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Abstract
The difficulty of solving constrained multi-objective optimization problems (CMOPs)

using evolutionary algorithms is to balance constraint satisfaction and objective opti-
mization while fully considering the diversity of the solution set. Many CMOPs with
disconnected feasible subregions make it difficult for algorithms to search for all feasible
nondominated solutions. To address these issues, we propose a population state detection
strategy (PSDS) and a restart scheme to determine whether the environmental selection
strategy needs to be changed based on the situation of population. When the population
converges in the feasible region, the unconstrained environmental selection allows the
population to cross the current feasible region. When the population converging out-
side the feasible region, all constraints will be considered in the environmental selection
to select the population for the feasible region. In addition, the restart scheme will use
reinitialization to make the population jump out of unprofitable iterations. The proposed
algorithm enhances the search ability through the detection strategy and provides more
diversity by reinitializing the population. The experimental results on four constraint
test suites with various features have demonstrated that the proposed algorithm had bet-
ter or competitive performance against other state-of-the-art constrained multi-objective
algorithms.

Keywords: Constrained Multi-objective optimization, evolutionary algorithm, state
detection, constraint handling, restart scheme.

1. INTRODUCTION

Constrained multi-objective optimization problems (CMOPs) widely exist in real-world
production and practical engineering [1], [2], [3]. CMOPs usually involve a number
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of conflicting objectives simultaneously with a series of constraints. Without loss of
generality, a CMOP can be defined as follows [4]:

minimize F(x) = ( f1(x), · · · , fm(x))T

subject to gi(x) ≥ 0, i = 1, · · · , p
h j(x) = 0, j = p + 1, · · · , p + q
x ∈ Rn

. (1)

where x = (x1, x2, . . . , xn) is an n-dimensional decision variable vector from the decision
space Rn; Rm is the objective space. Rn→Rm is an objective function vector that consists
of m conflicting objective functions, and F(x) ∈ Rm. gi(x) ≥ 0 is the ith inequality con-
straints, p is the number of inequality constraints, h j(x) = 0 is the jth equality constraint,
q is the number of equality constraints.

To solve CMOPs with many inequality constraints and possible equality constraints,
this work quantifies the constraint satisfaction degree of x on each constraint function.
Thus, the constraint violation of x on the jth constraint can be defined as follows:

C j(x) =

 max
(
0, g j(x)

)
, j = 1, . . . , p

max
(
0,
∣∣∣h j(x)

∣∣∣ − δ) , j = p + 1, . . . , p + q
, (2)

where δ is an introduced extremely small positive number (e.g., δ = 10−6) to convert
equality constraints into inequality constraints [5]. The overall constraint violation (CV)
can be used in various CMOPs to evaluate the degree of constraint violation of x , which
can be summarized as:

CV(x) =
p+q∑
j=1

C j(x). (3)

If there is a solution x ∈ Rn that does not violate any constraint function, then it is called
a feasible solution and its overall constraint violation satisfies CV(x) = 0; otherwise, x is
called an infeasible solution, and the larger the value of CV(x), the higher the degree of
CV by x. The solution space that satisfies all constraints is called the feasible region;
otherwise, it is called the infeasible region. The feasible solution set consisting of all
feasible solutions can be defined as:

S = {x | CV(x) = 0, x ∈ Rn}.

For any two solutions xa, xb ∈ S . Since both of them are feasible solutions, it is impor-
tant to distinguish which is better in objective functions. xa is said to dominate xb if
fi(xa) ≤ fi(xb) for each i ∈ {1, . . . ,m} and f j(xa) < f j(xb) for at least one j ∈ {1, . . . ,m},
denoted as xa ≺ xb. If no other solution from S can dominate x∗, then x∗ is called a
feasible nondominated solution or Pareto optimal feasible solution. The set of all feasible
nondominated solutions is called the Pareto optimal set (PS). The mapping of the feasi-
ble PS in the objective space is called the constrained Pareto Front (PF). The primary
process to solve CMOPs is to allow the population to converge to the constraints PF and
spread along the feasible boundaries in every feasible nondominated region [6].

Multi-objective evolutionary algorithms (MOEAs) are effective and extremely reliable
in solving multi-objective optimization problems (MOPs) [7], [8], [9]. They can provide
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a set of nondominated approximate optimal solutions for a series of conflicting objec-
tives. The characteristics of MOEAs are robust and adaptive to cope with increasingly
complex MOPs, such as CMOPs and dynamic multi-objective optimization problems
(DMOPs) [10], [11]. MOEAs can be roughly divided into three categories [12]. The first
category includes the algorithms based on Pareto dominance that enhance population
convergence, such as NSGAII [13]. The second category is based on decomposition that
can predefine a set of uniformly distributed weight vectors to ensure population diver-
sity, such as MOEA/D [14]. The third category is based on indicators that can evaluate
the convergence and diversity of a population simultaneously, such as IBEA [15] and
SMS-EMOA [16]. These common MOEAs, which are mainly designed to solve MOPs,
cannot handle CMOPs well. Therefore, constraint handling mechanisms in evolutionary
computation are designed to solve CMOPs better [17].

The vital challenge for constrained multi-objective evolutionary algorithms (CMOEAs)
to solve CMOPs is to maintain a better balance between the optimization of objectives
and constraint satisfaction to achieve better convergence [18]. Among the algorithms for
solving CMOPs, the first and most representative category is the constraint dominance
principle (CDP) algorithm. This type of algorithm always chooses feasible solutions that
are better than infeasible solutions. Because the population is blocked by large infeasi-
ble regions [19], they cannot optimize the convergence on the objective function. The
second category of CMOEAs treats infeasible solutions with fewer constraint violations
as feasible solutions. This type of algorithm improves search ability in infeasible regions
but weakens the search for tiny feasible regions [20] as well as convergence in the feasible
regions.

This paper proposes an evolutionary strategy to detect the state of the population and
provide feedback to the next environmental selection during the evolution process. To
be more specific, the main contributions of this work can be summarized as follows:

1) The proposed population state detection strategy (PSDS) can detect whether the
population converges to the boundary of the feasible region or the unconstrained PF
outside the feasible region. Based on the results of the population status detection,
the algorithm decides whether to consider constraints in the environment selection.
This strategy can maximize the convergence ability in all feasible regions and the
search ability in infeasible regions.

2) A restart scheme by reinitializing the population lets the population end the un-
profitable iteration. Additionally, an archive is set to store and update the feasible
nondominated solutions in each generation. This archive set is used to make up
for losing excellent solutions caused by reinitialization, guaranteeing that changing
the environmental selection strategy and reinitializing the population can always
benefit.

The remainder of this paper is organized as follows. Section 2 introduces the existing
MOEAs for CMOPs and the motivation of the work. Section 3 illustrates the details
of the algorithm. Experimental results from comparing the proposed PSDS with other
CMOEAs are detailed in Section 4. Finally, conclusions are presented in Section 5 .
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2. RELATED WORK

In this section, the existing MOEAs with Constraint Handling Technique (CHT) are
introduced. We also classify these CMOEAs and analyze their strengths and weaknesses,
as well as describe our motivations

2.1. Existing CMOEAs
Using CMOEAs to solve CMOPs requires that all Pareto optimal solutions obtained

by the algorithm on the objective functions satisfy all constraints simultaneously. The
early MOEAs treated the objective functions and the constraint functions equally. For
instance, there exist a common CHT in the early CMOEAs which applies the violation of
each constraint to every solution to weaken the performance of infeasible solutions when
solving constraint problems [21]. These are collectively called penalty-based CHTs. The
penalty function method uses the penalty factors to convert a CMOP into an uncon-
strained optimization problem. When the penalty factors are too small, many infeasible
solutions will have a competitive advantage, which will cause the population to gather
in feasible regions. When the penalty factors are too large, the advantage of solutions
with better objective values is greatly weakened, which causes the feasible solutions to
converge poorly to the PF. Although such CHTs are straightforward and effective for
some simple constraints, it is difficult to quickly match the most suitable penalty factors
to make a good balance between various constraints and objectives [22].

