(2.278e-5)

(25,10) 7.937e-3(1.272e-3)‡ 4.681e-3(1.436e-4)‡ 1.376e-2(9.547e-4)‡ 6.859e-3(1.186e-4)‡ 6.614e-3(8.138e-5)‡ 4.341e-3(1.093e-5)

(25,20) 5.460e-3(1.574e-4)‡ 4.681e-3(1.118e-4)‡ 1.250e-2(1.158e-3)‡ 6.344e-3(8.970e-5)‡ 5.276e-3(1.082e-4)‡ 4.372e-3(2.644e-5)

JY6

(25, 5) 2.244e+0(8.238e-2) ‡ 2.456e+0(1.036e-1) ‡ 6.408e-1(1.972e-2) 1.104e+0(6.907e-2) ‡ 1.454e+0(1.433e-1) ‡ 9.216e-1(8.203e-2)‡
(25,10) 1.952e+0(9.324e-2)‡ 2.132e+0(7.902e-2) ‡ 4.110e-1(2.828e-2)‡ 4.848e-1(4.308e-2)‡ 6.152e-1(4.678e-2)‡ 3.567e-1(3.599e-2)

(25,20) 1.551e+0(1.025e-1)‡ 1.538e+0(7.900e-2) ‡ 2.350e-1(2.074e-2)‡ 1.363e-1(7.324e-2)‡ 3.556e-1(5.535e-2)‡ 1.493e-2(9.700e-4)

JY7

(25, 5) 7.679e+0(6.200e-1) ‡ 1.138e+1(5.033e-1)‡ 1.220e+0(9.178e-2)‡ 9.151e-1(4.294e-1) 1.324e+0(5.799e-1) ‡ 1.005e+0(5.063e-1) ‡
(25,10) 6.111e+0(1.487e+0)‡ 1.077e+1(4.115e-1)‡ 1.280e+0(1.419e-1)‡ 8.335e-1(5.992e-1)‡ 7.364e-1(6.098e-1)‡ 8.108e-1(4.771e-1)

(25,20) 7.078e+0(2.041e+0)‡ 1.033e+1(2.183e+) ‡ 1.454e+0(1.537e-1)‡ 1.268e+0(1.176e+0) ‡ 1.043e+0(5.581e-1) ‡ 7.158e-1(4.826e-1)

JY8

(25, 5) 1.126e-2(1.447e-3)‡ 6.792e-3(7.982e-4) 2.801e-2(1.842e-3)‡ 1.660e-2(7.785e-4)‡ 1.595e-2(7.419e-4)‡ 8.826e-3(2.550e-4)‡
(25,10) 1.118e-2(8.755e-4)‡ 6.035e-3(4.176e-4) 2.970e-2(2.809e-3)‡ 1.668e-2(1.178e-3)‡ 1.560e-2(6.665e-4)‡ 9.441e-3(4.510e-4)‡
(25,20) 1.036e-2(9.897e-4)‡ 6.471e-3(6.951e-4) 3.091e-2(2.937e-3)‡ 1.729e-2(1.917e-3)‡ 1.390e-2(5.208e-4)‡ 9.147e-3(4.329e-4)‡

JY9

(25, 5) 5.950e-2(1.819e-2)‡ 1.264e+0(1.813e-2) ‡ 2.759e-2(4.928e-3)‡ 9.819e-3(4.598e-4)‡ 9.850e-3(5.821e-4)‡ 5.265e-3(4.770e-5)

(25,10) 4.578e-2(1.784e-2)‡ 3.773e-2(1.291e-2)‡ 3.469e-2(6.773e-3)‡ 8.321e-3(4.153e-4)‡ 7.615e-3(1.833e-4)‡ 4.913e-3(3.644e-5)

(25,20) 3.073e-2(1.515e-2)‡ 3.704e-2(1.376e-2)‡ 3.569e-2(5.499e-3)‡ 7.486e-3(3.236e-4)‡ 6.906e-3(1.882e-4)‡ 4.910e-3(5.084e-5)

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.
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Table 5: Mean and SD of IGD indicator obtained by six algorithms.

prob (τt, nt) PPS FPS MOEA/D MOEA/D-KF IEC ADNEPSO

FDA1
(5,10) 6.500e-1(1.819e-1)‡ 6.364e-1(1.402e-1)‡ 6.988e-1(2.415e-2)‡ 3.014e-2(3.206e-3)‡ 1.748e-2(1.848e-3) 2.076e-2(4.223e-3)‡
(10,10) 6.938e-1(1.645e-1)‡ 6.462e-1(1.440e-1)‡ 7.047e-1(2.001e-2)‡ 1.034e-2(5.590e-4)‡ 8.510e-3(3.979e-4) 8.664e-3(2.290e-3)‡