Since the feasibility of solutions is fundamental in CMOPs, the most representative
MOEAs use the CDP as the main selection mechanism [13]. This means that when
determining the dominance relation, satisfying constraints have a higher priority than
optimizing objectives. For example, in NSGAII, the principle of feasibility is embedded
in the fast nondominated sorting, which means that feasible solutions always dominate
infeasible solutions. Otherwise, an infeasible solution with low constraint violations also
dominates solutions with high constraint violations. If a solution x is defined to dominate
another solution y, then they must satisfy the following definition:

x ≼CDP y⇔
{

g(x) < g(y), if CV(x) = CV(y) = 0
CV(x) < CV(y), otherwise. . (4)

The idea of prioritizing feasible solutions is also widely used in decomposition-based
MOEAs [23]. It is the priority of these algorithms to select the individual with the
lowest CV when updating the solution of a weight vector. When there are multiple
feasible individuals, their aggregation function values are used as the second evaluation
criteria, and the best one is retained on the weight vector. As CMOPs become more
complex, existing CMOEAs that only select feasible solutions uniformly converge in the
first feasible region found due to excessive selection pressure. They must obtain as
much beneficial information as possible from the infeasible solutions in order to solve
complex CMOPS, such as those that have discontinuous feasible regions. There are
many algorithms that treat infeasible solutions with minor CVs as feasible solutions,
thus relaxing the constraints on feasibility. An example is the ACDP [24], which defines
an angle between two infeasible solutions that exceed a threshold. When this included
angle exceeds the threshold, these two solutions are considered nondominated by each
other. If a random decimal in the range of (0, 1) is less than the feasible solution ratio (fr)
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of the current population, one of the nondominated solutions that has a lower objective
function value is chosen. The dominance of the two solutions x and y in ACDP can be
defined as follows:

x ≼ACDP y⇔


g (x) < g (y) , if CV (x) = CV (y) = 0
CV (x) < CV (y) , else if angle (x, y) ≤ θ
g (x) < g (y) , else if rand(0, 1) < f r

,

where angle(x, y) is the angle between x and y; the parameter θ is the angle threshold,
and f r represents the ratio of feasible solutions in the current population. Another idea,
called the ε Constraint method (EC) [25], sees an infeasible solution whose constraint
violation is less than ε as a feasible solution. The introduced constraint permission value
can control the search ability of the population in infeasible regions, and the value of ε
usually changes dynamically according to the needs of the population’s evolution process.
The order of two solutions x and y in EC is defined as follows:

x ≼EC y⇔


g (x) < g (y) , if CV (x) ≤ ε and CV (y) ≤ ε

or CV (x) = CV (y)

CV (x) < CV (y) , otherwise
, (5)

where x ≼EC y means that x is better than y when the constraint permission value is
ε, which is adaptively controlled by the mean value of the overall constraint violations
CVmean and the f r [25] are as follows:

ε = CVmean × f r.

The search progress between feasible regions and infeasible regions and the performance
on differentDD CMOPs are primarily affected by the dynamic adjustment mechanism of
ε.

There are remarkable benefits brought by the exploration of infeasible areas when
the EC solves CMOPs. Therefore, there exist some ε constraint-handling methods like
(MOEAD-IEpsilon) [26] that can achieve better results. In addition to this type of ε
constraint-handling mechanism that improves the ε adjustment strategy, there is also
a novel selection mechanism inspired by the EC called εMOEA/D-σ [27], which does
not adjust the ε value separately like the ordinary improved version of EC but creatively
builds a bi-objective optimization problem that considers the scalarizing function and the
constraint violation degree as an objective function. When the constraint violation value
of the solutions is generally far away from ε, there is no need to consider the influence of
the constraint. Using a scalar function to select the optimal solution reduces the impact
of constraints on the distribution of population convergence. Another new type of solu-
tion evaluation algorithm proposed by Roy de Winter has a significant effect in solving
CMOPs. This method of using Radial Basis Functions Approximation to fit goals and
constraints is called SAMO-COBRA [28]. This optimization method evaluates the com-
prehensive performance of the solution, similar to reducing the objective and constrained
dimensions, unexpectedly does not produce defects. Such as inaccurate expression of
the characteristics of the solution. This good performance is mainly due to the proper
and effective use of hyper-parameter tuning, which can automatically determine the best
radial basis function to achieve the best fitting effect.
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At the same time, many CMOEAs with multiple stages of evolutionary progress have
been proposed to adjust the strategies used for the different situations for solving CMOPs.
The ToP [29] proposes a two-stage evolutionary framework. In the first stage, all con-
straints and a single objective are considered for optimization. Then all objectives and
constraints in the second stage are considered for optimization. The ToR [30] sets the
fitness function for evaluating each solution as the weighted sum of two ranks. CDP
ranks one, another is ranked by Pareto dominance. The proportion of the two ranks is
dynamically adjusted as the iteration progresses to search the objective space better. In
the Push-and-Pull Strategy (PPS) [31], the evolution process is divided into a push stage
and a pull stage. The population in PPS evolves by ignoring any constraints and then
quickly convergs to the unconstrained PF. When the population has converged to the
unconstrained PF, the pull stage is activated to let the process of evolution consider all
constraints.

In the framework of co-evolution, the two-archive evolutionary algorithm (C-TAEA)
[32] is a dual-population co-evolution algorithm. The convergence-oriented archive (CA)
is evolved by optimizing both objectives and constraints. Another diversity-oriented
archive (DA) is evolved to optimize only the objectives. two populations interact in
the mating selection and environmental selection. Inspired by C-TAEA, the coevolu-
tionary framework for constrained multi-objective optimization (CCMO) [33] is also a
dual-population evolutionary algorithm in which one population considers constraints
and the other population ignores constraints. Compared with the C-TAEA, CCMO
adopts a weak interaction strategy that allows the two populations to exchange helpful
information only among their offspring. These two weakly interacting populations in
CCMO can communicate with each other without adverse effects.

Nowadays, in the research of CMOPs, in addition to proposing practical algorithms or
strategies, it is also of great significance to create effective and challenging constrained
multi-objective test suites. There are some constraint benchmarks with unique designs
and practical significance. In Eq-(I)DTLZ [34], proposed by Oliver Cuate et al., the
commonly used method of converting an equality constraint problem into an inequality
constraint problem deviates significantly when faced with high dimensional search spaces.
Therefore, a suite of CMOPs containing true equality constraints has been proposed.
This benchmark is scalable both in the decision and objective space and in the number
of equality constraints. Another study is a new framework for constrained test problem
construction proposed by Yuren Zhou and Yi Xiang [35]. This framework uses one type of
convergence-hardness to introduce infeasible barriers when the population is approaching
the optima, another kind of diversity-hardness to restrict the feasible optimal regions to
obtain different shapes of PF. The scalable and constrained suite designed based on this
framework covers a variety of difficulties.

2.2. Motivation of this work

The key to solving CMOPs is to balance objective optimization and constraint satis-
faction. However, many existing CMOPs may have feasible regions separated by large
infeasible regions [19] or their feasible regions are discrete and far apart from each other
[20], which causes most CMOEAs to encounter various difficulties in searching these
complex feasible regions. The feasible region and constrained PF corresponding to two
common types of complex CMOPs are shown in Fig. 1. In Fig. 1 (a), since the infeasible
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Figure 1: CMOPs with disconnected feasible regions

region blocks feasible regions, the convergence direction is discontinuous in the conver-
gence direction, which means that there exists a local optimal feasible region dominated
by other feasible regions. In Fig. 1 (b), there are multiple nondominated sub-feasible
regions, and even some sub-feasible regions are very narrow and small, which will cause
the solution generated by the algorithm to inadvertently skip a small feasible region and
be difficult to find again.

To illustrate the dilemmas more intuitively, Fig. 2 plots the populations obtained
by the three most representative algorithms NSGAII-CDP [13], PPS [31] and C-TAEA
[32] on C1-DLTZ3 [19] and MW13 [20], respectively. The features of C1-DTLZ3 and
MW13 meet the two types of dilemmas mentioned. From the results of the algorithm
running on CMOPs in Fig. 2, it can be seen that the existing excellent algorithms
still cannot solve some complex CMOPs well. This is precise because the algorithms
cannot better balance objective optimization and constraint satisfaction, resulting in
the solutions not being able to converge uniformly on all PFs. This paper proposes an
evolution strategy based on population state detection, which can analyze the current
state of the population in the evolution process through the detected parameters to solve
the problems caused by various complex situations effectively. Additionally, there is a
restart schema that uses reinitialization of population individuals to help the evolutionary
process escape from the insurmountable dilemma and provide more diversity for the
subsequent optimization process. Therefore, setting up an archive set that is updated to
save and update the feasible nondominated solutions of each generation is powerful and
essential for the stability of the entire algorithm. The significant effect of the proposed
PSDS on these two CMOPs is shown at the far right of Fig. 2.

3. PROPOSED ALGORITHM

3.1. Framework of PSDS

The procedure of the proposed CMOEA with a PSDS is illustrated in Fig. 3. The pro-
posed algorithm first generates a randomly initialized population, then before meeting
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Figure 2: Plot of the population points of existing advanced algorithms (NSGAII-CDP, PPS,C-TAEA)
when solving complex CMOPs like C1-DTLZ3 and MW13. The two results on the far right show the
optimization effect of our algorithm PSDS on these two problems
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the termination conditions, iteratively carries out the fitness evaluation and environ-
mental selection to determine the parents and generate new individuals through genetic
manipulation. The effectiveness of the PSDS is mainly reflected in the detection and
judgment of the population state, which can help to automatically adjust fitness evalua-
tion strategies and environmental selection strategies according to the population state
of each generation to balance the objectives and constraints. In detail, if the f r of the
population and the proportion of nondominated (PND) individuals in the population are
close to one (it is usually set to be greater than 0.99 in PSDS), then the fitness evaluation
function will not consider constraints to allow the population to cross out of the current
feasible region and search for other better feasible regions in the direction of the uncon-
strained PF. After executing an unconstrained evolution strategy, PND approaches one
and f r approaches zero (it is usually set to be less than 10−2 in this algorithm), then the
population has converged to the unconstrained PF outside the feasible region. Therefore,
to ensure the overall feasibility of the population, all constraints must be considered in
the evolution strategy. In addition to the two population states that can be detected,
we will detect the change rate of f r and PND before and after ten generations [36]. If
the rate of change of both is less than 10−2, the state of the population has changed
little. At this time, the population will be reinitialized to end the unprofitable iteration
and provide more beneficial information [37]. The cycle of detecting the rate of change
is defined as the T generations in PSDS. An archive set is used in the entire evolution
process to save and update feasible nondominated solutions permanently. In the latter
stage of the evolution process, the outstanding individuals in this archive are involved in
CDP environmental selection to obtain more helpful information.

The proposed PSDS is presented in Algorithm 1. The algorithm generates a set of
uniformly distributed reference vectors W while randomly initializing the first generation
population with a capacity of N. In the iterative process, the minimum function value
of all individuals in the population on each objective function constitutes an ideal point
defined as Zmin. Then the state of the current population P is determined according to
the f r and PND and the corresponding fitness evaluation strategy is selected. Afterward,
N parents are selected from P by binary tournament selection based on the fitness of in-
dividuals, and N offspring O are generated based on selected parents through simulated
binary crossover [38] and polynomial mutation [39]. The environmental selection stage
chooses whether to use the constrained fitness evaluation strategy or the unconstrained
fitness evaluation strategy according to the population state. Then P and O are com-
bined into a set Q with 2N solutions, and N outstanding individuals from Q through
environmental selection are selected as the next generation of P. An archive set A is set
to update and save all global nondominant feasible solutions in each generation accord-
ing to Algorithm 2. A restart schema [37] and the determination of fitness evaluation
strategy are shown in Algorithm 3.

3.2. Environmental selection and elites archive of PSDS
In the process of iteration, the evolutionary algorithm mainly retains better solutions

through environmental selection strategies and uses genetic operations to generate in-
dividuals who inherit the information of the retained excellent solutions. The environ-
mental selection strategy in the PSDS in Algorithm 2 is based on the fitness evaluation
strategy in SPEA2 [40]. Then perform population state detection (Algorithm 3) to decide
whether to use CDP to retain feasible solutions. At first, S x, as the solution set, stores
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Algorithm 1 The framework of PSDS
Input: Population size N, objective number M, Restart cycle T , Max evolution genera-

tion Tmax, Termination criterion
Output: P (final population)
1: isCons← Whether to consider constraints
2: W ← Uniformly distributed reference vectors
3: P← Randomly initialize population of size N
4: O← Offspring of P
5: Zmin = (z1, . . . , zm)← Calculate the ideal point of P
6: t ← Current evolutionary generation
7: Tc← The threshold for judging the evolution to the end stage
8: A← Save and update the feasible nondominated solutions in P
9: Fitness← Calculate the fitness of solutions in P by (6)

10: t = 1, isCons = true,Tc = 0.7 ∗ Tmax,T = Tmax/10
11: while the termination criterion is not fulfilled do
12: O = Selection+Crossover+Mutation(P, Fitness)
13: Q=P

⋃
O;

14: P = EnvironmentalS election(Q,W,Zmin, t, isCons)(Algorithm 2)
15: A = ArchiveU pdate(P,N)(Algorithm 2)
16: if t < Tc then
17: [isCons, P,Zmin] = S tateDetection(P,T,Zmin)(Algorithm 3)
18: else
19: P = EnvironmentalS election([Q, A],W,Zmin, isCons)
20: end if
21: t = t + 1
22: end while
23: Return P;

all the solutions dominating x, and another solution set Ry contains all the solutions
dominated by y. Then, the fitness value of solution x can be defined as:

f itness(x) =
∑
y∈S x

∣∣∣Ry
∣∣∣ + 1
σk

x + 2
, (6)

where the first element on the right side of the f itness(x) is the number of all the solutions
dominated by the solutions who are dominate x, and the rightmost element in the formula
is the reciprocal of the Euclidean distance from x to its k-th nearest neighbor, where k is
the sequence number of the k-th individual after the individuals around x are sorted in
increasing distance. σk

x is the Euclidean distance between x and its k-th nearest neighbor,
and σk

x as the denominator plus the number 2 is to make the entire rightmost formula
always satisfy 1

σk
x+2 < 1. Obviously, the smaller the fitness value of the solution x, the

smaller the number of other solutions that dominate x, and when x is a nondominated
solution, the fitness value is only the reciprocal of the Euclidean distance between x and
its neighbor, which means that f itness(x) < 1. Under particular circumstances, when the
selected solutions exceeding the population capacity N are all nondominated solutions, it
is necessary to use the archive truncation in [40] based on Euclidean distance to exclude
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Algorithm 2 Environmental selection and elites archive of PSDS
Input: The merged population Q, reference vector W, ideal point Zmin, objective number

M, current evolutionary generation t , the representative parameter of the constraint
isCons;

Output: The next population P;
1: if (M == 3) and (t > Tc) then
2: {F1, F2, . . . , Fc, . . .} = NDsort(Qt.ob js,Qt.cons);
3: The individuals before Fc are added to Pt+1

1 by fast nondominated sorting with
constraints;

4: N − | ∪c−1
j=1 F j| individuals from Fc are added into Pt+1

1 based on reference vector W
5: else
6: if isCons == true then
7: Fitness=CalFitness(Qt.ob js,Qt.cons)

Calculating the fitness value under the constraint dominance principle
8: Pt+1 =

{
i|i ∈ Qt ∧ [CV(i) = 0 ∨ Fitness(i) < 1]

}
9: else

10: Fitness=CalFitness(Qt.ob js)
Calculating fitness value only considers the objective functions

11: Pt+1 =
{
i|i ∈ Qt ∧ Fitness(i) < 1

}
12: end if
13: if |Pt+1| < N then
14: Tmep =

{
i|i ∈ Rt ∧ Fitness(i) > 1

}
15: Add the first N − |Pt+1| solutions with the smallest fitness value in Temp to Pt+1

16: else if |Pt+1| > N then
17: Delete |Pt+1| − N solutions from Pt+1 by Truncation operation
18: end if
19: end if
20: A =

{
j| j ∈ [A, Pt+1] ∧CV( j) = 0 ∧ |A| ≤ N

}
An archive set A uses the feasible nondominated solutions in each generation P to
update the solutions in its own set.