FDA2
(5,10) 1.905e-1(2.618e-2)‡ 1.898e-1(2.023e-2)‡ 1.947e-1(4.114e-3)‡ 5.446e-2(3.087e-3)‡ 5.051e-2(8.354e-4)‡ 4.893e-2(1.132e-2)

(10,10) 1.898e-1(2.372e-2)‡ 1.807e-1(2.676e-2)‡ 1.959e-1(3.595e-3)‡ 4.898e-2(6.839e-4)‡ 4.815e-2(3.733e-4)‡ 3.920e-2(1.729e-3)

FDA3
(5,10) 3.744e-1(9.835e-2)‡ 3.906e-1(1.334e-1)‡ 1.859e+0(8.570e-2) ‡ 5.673e-2(8.745e-3)‡ 3.672e-2(3.953e-3) 5.491e-2(6.576e-3)‡
(10,10) 3.913e-1(6.285e-2)‡ 4.111e-1(1.116e-1)‡ 1.883e+0(1.012e-1) ‡ 2.622e-2(2.765e-3)‡ 2.172e-2(1.958e-3) 2.437e-2(3.836e-3)‡

FDA4
(5,10) 1.141e+0(1.570e-1) ‡ 1.100e+0(2.015e-1) ‡ 6.684e-1(1.782e-2)‡ 1.392e-1(8.930e-3)‡ 1.127e-1(4.098e-3)‡ 9.376e-2(1.227e-3)‡
(10,10) 1.063e+0(1.937e-1) ‡ 1.137e+0(2.182e-1) ‡ 6.722e-1(1.354e-2)‡ 9.430e-2(3.316e-3)‡ 7.949e-2(1.310e-3)‡ 7.381e-2(3.036e-4)‡

dMOP1
(5,10) 1.014e+1(2.005e+0) ‡ 8.955e+0(2.257e+0) ‡ 9.003e+0(4.203e-1) ‡ 8.498e-2(2.657e-2)‡ 4.647e-2(1.400e-2)‡ 1.526e-1(5.963e-2)‡
(10,10) 9.076e+0(1.861e+0) ‡ 8.266e+0(2.746e+0) ‡ 8.941e+0(3.229e-1) ‡ 2.038e-2(4.675e-3)‡ 1.500e-2(2.604e-3)‡ 2.857e-2(4.960e-3)‡

dMOP2
(5,10) 1.111e+0(1.669e-1) ‡ 1.017e+0(2.868e-1) ‡ 2.233e+0(7.511e-2) ‡ 4.313e-2(6.349e-3)‡ 2.457e-2(2.889e-3)‡ 3.492e-2(7.585e-3)‡
(10,10) 1.082e+0(2.563e-1) ‡ 1.060e+0(2.590e-1) ‡ 2.207e+0(1.326e-1) ‡ 1.301e-2(8.582e-4)‡ 1.008e-2(8.507e-4)‡ 1.120e-2(7.037e-4)‡

dMOP3
(5,10) 7.362e-1(1.197e-1)‡ 6.677e-1(1.711e-1)‡ 1.648e+0(8.719e-2) ‡ 3.102e-2(3.657e-3)‡ 1.781e-2(2.319e-3)‡ 3.447e-2(6.469e-3)‡
(10,10) 7.243e-1(1.340e-1)‡ 6.636e-1(1.517e-1)‡ 1.639e+0(7.480e-2) ‡ 1.100e-2(4.751e-4)‡ 8.534e-3(4.818e-4)‡ 1.163e-2(4.149e-3)‡

JY1
(5,10) 9.008e-1(1.653e-1)‡ 9.554e-1(1.493e-1)‡ 1.848e+0(7.903e-2) ‡ 3.327e-2(2.876e-3)‡ 2.110e-2(1.985e-3)‡ 2.958e-2(1.442e-3)‡
(10,10) 8.906e-1(1.834e-1)‡ 9.004e-1(2.140e-1)‡ 1.821e+0(7.205e-2) ‡ 1.250e-2(7.433e-4)‡ 1.054e-2(3.763e-4)‡ 1.164e-2(3.768e-4)‡