21: Return Pt+1, A.

some of the more crowded solutions so that the nondominated solutions can obtain a
good spread. When the environmental selection requires consideration of constraints,
determining the dominance between two solutions gives priority to the one with the
minuscule CV value; otherwise, when the two solutions are both feasible solutions or
their CV is the same, then the fitness value is used to determine which of the two is the
nondominated solution. In another case, when the environmental selection ignores the
constraints, only the fitness value is used to judge the dominance relationship between
two solutions, allowing the population to cross infeasible regions. In addition, to avoid the
problem of losing excellent solutions when switching between constrained environmental
selection and unconstrained environmental selection multiple times, we set up an archive
set A, with a capacity not exceeding N, to save the updated feasible nondominated
solutions in each generation. After about 70% of the total evolutionary generation in
the late stage of evolution, the population state detection is stopped and the excellent
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solutions in A are added to the environmental selection process. The effects of whether
the environmental selection considers constraints and the consequences of setting archive
set A are shown in Figure 4.
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(a) Constrainted Environmental selection
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(b) Unconstrainted Environmental selection
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(c) Population converged to unconstrained PF
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(d) Constrainted Environmental selection

Figure 4: Images a, b, c and d dynamically show the positive impact of population state detection on
the evolutionary process and the effective role of archive set A.

When the constrained fitness evaluation mechanism is used to make the population
converge to the current feasible area (Figure 4 (a)), PSDS will switch the environmental
selection to the unconstrained fitness evaluation mechanism (Figure 4 (b)) to make the
population converge to the unconstrained PF (Figure 4 (c)). Then PSDS detects that
the value of the objectives of the population can no longer be optimized and the environ-
mental selection switches to the constraint fitness evaluation mechanism (Figure 4 (d))
to allow the population to converge in the optimal feasible region.

In the algorithm process of environmental selection, when faced with three-dimensional
or higher-dimensional CMOP, the algorithm introduces the idea of using uniform weight
vectors to guide the solution distribution in the latter stage of evolution [41].
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Algorithm 3 Population state detection and restart schema
Input: The population P, restart cycle T , the ideal point Zmin

Output: The constraint representative value isCons, Population P, Updated ideal
1: f r ← The feasible solution ratio
2: PND← The proportion of nondominated solutions
3: Function ROC(x)← Change rate of 10 generations before and after x
4: if f r > 0.99 and PND > 0.99 then
5: Zmin = min(Zmin, P.ob js)
6: isCons = f alse
7: else if f r < 10−2 and PND > 0.99 then
8: Zmin = min(Zmin, P.ob js, P.cons)
9: isCons = true

10: else
11: Keep the original Zmin calculation method and the original isCons
12: end if
13: if ROC( f r) < 10−1 and ROC(PND) < 10−1 then
14: isCons = f alse
15: if mod(t,T ) == 0 and f r < 10−1 then
16: P = Initialization(N)
17: isCons = true
18: end if
19: else
20: Keep the original P
21: end if
22: Return isCons, P, Zmin;
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3.3. Population state detection and restart schema

In solving CMOPs, feasibility must be considered to make solutions converge in the
feasible region, but ignoring constraints can make solutions converge to the true PF faster
when faced with problems such as separated feasible regions in CMOP. Many existing
excellent algorithms [26], [36] adjust the relationship between objective optimization and
constraint satisfaction for each generation in the evolution process by using a dynamic
threshold ε to balance the selection of feasible and infeasible solutions. This type of ε
constraint-handling method can effectively solve most complex CMOPs, especially by
quickly finding the best feasible region in the CMOP. However, this method of mixed
consideration and selection of feasible and infeasible solutions is not conducive to the
feasible solutions converging well to the PF of the objective functions. The PSDS uses
the f r and the PND to accurately determine the population’s state in the objective space
of the CMOP to determine whether the next generation of evolution is to consider the
constraints. After detecting the population state, whether to consider constraints is fed
back to the environmental selection, and the positive impact on the evolutionary process
is shown in Figure 4. Additionally, while testing the population state in each generation,
we check the population periodically with T as a cycle to determine if the population
is in a dilemma that cannot continue to be optimized. Suppose it is determined in a
certain inspection that the population has not gained evolutionary benefits compared
with the state ten generations before [36]. In that case, the population will be re-
initialized to provide more possibilities to search for all feasible regions. Among them,
T is a customized period parameter, which is set as T = Tmax/10 in this paper. In
combination with the algorithm, since only the PSDS is used in the first 70% of the
evolutionary process, in the extreme case where the population is in a dilemma during
each detection, the number of reinitializations of the population will reach the maximum
of six times. However, in reality, during the running of the algorithm, this number of
times will be less than six times. Figure 5. shows the positive effect of the population
restart schema in solving CMOPs.

The unconstrained fitness value calculation is triggered in the environmental selection
stage where the population converges to the unconstrained PF. If the unconstrained PF
is close to the feasible regions, feasible solutions can be generated through the subsequent
constraint fitness evaluation to pull the population back to the feasible region [31]. How-
ever, when the unconstrained PF is far from the feasible region, it may not be possible
to generate feasible offspring through genetic operations. It causes the population to
be trapped in infeasible space (Figure 5 (a)), and it is difficult to achieve the ultimate
feasibility of the population. It is effective and necessary to reinitialize the population
(Figure 5 (b)) to search for other feasible regions that may exist (Figure 5 (c)). Finally,
the population can better converge in all feasible regions (Figure 5 (d)). The specific
implementation methods and parameter settings of the population state detection and
restart schema can be seen in Algorithm 3.

Before reinitializing the population, if there are feasible solutions in the population, the
population is stagnant in the feasible region. Then the unconstrained fitness evaluation
should be used after reinitialization to make the population jump out of the feasible area
that has been searched. Otherwise, it means the population is trapped in the infeasible
regions, and the constrained fitness assessment should be used after reinitialization to
allow the population to converge in the feasible regions.
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(a) Population is trapped in unconstrained PF

1f

2f

Infeasible

Space

Feasible regions

Unconstrained PF

Constrained PF

Population

Archive   A

1f

2f

Infeasible

Space

Feasible regions

Unconstrained PF

Constrained PF

Population

Archive   A

1f

2f

Infeasible

Space

Feasible regions

Unconstrained PF

Constrained PF

Population

Archive   A

1f

2f

Infeasible

Space

Feasible regions

Unconstrained PF

Constrained PF

Population

Archive   A

0

(b) Reinitialize the population
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(c) Search for previously missed feasible regions
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(d) Population converges in all feasible regions
Figure 5: Images a, b, c and d dynamically show that the search ability of the population in all fea-
sible regions is enhanced after its reinitialization. Archive set A can ensure that the excellent solution
information that has been found will not be lost.

4. Experimental design and analysis

In this section, we report on a series of experiments based on the PlatEMO [42]. To
verify the superiority of PSDS compared with other algorithms in solving CMOPs, PSDS
is first compared to five representative CMOEAs — NSGAII-CDP [13], COMEAD [43],
ToP [29], PPS [31]and C-TAEA [32] — on four challenging benchmark suites: MW
[20], CDTLZ [19], LIRCMOP [26], DASCMOP [44]. Then, we analyze the experimental
results and demonstrate the superiority of our proposed algorithm.

4.1. Compared Algorithms and Benchmark Suites
The five selected CMOEAs for comparison are characteristic and representative al-

gorithms in solving CMOPs. NSGAII-CDP always adheres to the principle of the
supremacy of feasible solutions so that solutions converge well within the feasible re-
gion. CMOEAD is based on a decomposition framework and uses a series of uniform
weight vectors as the directions of population convergence so that the population has
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excellent distribution. ToP and PPS use different optimization strategies in two stages
in order to make the population cross infeasible regions in the early stage. C-TAEA uses
a dual-population strategy, in which one population converges within the constrained
regions, and the other population searches for all feasible regions in the objective space,
allowing the two populations to exchange beneficial information. These four benchmark
test suites contain many CMOPs. There are various feasible regions that are difficult to
search in these CMOPs, including large infeasible regions, separated PFs, disconnected
PFs, unevenly distributed PFs and extremely small feasible regions. These complex
CMOPs bring stiff challenges for CMOEAs trying to find the optimal solutions.

4.2. General parameters
1) Genetic evolutionary manipulation: NSGAII-CDP, CMOEAD and C-TAEA use

simulated binary crossover (SBX) [38] and the polynomial mutation (PM) [39].
The crossover probability in S BX is set to 1, and the mutation probability in PM
is set to 1/D (D is the number of decision variables), and the distribution index of
crossover and mutation is set to 20. ToP and PPS use differential evolution (DE)
[45] and PM. The parameters CR and F in DE are set to 1 and 0.5, respectively.
The PSDS used S BX and PM on MW and CDTLZ, then used the DE and PM on
LIRCMOP and DASCMOP.

2) Parameter settings in each algorithm: During our comparison experiments, the
parameter settings of other algorithms completely followed the parameter setting
principles mentioned in their respective original articles. This was especially true
for PPS, which is based on the MOEA/D framework. The parameter settings
in PPS were as follows: α = 0.95; τ = 0.1; cp = 2 and l = 20. For our PSDS,
isCons = true; T = Tmax/10 .

3) Parameter settings in CMOPs: Different test problems have a different number of
objective functions and various difficulty levels of trouble. This paper show the pa-
rameter settings of all test problems involved in Table 1. N denotes the population
size; M represents the dimension of the objective space; D is the number of decision
variables, and E is the number of evaluations we set to solve the corresponding
problem.

4.3. Performance metrics
Since the PFs of MOPs can represent the optimal solution set, many performance

metrics have been proposed to evaluate the convergence performance of MOEAs on
MOPs. Among them, the most representative and convincing are the following two
performance metrics:

1) Inverted Generational Distance (IGD) [46]: The IGD metric simultaneously reflects
the performance of convergence and diversity and is defined as follows:

IGD (P, P∗) =
∑

z∈P∗ dis(z, P)
|P∗| , (7)

where P is a set of solutions obtained from the algorithm, and P∗ is approximately
10,000 uniformly distributed points sampled on the PF. dis(z, P) is the Euclidean
distance between z and its nearest neighbor in P.
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Table 1: Parameter settings for MW, CDTLZ, LIRCMOP and DASCMOP.

Problem N M D E Problem N M D E
MW1 100 2 15 100000 LIRCMOP1 100 2 10 300000
MW2 100 2 15 100000 LIRCMOP2 100 2 10 300000
MW3 100 2 15 100000 LIRCMOP3 100 2 10 300000
MW4 105 3 15 100000 LIRCMOP4 100 2 10 300000
MW5 100 2 15 100000 LIRCMOP5 100 2 10 300000
MW6 100 2 15 100000 LIRCMOP6 100 2 10 300000
MW7 100 2 15 100000 LIRCMOP7 100 2 10 300000
MW8 105 3 15 100000 LIRCMOP8 100 2 10 300000
MW9 100 2 15 100000 LIRCMOP9 100 2 10 300000
MW10 100 2 15 100000 LIRCMOP10 100 2 10 300000
MW11 100 2 15 100000 LIRCMOP11 100 2 10 300000
MW12 100 2 15 100000 LIRCMOP12 100 2 10 300000
MW13 100 2 15 100000 LIRCMOP13 105 3 10 300000
MW14 105 3 15 100000 LIRCMOP14 105 3 10 300000

C1-DTLZ1 105 3 7 300000 DASCMOP1 100 2 10 300000
C1-DTLZ3 105 3 12 300000 DASCMOP2 100 2 10 300000
C2-DTLZ2 105 3 12 300000 DASCMOP3 100 2 10 300000
C3-DTLZ4 105 3 12 300000 DASCMOP4 100 2 10 300000

DC1-DTLZ1 105 3 7 300000 DASCMOP5 100 2 10 300000
DC1-DTLZ3 105 3 12 300000 DASCMOP6 100 2 10 300000
DC2-DTLZ1 105 3 7 300000 DASCMOP7 105 3 10 300000
DC2-DTLZ3 105 3 12 300000 DASCMOP8 105 3 10 300000
DC3-DTLZ1 105 3 7 300000 DASCMOP9 105 3 10 300000
DC3-DTLZ3 105 3 12 300000 DASCMOP10 105 5 10 300000
DC1-DTLZ1 105 5 9 300000 DASCMOP11 105 8 10 300000
DC1-DTLZ3 105 5 14 300000
DC2-DTLZ1 105 8 12 300000
DC2-DTLZ3 105 8 17 300000
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2) Hypervolume (HV) [47]: The HV metric can provide convergence and distribution
informaton of the algorithm simultaneously and has been accepted as the most com-
monly used indicator in comparisons. HV measures the volume of the hypercube
dominated by an approximation set. It can be expressed as formula8.

HV(S ) = VOL

⋃
x∈S

[
f1(x), zr

1
] × . . . [ fm(x), zr

m
] , (8)

where VOL(·) is the Lebesgue measure; m denotes the number of objectives, and
zr =
(
zr

1, . . . , z
r
m

)T
is a user-defined reference point in the objective space.

4.4. Experimental Results on Benchmark Suites
Comparisons on MW S uite: MW is a very general test suite for CMOPs which covers

a wide range of constraint problem types with different characteristics, such as where
some feasible regions are disconnected (MW1, 6, 7, 8, 10, 14), some feasible regions are
far away from the unconstrained PF (MW5, 9, 11, 12, 13) and feasible regions do not
have an evenly distributed PF in MW2. Table 2 lists the comparison of the IGD values
and HV values between PSDS and the five comparison CMOEAs on MW1-MW14. As
we can see in the table, PSDS had the best overall performance based on the IGD value
because it got the best results on nine CMOPs and had competitive results on the other
five CMOPs.

Table 2: Comparison results on IGD metric and HV metric for PSDS and the other algorithms on MW
benchmark suite.

Problem M Metric NSGAII CMOEAD ToP PPS CTAEA PSDS

MW1 2
IGD 4.2357e-3 (8.32e-3) - 4.5409e-3 (2.26e-3) - NaN (NaN) 3.8216e-3 (3.05e-3) - 2.1956e-3 (9.74e-4) - 1.8091e-3 (1.01e-3)
HV 4.8663e-1 (9.81e-3) - 4.8596e-1 (4.51e-3) - NaN (NaN) 4.8559e-1 (6.53e-3) - 4.8854e-1 (2.05e-3) - 4.8959e-1 (2.05e-3)

MW2 2
IGD 2.9265e-2 (1.60e-2) - 1.9206e-2 (5.12e-3) - 2.1423e-1 (2.64e-1) - 1.6247e-1 (8.37e-2) - 1.7565e-2 (7.01e-3) - 5.4029e-3 (2.98e-3)
HV 5.4054e-1 (2.30e-2) - 5.5503e-1 (8.73e-3) - 3.7237e-1 (1.70e-1) - 3.7609e-1 (9.03e-2) - 5.5851e-1 (1.20e-2) - 5.7958e-1 (4.96e-3)

MW3 2
IGD 9.7252e-2 (2.79e-1) - 5.6729e-3 (9.45e-4) - 4.6574e-1 (3.53e-1) - 6.1671e-3 (4.57e-4) - 5.0513e-3 (3.66e-4) = 5.0381e-3 (2.78e-4)
HV 4.8874e-1 (1.66e-1) - 5.4380e-1 (1.11e-3) = 2.3437e-1 (1.91e-1) - 5.4317e-1 (7.76e-4) - 5.4462e-1 (5.11e-4) + 5.4390e-1 (4.42e-4)