JY2
(5,10) 8.566e-1(1.165e-1)‡ 9.045e-1(1.843e-1)‡ 1.805e+0(6.244e-2) ‡ 6.382e-2(3.302e-3)‡ 5.809e-2(1.171e-3)‡ 6.097e-2(1.356e-3)‡
(10,10) 9.054e-1(1.902e-1)‡ 8.311e-1(1.943e-1)‡ 1.830e+0(6.247e-2) ‡ 5.202e-2(6.599e-4)† 5.172e-2(5.639e-4)‡ 5.242e-2(3.112e-4)‡

JY3
(5,10) 9.526e+0(5.193e+0) ‡ 1.097e+1(4.969e+0) ‡ 1.011e+1(8.208e-1)‡ 3.855e-1(6.681e-2)‡ 3.466e-1(1.385e-2)† 3.438e-1(1.228e-2)‡
(10,10) 8.797e+0(4.801e+0) ‡ 9.855e+0(4.410e+0) ‡ 9.493e+0(6.909e-1) ‡ 3.233e-1(5.856e-3)‡ 3.214e-1(3.384e-3)† 3.208e-1(6.169e-3)‡

JY4
(5,10) 9.724e-1(1.468e-1)‡ 9.002e-1(1.966e-1)‡ 1.910e+0(6.966e-2) ‡ 7.514e-2(6.189e-3)‡ 4.786e-2(3.376e-3)‡ 5.097e-2(2.123e-3)‡
(10,10) 9.090e-1(1.581e-1)‡ 9.511e-1(1.672e-1)‡ 1.924e+0(7.482e-2) ‡ 2.779e-2(1.576e-3)‡ 2.329e-2(7.067e-4)‡ 2.822e-2(2.236e-3)‡

JY5
(5,10) 2.304e-1(3.417e-2)‡ 2.206e-1(2.983e-2)‡ 7.977e-1(1.593e-2)‡ 1.265e-2(8.817e-4)‡ 1.027e-2(5.200e-4)‡ 1.772e-2(6.559e-4)‡
(10,10) 2.132e-1(2.861e-2)‡ 2.204e-1(4.042e-2)‡ 8.032e-1(2.864e-2)‡ 8.384e-3(2.256e-4)‡ 7.475e-3(1.504e-4)‡ 8.876e-3(1.341e-4)‡

JY6
(5,10) 3.264e+0(6.816e-1) ‡ 3.209e+0(8.735e-1) ‡ 1.156e+1(2.738e-1)‡ 2.465e+0(1.980e-1) ‡ 2.598e+0(2.976e-1) ‡ 2.385e+0(1.248e-1) ‡
(10,10) 2.603e+0(6.629e-1) ‡ 2.999e+0(7.528e-1) ‡ 1.167e+1(3.672e-1)‡ 1.350e+0(9.046e-2) ‡ 1.316e+0(1.018e-1) ‡ 1.359e+0(9.281e-2) ‡

JY7
(5,10) 5.237e+1(7.394e+0) ‡ 4.821e+1(1.138e+1)‡ 1.771e+1(3.812e-1)‡ 3.894e+0(9.332e-1) ‡ 3.098e+0(5.737e-1) ‡ 2.923e+0(7.190e-1) ‡
(10,10) 5.039e+1(9.682e+0) ‡ 4.606e+1(1.065e+1)‡ 1.787e+1(6.207e-1)‡ 2.408e+0(8.030e-1) ‡ 1.856e+0(6.770e-1) ‡ 1.739e+0(7.191e-1) ‡

JY8
(5,10) 1.186e+0(2.683e-1) ‡ 1.137e+0(1.739e-1) ‡ 7.523e-1(2.928e-2)‡ 3.013e-2(3.465e-3)‡ 2.455e-2(2.141e-3)‡ 3.075e-2(1.324e-3)‡
(10,10) 1.183e+0(2.591e-1) ‡ 1.173e+0(2.040e-1) ‡ 7.335e-1(1.785e-2)‡ 2.210e-2(1.258e-3)‡ 1.881e-2(1.111e-3)‡ 1.815e-2(5.424e-4)‡

JY9
(5,10) 4.357e+0(1.123e+0) ‡ 3.428e+0(1.103e+0) ‡ 8.589e+0(3.389e-1) ‡ 9.088e-2(1.973e-2)‡ 5.838e-2(1.723e-2)‡ 6.279e-2(4.319e-3)‡
(10,10) 3.970e+0(1.438e+0) ‡ 3.452e+0(8.087e-1) ‡ 8.746e+0(2.912e-1) ‡ 2.885e-2(7.121e-3)‡ 2.116e-2(4.992e-3)‡ 2.000e-2(1.549e-3)‡