MW4 3
IGD 5.4252e-2 (2.86e-3) - 3.8078e-2 (2.43e-4) + NaN (NaN) 5.4501e-2 (1.71e-3) - 4.3020e-2 (2.43e-4) - 3.8314e-2 (1.65e-4)
HV 8.2551e-1 (3.35e-3) - 8.4424e-1 (2.43e-4) + NaN (NaN) 8.1562e-1 (4.63e-3) - 8.4098e-1 (2.41e-4) - 8.4398e-1 (2.29e-4)

MW5 2
IGD 2.8498e-1 (3.38e-1) - 2.7683e-2 (1.35e-1) - 7.7621e-1 (8.62e-2) - 5.0030e-1 (3.45e-1) - 1.3358e-2 (3.23e-3) - 1.0140e-3 (7.97e-4)
HV 2.2532e-1 (1.05e-1) - 3.1571e-1 (4.25e-2) - 2.3771e-2 (3.36e-2) - 1.6431e-1 (1.06e-1) - 3.1647e-1 (2.10e-3) - 3.2417e-1 (2.72e-4)

MW6 2
IGD 2.8285e-2 (1.79e-2) - 3.1428e-2 (8.70e-2) - 7.3231e-1 (3.55e-1) - 5.6742e-1 (3.02e-1) - 1.0647e-2 (6.16e-3) - 3.9628e-3 (2.56e-3)
HV 2.9257e-1 (2.08e-2) - 3.0256e-1 (3.49e-2) - 7.0026e-2 (7.28e-2) - 9.6233e-2 (8.23e-2) - 3.1299e-1 (8.88e-3) - 3.2635e-1 (4.43e-3)

MW7 2
IGD 3.6370e-2 (1.13e-1) - 4.7041e-3 (1.28e-4) = 1.0183e-1 (1.81e-1) - 5.4997e-3 (3.72e-4) - 6.6530e-3 (4.31e-4) - 4.8444e-3 (3.10e-4)
HV 4.0003e-1 (4.22e-2) - 4.1124e-1 (1.81e-4) - 3.4940e-1 (7.64e-2) - 4.1185e-1 (4.21e-4) - 4.0938e-1 (8.08e-4) - 4.1219e-1 (4.09e-4)

MW8 3
IGD 5.9587e-2 (5.78e-3) - 5.7981e-2 (1.86e-2) - 6.0769e-1 (3.55e-1) - 1.4809e-1 (4.63e-2) - 4.9433e-2 (2.42e-3) - 4.4587e-2 (4.92e-4)
HV 4.9838e-1 (1.85e-2) - 5.0598e-1 (3.94e-2) - 1.5961e-1 (1.50e-1) - 3.2752e-1 (8.03e-2) - 5.3333e-1 (1.11e-2) - 5.5071e-1 (3.33e-3)

MW9 2
IGD 5.7573e-2 (1.51e-1) - 1.4435e-2 (2.92e-2) - 6.5403e-1 (2.67e-1) - 8.8471e-2 (2.07e-1) - 8.3590e-3 (6.11e-4) - 4.6347e-3 (1.06e-3)
HV 3.6039e-1 (8.30e-2) - 3.8250e-1 (2.60e-2) - 5.3125e-2 (9.20e-2) - 3.3505e-1 (1.14e-1) - 3.9275e-1 (1.58e-3) - 3.9840e-1 (2.56e-3)

MW10 2
IGD 1.4600e-1 (1.47e-1) - 8.4831e-2 (1.25e-1) - NaN (NaN) 3.9449e-1 (2.82e-1) - 1.8158e-2 (1.47e-2) - 3.8212e-3 (1.38e-3)
HV 3.5296e-1 (7.42e-2) - 3.9001e-1 (6.72e-2) - NaN (NaN) 2.3097e-1 (1.33e-1) - 4.3554e-1 (1.48e-2) - 4.5412e-1 (2.87e-3)

MW11 2
IGD 3.0045e-1 (3.39e-1) - 1.9403e-1 (3.09e-1) - 5.9859e-1 (2.49e-1) - 7.3646e-3 (2.57e-4) - 1.3690e-2 (1.48e-3) - 6.3524e-3 (2.79e-4)
HV 3.7183e-1 (8.62e-2) - 4.0006e-1 (7.85e-2) - 2.9433e-1 (5.54e-2) - 4.4746e-1 (1.20e-4) + 4.4299e-1 (9.66e-4) - 4.4714e-1 (4.39e-4)

MW12 2
IGD 7.7657e-2 (1.99e-1) - 4.6136e-3 (4.06e-4) = 9.4697e-1 (1.91e-1) - 8.3184e-2 (1.97e-1) - 7.6241e-3 (9.37e-4) - 4.5431e-3 (1.01e-4)
HV 5.4683e-1 (1.61e-1) - 6.0494e-1 (1.01e-3) = 0.0000e+0 (0.00e+0) - 5.3072e-1 (1.75e-1) - 6.0087e-1 (1.20e-3) - 6.0506e-1 (1.93e-4)

MW13 2
IGD 2.4993e-1 (4.03e-1) - 7.5241e-2 (3.48e-2) - 8.1060e-1 (6.11e-1) - 4.4122e-1 (3.51e-1) - 3.6472e-2 (2.87e-2) - 1.1810e-2 (3.07e-3)
HV 3.9609e-1 (7.58e-2) - 4.4299e-1 (1.99e-2) - 2.3675e-1 (1.20e-1) - 2.7158e-1 (1.20e-1) - 4.6241e-1 (1.45e-2) - 4.7577e-1 (2.93e-3)

MW14 3
IGD 1.1965e-1 (4.30e-3) = 1.8759e-1 (1.60e-3) - 4.5929e-1 (4.61e-1) - 1.3457e-1 (4.60e-2) - 1.0622e-1 (2.23e-3) + 1.1898e-1 (3.51e-3)
HV 4.5472e-1 (3.43e-3) - 4.4853e-1 (2.02e-3) - 3.2697e-1 (1.70e-1) - 4.5153e-1 (8.64e-3) - 4.7291e-1 (3.27e-3) + 4.6432e-1 (3.01e-3)

+/-/= 0/27/1 2/22/4 0/22/0 1/27/0 3/24/1

The best result for each row is highlighted. ”NaN(NaN)” means that no feasible solution can be found. ”+”, ”-” and ”=” indicate that the result is significantly better,
significantly worse, and statistically similar to the results obtained by PSDS, respectively
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Figure 6: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on MW2 (median IGD value). The red line is the constrained PF; the gray area is the
feasible region.

Figure 6 shows the distribution of the six algorithms on MW2. The feasible region of
MW2 is unevenly distributed in part close to the PF, and some parts of the feasible region
are extremely narrow when approaching the PF, which leads to an uneven distribution
of points on the PF. In Figure 6, all CMOEAs can approach the constraint PF, but only
the PSDS can fully converge to the constrained PF. This is because other algorithms
optimize the feasibility of the population from start to finish, making the population
unable to explore the extremely narrow feasible region close to the unconstrained PF.
PSDS uses the unconstrained convergence mechanism after the population converges in
the feasible region, allowing the solutions to be optimized, thereby searching for extremely
narrow feasible regions. At the same time, in the process of multiple searches after
reinitialization, the archive set is used to save all the optimal solutions found. Therefore,
it has good performance on this complex problem.

Comparisons on CDT LZ S uite: The test suite of the CDTLZ series contains ten con-
strained multi-objective test problems, each of which involves three-dimensional objective
function optimization by default. In this test suite, the feasible region with some test
problems is severely divided by infeasible space as in C1-DTLZ3. The DC-DTLZ series
test problems are CMOPs that support the test of more than three objective functions
and have complex decision space constraints. Table 3 presents the IGD values and HV
values of the six compared MOEAs on the fourteen CDTLZ problems. From the test
results, it can be seen that PSDS is in a leading position in most of the default three-
dimensional CMOPs, and only the two problems of C1-DTLZ1 and C3-DTLZ4 are weaker
than CMOEAD. It is weaker than C-TAEA in high-dimensional CMOPs, but the results
are still competitive, much stronger than the other four comparison algorithms except
C-TAEA. There are two main reasons why PSDS is weaker than C-TAEA. Objectively
speaking, the dual-population strategy proposed by C-TAEA is mainly designed to be
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Table 3: Comparison results on IGD metric and HV metric for PSDS and the other algorithms on
C-DTLZ benchmark suite.

Problem M Metric NSGAII CMOEAD ToP PPS CTAEA PSDS

C1_DTLZ1 3
IGD 2.6525e-2 (8.71e-4) - 1.8926e-2 (4.66e-5) = NaN (NaN) 2.4057e-2 (5.82e-4) - 2.1378e-2 (2.94e-4) - 1.8917e-2 (4.77e-5)
HV 8.2320e-1 (3.21e-3) - 8.4347e-1 (1.08e-3) = NaN (NaN) 8.2321e-1 (2.64e-3) - 8.4019e-1 (1.20e-3) - 8.4317e-1 (1.25e-3)

C1_DTLZ3 3
IGD 5.3306e+0 (3.06e+0) - 5.3636e+0 (3.81e+0) - 7.2989e-1 (2.00e+0) - 1.3960e+0 (3.02e+0) - 1.5334e-1 (4.18e-1) - 5.0309e-2 (1.02e-5)
HV 1.6030e-1 (2.49e-1) - 1.7417e-1 (2.58e-1) - 3.4809e-1 (2.14e-1) - 4.3528e-1 (1.98e-1) - 5.0668e-1 (1.11e-1) - 5.6290e-1 (1.81e-4)

C2_DTLZ2 3
IGD 5.5074e-2 (2.78e-3) - 4.5570e-2 (3.09e-5) - 5.8330e-2 (4.63e-3) - 5.1693e-2 (1.79e-3) - 4.9171e-2 (9.65e-4) - 4.4896e-2 (3.84e-4)
HV 4.9193e-1 (3.70e-3) - 5.2091e-1 (8.68e-5) + 4.6897e-1 (1.30e-2) - 4.9586e-1 (3.79e-3) - 5.0542e-1 (1.32e-3) - 5.1349e-1 (6.07e-4)

C3_DTLZ4 3
IGD 1.2320e-1 (3.69e-3) - 8.4322e-2 (5.85e-6) + 1.3563e-1 (4.80e-3) - 1.3726e-1 (5.55e-2) - 1.0311e-1 (2.21e-3) - 8.4959e-2 (2.33e-4)
HV 7.6714e-1 (4.08e-3) - 7.9780e-1 (2.86e-5) + 7.5892e-1 (4.37e-3) - 7.7285e-1 (1.54e-2) - 7.8808e-1 (1.16e-3) - 7.9671e-1 (4.01e-4)

DC1_DTLZ1 3
IGD 1.4396e-2 (5.87e-4) - 2.1891e-2 (6.32e-3) - 3.3038e-2 (5.95e-2) - 2.6068e-2 (8.62e-3) - 1.3259e-2 (2.07e-4) - 1.1089e-2 (8.27e-5)
HV 6.1381e-1 (3.49e-3) - 6.1368e-1 (2.11e-2) - 5.6558e-1 (7.52e-2) - 5.8631e-1 (2.27e-2) - 6.2852e-1 (7.63e-4) - 6.3344e-1 (4.74e-4)

DC1_DTLZ3 3
IGD 4.2087e-2 (1.79e-3) - 4.2017e-2 (2.52e-5) - 1.5839e+0 (2.45e+0) - 2.8030e-1 (1.96e-1) - 3.9163e-2 (5.32e-4) - 3.2942e-2 (4.52e-4)
HV 4.6292e-1 (2.46e-3) - 4.7425e-1 (2.07e-4) - 1.6970e-1 (1.84e-1) - 3.2206e-1 (1.17e-1) - 4.6727e-1 (1.45e-3) - 4.7524e-1 (6.35e-4)

DC2_DTLZ1 3
IGD NaN (NaN) 1.2989e-1 (6.22e-2) - NaN (NaN) 3.5710e-2 (3.63e-2) - 2.1405e-2 (1.58e-4) - 1.8979e-2 (3.94e-6)
HV NaN (NaN) 5.6753e-1 (1.55e-1) - NaN (NaN) 7.8913e-1 (9.53e-2) - 8.4097e-1 (4.14e-4) - 8.4433e-1 (6.80e-5)

DC2_DTLZ3 3
IGD NaN (NaN) 5.6127e-1 (2.09e-3) - NaN (NaN) 3.7495e-1 (2.50e-1) - 2.2233e-1 (2.14e-1) - 5.0309e-2 (6.10e-6)
HV NaN (NaN) 1.2822e-2 (3.69e-4) - NaN (NaN) 2.1121e-1 (2.54e-1) - 3.5736e-1 (2.29e-1) - 5.6289e-1 (1.44e-4)

DC3_DTLZ1 3
IGD 1.2722e-1 (8.58e-2) - 1.4666e-1 (6.10e-2) - 2.6909e+0 (2.51e+0) - 6.0147e-1 (9.40e-1) - 8.7391e-3 (2.00e-4) - 6.6424e-3 (5.77e-5)
HV 2.3122e-1 (1.99e-1) - 1.7982e-1 (1.55e-1) - 5.4847e-3 (1.82e-2) - 1.8663e-1 (1.94e-1) - 5.2890e-1 (1.97e-3) - 5.3670e-1 (1.17e-3)

DC3_DTLZ3 3
IGD 1.6030e+0 (5.98e-1) - 1.4838e+0 (6.04e-1) - 8.3643e+0 (2.94e+0) - 2.6658e+0 (2.70e+0) - 2.3002e-2 (5.60e-4) - 1.9309e-2 (2.09e-4)
HV 0.0000e+0 (0.00e+0) - 0.0000e+0 (0.00e+0) - 0.0000e+0 (0.00e+0) - 3.0212e-2 (8.46e-2) - 3.6228e-1 (1.27e-3) - 3.6933e-1 (6.87e-4)

DC1_DTLZ1 5
IGD 6.0226e-2 (2.83e-3) - 5.3280e-2 (7.88e-5) - 4.9328e-1 (8.00e-1) - 6.7041e-2 (3.55e-3) - 4.8825e-2 (7.86e-4) + 5.1686e-2 (1.16e-3)
HV 7.3746e-1 (5.80e-3) - 7.4557e-1 (2.18e-4) + 2.3362e-1 (2.40e-1) - 7.2722e-1 (9.36e-3) - 7.5413e-1 (3.48e-3) + 7.4420e-1 (3.37e-3)

DC1_DTLZ3 5
IGD 2.2754e-1 (1.79e-2) - 1.8956e-1 (8.99e-2) - 4.5175e+0 (2.41e+0) - 4.5219e-1 (2.75e-1) - 2.6967e-1 (3.65e-2) - 1.7729e-1 (9.40e-3)
HV 6.1917e-1 (2.43e-2) - 7.3359e-1 (9.20e-2) + 4.3691e-3 (1.48e-2) - 3.9495e-1 (1.96e-1) - 6.2947e-1 (3.81e-2) - 7.3003e-1 (2.93e-2)

DC2_DTLZ1 8
IGD NaN (NaN) 1.5641e-1 (2.22e-2) = NaN (NaN) 1.6666e-1 (3.10e-2) = 1.2589e-1 (1.19e-3) = 1.6464e-1 (5.17e-2)
HV NaN (NaN) 8.5794e-1 (6.13e-2) = NaN (NaN) 9.0982e-1 (6.60e-2) = 9.9344e-1 (3.67e-4) + 8.8179e-1 (1.07e-1)

DC2_DTLZ3 8
IGD NaN (NaN) 7.7642e-1 (2.99e-3) = 1.2377e+0 (0.00e+0) = 6.8336e-1 (1.84e-1) = 4.9152e-1 (1.15e-1) + 8.1515e-1 (9.78e-2)
HV NaN (NaN) 7.3625e-3 (2.79e-3) = 7.3809e-3 (0.00e+0) = 3.0721e-1 (2.44e-1) + 7.2701e-1 (2.77e-1) = 1.9068e-2 (2.35e-3)

+/-/= 0/20/0 5/17/10 0/18/2 1/24/3 4/22/2

The best result for each row is highlighted. ”NaN(NaN)” means that no feasible solution can be found. ”+”, ”-” and ”=” indicate that the result is significantly better,
significantly worse, and statistically similar to the results obtained by PSDS, respectively
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Figure 7: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on DC2-DTLZ3 (median IGD value). The gray area is the Pareto Front.
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suitable for solving the problem of high-dimensional CMOPs, and C-TAEA is also the
author of the DCDTLZ series of problems. Subjectively speaking, the PSDS in this paper
involves a restart schema. In the face of slow convergence of high-dimensional CMOPs,
reinitializing the population multiple times may interrupt the unfinished convergence
process, thereby affecting the algorithm’s convergence.