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.

population alternately, and this excellent information interaction ability will be655

inhibited when the number of generations is small. In other words, ADNEPSO

needs more generations to ”start” than other algorithms. As τt increases, the

performance of ADNEPSO improves significantly. For example, in JY7, JY8

and JY9, ADNEPSO has surpassed IEC when τt=10. In addition, the memory

mechanism seems to be more suitable for a higher frequency of change than the660

prediction mechanism. In this environment, prediction is more likely to mislead

the direction of evolution. This may be the reason for the poor performance of

PPS, FPS, and KF, while IEC obtains the best performance is also benefit from

an effective memory strategy.
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Table 6: Mean and SD of GD, IGD and HVD indicator obtained by four algorithms.

prob indicator ADNEPSO-s1 ADNEPSO-s2 ADNEPSO-s3 ADNEPSO

FDA1

IGD 4.277e-3(1.415e-5)‡ 4.238e-3(3.594e-4)‡ 4.559e-3(1.037e-3)‡ 4.042e-3(1.587e-4)
HVD 5.833e-3(5.140e-5)‡ 6.042e-3(4.903e-4)‡ 7.397e-3(4.493e-4)‡ 5.790e-3(3.565e-4)
SP 9.369e-3(3.965e-5)‡ 3.198e-3(3.590e-5)† 3.268e-3(7.436e-5)‡ 3.190e-3(4.079e-5)

FDA3

IGD 3.788e-2(8.835e-5)‡ 5.725e-3(5.438e-4)‡ 8.812e-3(1.716e-3)‡ 5.040e-3(5.429e-4)
HVD 6.138e-1(2.776e-2)‡ 6.283e-1(2.275e-2)‡ 6.963e-1(2.529e-4)‡ 6.026e-1(1.260e-2)
SP 3.050e-2(1.182e-2)‡ 2.583e-2(6.027e-3) 6.670e-3(4.680e-4)‡ 2.879e-2(4.005e-3)

dMOP2

IGD 4.126e-3(2.702e-4)‡ 4.081e-3(2.564e-5)† 4.474e-3(1.455e-5)‡ 4.076e-3(5.410e-5)
HVD 7.289e-3(7.541e-4)‡ 6.972e-3(2.119e-4)† 9.081e-3(2.390e-4)‡ 6.918e-3(3.061e-4)
SP 4.130e-3(3.966e-5)‡ 2.802e-3(3.611e-5) 3.056e-3(4.207e-5)‡ 2.805e-3(3.827e-5)

dMOP3

IGD 4.101e-3(2.274e-5)‡ 4.216e-3(4.799e-5)‡ 4.435e-3(2.648e-5)‡ 4.071e-3(1.250e-5)
HVD 6.586e-3(1.127e-4)‡ 6.424e-3(1.765e-4)‡ 8.291e-3(1.930e-4)‡ 6.280e-3(7.237e-5)
SP 9.342e-3(2.149e-5)‡ 3.106e-3(3.010e-5) 3.367e-3(6.331e-5)‡ 3.114e-3(5.170e-5)

JY3

IGD 3.148e-1(2.050e-3)‡ 3.234e-1(3.421e-3)† 3.149e-1(6.269e-4)‡ 3.116e-1(3.335e-3)
HVD 2.988e-1(1.378e-1)‡ 2.655e-1(1.614e-1)‡ 3.707e-1(2.596e-3)‡ 1.639e-1(1.760e-1)
SP 1.090e-2(1.353e-3)‡ 7.036e-3(1.227e-3)‡ 1.068e-2(1.688e-3)‡ 6.338e-3(8.878e-4)

JY5

IGD 6.260e-3(2.270e-5)‡ 4.381e-3(3.722e-5)‡ 4.468e-3(2.514e-5)‡ 4.268e-3(1.324e-5)
HVD 5.483e-3(1.953e-5)‡ 5.106e-3(1.388e-5)† 5.729e-3(3.346e-5)‡ 5.079e-3(1.289e-5)
SP 8.577e-3(4.042e-5)‡ 3.289e-3(8.486e-5)‡ 3.470e-3(8.643e-5)‡ 3.254e-3(4.334e-5)

JY6

IGD 2.831e-1(2.662e-2)‡ 2.707e-1(4.330e-2)‡ 7.524e-1(5.751e-2)‡ 2.651e-1(6.071e-2)
HVD 1.111e+0(1.238e-1)‡ 1.055e+0(2.296e-1)‡ 4.134e+0(3.924e-1)‡ 9.487e-1(1.578e-1)
SP 2.352e-2(1.799e-3)‡ 2.326e-2(4.053e-3)‡ 4.788e-2(8.322e-3)‡ 2.035e-2(4.112e-3)

JY7

IGD 1.431e+0(5.837e-1)‡ 9.428e-1(5.546e-1)‡ 8.253e-1(8.082e-2)‡ 7.450e-1(6.007e-1)
HVD 4.282e+1(2.910e+1)‡ 1.908e+1(1.536e+1)‡ 6.527e+1(6.765e+1)‡ 1.134e+1(1.509e+1)
SP 5.018e-2(1.579e-2)‡ 2.501e-2(9.334e-3)‡ 1.202e-1(9.217e-3)‡ 1.721e-2(8.052e-3)

‡ and † indicate ADNEPSO performed significantly better than and equivalently to the corre-

sponding algorithm, respectively.

6.3. Analysis of The Influence of Different Components of ADNEPSO665

In this section, we mainly study the effect of different parts of the proposed

algorithm on the algorithm. To explore this issue, we have given three additional

versions of ADNEPSO. ADNEPSO-s1 does not use adversarial decomposition,

but only uses ideal point vectors. ADNEPSO-s2 uses a completely random

neighborhood selection method, while ADNEPSO-s3 uses a randomly initialized670

dynamic response mechanism. The statistical results of the three indicators in

the four versions are shown in Table5. All algorithms have τt set to 30 and nt

set to 10.

From the statistical results, we find the performance of ADNEPSO is signif-

icantly better than the other three versions, which shows that each component675

of ADNEPSO has an effect on the performance of the algorithm. Comparing

ADNEPSO-s1 and ADNEPSO, the SP index of the former is significantly worse

than the latter, which denotes that adversarial decomposition mainly improves
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distribution and diversity. Comparing ADNEPSO-s2 and ADNEPSO, it is clear

that the SP indicators of the two versions are the closest, especially in the FDA680

and dMOP series, while ADNEPSO performs better on IGD and HVD, which

may mean that the proposed neighborhood selection strategy improves conver-

gence, but the effect on distribution and diversity is not obvious. Comparing

ADNEPSO-s3 and ADNEPSO, the results of the two differ the most in all ver-

sions, especially when dealing with multi-modal problems JY6 and JY7, which685

shows that a suitable dynamic response mechanism is very important for han-

dling DMOPs, especially difficult in convergence and optimization problems. In

general, each component of ADNEPSO plays its own role. In the static process,

the algorithm accelerates the convergence of the algorithm through the neigh-

borhood particle optimization of two adversarial populations and the parent690

selection strategy to ensure that the current optimal POF and POS are found

as often as possible before the change. When changes in the environment occur,

a dynamic response mechanism is initiated, using the historical centroid for in-

formation prediction. At the same time, in order to ensure the diversity of the

new population, some particles are retained and potential areas are developed695

through global optimal information. The interaction of several components al-

lows the algorithm to effectively respond to environmental changes and achieve

rapid convergence.

7. Conclusions

In this paper, a novel particle swarm optimization algorithm based on ad-700

versarial decomposition and neighborhood evolution, ADNEPSO, has been pro-

posed for solving dynamic multi-objective optimization problems. In order to

solve the limitations of traditional decomposition methods when dealing with

DMOPs and improve the stability of the response environment, the proposed al-

gorithm introduces an effective adversarial decomposition strategy to maintain705

two population updates. In addition, a novel neighborhood update method has

been proposed to improve the convergence ability of the algorithm by selecting

the more optimal neighborhood optimal particles. In dealing with environmental
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changes, in order to ensure the convergence and diversity of the new popula-

tion, the dynamic response mechanism includes three parts: archive prediction,710

development of global optimal information, and retention of excellent particles.

Experimentally, the proposed algorithm and the other four state-of-the-art al-

gorithms have been evaluated by three performance metrics. The results show

that ADNEPSO is very competitive in dealing with DMOPs, but at the same

time it is dealing with severe environments and discontinuities problems are715

urgent to improve. Furthermore, our future work will design more adaptive

methods. In addition, applying decomposition-based methods to DMOPs is a

very promising direction, which is also worth further investigation.
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[39] C. R. Azevedo, A. F. Araújo, Generalized immigration schemes for dy-855

namic evolutionary multiobjective optimization, in: 2011 IEEE Congress

of Evolutionary Computation (CEC), IEEE, 2011, pp. 2033–2040.

[40] S. Yang, Genetic algorithms with elitism-based immigrants for changing

optimization problems, in: Workshops on Applications of Evolutionary

Computation, Springer, 2007, pp. 627–636.860

[41] R.-I. Chang, H.-M. Hsu, S.-Y. Lin, C.-C. Chang, J.-M. Ho, Query-based

learning for dynamic particle swarm optimization, IEEE Access 5 (2017)

7648–7658.

[42] S. Jiang, S. Yang, A steady-state and generational evolutionary algorithm

for dynamic multiobjective optimization, IEEE Transactions on Evolution-865

ary Computation PP (99) (2017) 1–1.

[43] C. Li, S. Yang, A general framework of multipopulation methods with

clustering in undetectable dynamic environments, IEEE Transactions on

Evolutionary Computation 16 (4) (2012) 556–577.

47



[44] S. Biswas, S. Das, S. Kundu, G. R. Patra, Utilizing time-linkage property870

in dops: An information sharing based artificial bee colony algorithm for

tracking multiple optima in uncertain environments, Soft Computing 18 (6)

(2014) 1199–1212.

[45] M. Helbig, A. P. Engelbrecht, Archive management for dynamic multi-

objective optimisation problems using vector evaluated particle swarm op-875

timisation, in: 2011 IEEE Congress of Evolutionary Computation (CEC),

IEEE, 2011, pp. 2047–2054.

[46] I. Hatzakis, D. Wallace, Dynamic multi-objective optimization with evolu-

tionary algorithms: a forward-looking approach, in: Proceedings of the 8th

annual conference on Genetic and evolutionary computation, ACM, 2006,880

pp. 1201–1208.

[47] A. Zhou, Y. Jin, Q. Zhang, A population prediction strategy for evolution-

ary dynamic multiobjective optimization, IEEE transactions on cybernetics

44 (1) (2014) 40–53.

[48] Y. Wang, J. Xiang, Z. Cai, A regularity model-based multiobjective esti-885

mation of distribution algorithm with reducing redundant cluster operator,

Applied Soft Computing 12 (11) (2012) 3526–3538.

[49] A. Muruganantham, K. C. Tan, P. Vadakkepat, Evolutionary dynamic mul-

tiobjective optimization via kalman filter prediction, IEEE transactions on

cybernetics 46 (12) (2015) 2862.890

[50] S. B. Gee, K. C. Tan, C. Alippi, Solving multiobjective optimization prob-

lems in unknown dynamic environments: An inverse modeling approach,

IEEE transactions on cybernetics 47 (12) (2017) 4223–4234.

[51] M. Jiang, Z. Huang, L. Qiu, W. Huang, G. G. Yen, Transfer learning-

based dynamic multiobjective optimization algorithms, IEEE Transactions895

on Evolutionary Computation 22 (4) (2017) 501–514.

48



[52] R. Rambabu, P. Vadakkepat, K. C. Tan, M. Jiang, A mixture-of-experts

prediction framework for evolutionary dynamic multiobjective optimiza-

tion, IEEE transactions on cybernetics (2019).

[53] J. Branke, Memory enhanced evolutionary algorithms for changing opti-900

mization problems, in: Proceedings of the 1999 Congress on Evolutionary

Computation-CEC99 (Cat. No. 99TH8406), Vol. 3, IEEE, 1999, pp. 1875–

1882.

[54] Y. Hu, J. Zheng, J. Zou, S. Yang, J. Ou, R. Wang, A dynamic multi-

objective evolutionary algorithm based on intensity of environmental905

change, Information Sciences (2020).

[55] Y. Wang, B. Li, Investigation of memory-based multi-objective optimiza-

tion evolutionary algorithm in dynamic environment, in: 2009 IEEE

Congress on Evolutionary Computation, IEEE, 2009, pp. 630–637.

[56] W. T. Koo, C. K. Goh, K. C. Tan, A predictive gradient strategy for multi-910

objective evolutionary algorithms in a fast changing environment, Memetic

Computing 2 (2) (2010) 87–110.

[57] R. Wang, Q. Zhang, T. Zhang, Decomposition-based algorithms using

pareto adaptive scalarizing methods, IEEE Transactions on Evolutionary

Computation 20 (6) (2016) 821–837.915
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