In Section 2, Figure 2 shows the experimental effects of some of the algorithms on the
C1-DTLZ3 test problem. The infeasible area of DC2-DTLZ3 is extremely difficult to
cross. The running results of the six algorithms on this test problem are shown in Figure
7. The three algorithms NSGAII-CDP, CMOEAD, and ToP cannot cross the infeasible
area, and even the ToP cannot find any feasible solutions. Although the other two
algorithms PPS and C-TAEA do not become trapped in the local optimum, they cannot
converge well on the constrained PF. This is mainly reflected in the poor convergence
of PPS in the feasible region. In addition, although C-TEAE has converged to the
PF, the population distribution is not good. The solutions of the PSDS can ultimately
converge on the true PF, mainly due to the substantial convergence ability after ignoring
constraints and having good distribution based on uniform weight vector selection.

Table 4: Comparison results on IGD metric and HV metric for PSDS and the other algorithms on
LIR-CMOP benchmark suite.

Problem M Metric NSGAII CMOEAD ToP PPS CTAEA PSDS

LIRCMOP1 2
IGD 2.7760e-1 (2.81e-2) - 2.6998e-1 (2.19e-2) - 3.0662e-1 (3.06e-2) - 8.2696e-3 (2.71e-3) + 1.6190e-1 (8.47e-2) - 4.9532e-2 (1.28e-2)
HV 1.1876e-1 (8.77e-3) - 1.2133e-1 (8.63e-3) - 1.1138e-1 (1.09e-2) - 2.3644e-1 (1.14e-3) + 1.5739e-1 (2.88e-2) - 2.0328e-1 (9.56e-3)

LIRCMOP2 2
IGD 2.3925e-1 (1.79e-2) - 2.0939e-1 (2.93e-2) - 2.6826e-1 (2.36e-2) - 6.3483e-3 (6.73e-4) = 1.3599e-1 (3.90e-2) - 6.3514e-3 (8.25e-4)
HV 2.3600e-1 (1.01e-2) - 2.4782e-1 (1.31e-2) - 2.2223e-1 (1.64e-2) - 3.5954e-1 (3.16e-4) + 3.0398e-1 (1.31e-2) - 3.5904e-1 (7.65e-4)

LIRCMOP3 2
IGD 3.0843e-1 (4.29e-2) - 2.7386e-1 (4.41e-2) - 3.3594e-1 (1.99e-2) - 1.7113e-2 (3.36e-2) = 2.1750e-1 (1.33e-1) - 7.9676e-3 (6.27e-3)
HV 1.0064e-1 (1.20e-2) - 1.1018e-1 (1.31e-2) - 9.5453e-2 (7.36e-3) - 2.0156e-1 (1.19e-2) = 1.2915e-1 (2.79e-2) - 2.0318e-1 (3.95e-3)

LIRCMOP4 2
IGD 2.9310e-1 (2.50e-2) - 2.4156e-1 (3.65e-2) - 3.1054e-1 (8.87e-3) - 3.9690e-2 (5.73e-2) = 2.0424e-1 (7.42e-2) - 6.3213e-3 (5.19e-3)
HV 1.9102e-1 (1.14e-2) - 2.1178e-1 (1.62e-2) - 1.8411e-1 (1.02e-2) - 3.0121e-1 (2.37e-2) = 2.3102e-1 (3.49e-2) - 3.1357e-1 (2.51e-3)

LIRCMOP5 2
IGD 1.2107e+0 (8.61e-3) - 1.2167e+0 (6.96e-3) - 1.1669e+0 (1.81e-2) - 7.2775e-3 (8.36e-4) + 9.7918e-1 (4.06e-1) - 1.2979e-2 (2.12e-2)
HV 0.0000e+0 (0.00e+0) - 0.0000e+0 (0.00e+0) - 0.0000e+0 (0.00e+0) - 2.9144e-1 (3.06e-4) + 4.0863e-2 (6.93e-2) - 2.8827e-1 (6.72e-3)

LIRCMOP6 2
IGD 1.2561e+0 (2.75e-1) - 1.3453e+0 (2.47e-4) - 1.2069e+0 (3.19e-1) - 5.1765e-2 (2.44e-1) - 1.2875e+0 (2.23e-1) - 1.6000e-2 (4.49e-2)
HV 1.0043e-2 (3.07e-2) - 0.0000e+0 (0.00e+0) - 9.5442e-3 (2.17e-2) - 1.9055e-1 (3.60e-2) - 5.5152e-3 (2.11e-2) - 1.9378e-1 (1.02e-2)

LIRCMOP7 2
IGD 4.3904e-1 (6.33e-1) - 9.1564e-1 (7.79e-1) - 1.0395e+0 (8.03e-1) - 1.0384e-1 (4.62e-2) - 1.3720e-1 (2.14e-2) - 7.7023e-3 (4.14e-4)
HV 1.9635e-1 (1.00e-1) - 1.2077e-1 (1.23e-1) - 1.0927e-1 (1.37e-1) - 2.5390e-1 (1.78e-2) - 2.4475e-1 (6.51e-3) - 2.9414e-1 (2.20e-4)

LIRCMOP8 2
IGD 7.9935e-1 (7.34e-1) - 1.5845e+0 (3.69e-1) - 1.0187e+0 (6.88e-1) - 1.1387e-1 (5.36e-2) - 3.3479e-1 (3.75e-1) - 7.7367e-3 (2.65e-4)
HV 1.3656e-1 (1.14e-1) - 1.4957e-2 (5.69e-2) - 1.1076e-1 (1.15e-1) - 2.5285e-1 (1.60e-2) - 2.0839e-1 (5.95e-2) - 2.9386e-1 (2.41e-4)

LIRCMOP9 2
IGD 7.8333e-1 (1.10e-1) - 8.4979e-1 (2.00e-1) - 4.8367e-1 (1.27e-1) - 3.5508e-1 (7.97e-2) - 4.3366e-1 (1.06e-1) - 1.1349e-1 (7.89e-2)
HV 1.8619e-1 (6.70e-2) - 1.8601e-1 (6.65e-2) - 3.6925e-1 (8.63e-2) - 4.5815e-1 (3.23e-2) - 3.8985e-1 (5.96e-2) - 5.1751e-1 (4.87e-2)

LIRCMOP10 2
IGD 7.2258e-1 (1.78e-1) - 4.6605e-1 (2.24e-1) - 3.9777e-1 (4.98e-2) - 3.3443e-2 (6.55e-2) - 2.3206e-1 (1.01e-1) - 8.1248e-3 (1.47e-3)
HV 2.1154e-1 (1.56e-1) - 3.9720e-1 (1.63e-1) - 4.9892e-1 (3.01e-2) - 6.9527e-1 (2.96e-2) - 5.8879e-1 (4.62e-2) - 7.0456e-1 (9.58e-4)

LIRCMOP11 2
IGD 7.0137e-1 (1.15e-1) - 7.7057e-1 (1.42e-1) - 3.4519e-1 (9.23e-2) - 2.0192e-1 (1.22e-1) - 1.7937e-1 (3.37e-2) - 5.0903e-3 (1.27e-2)
HV 2.5243e-1 (6.40e-2) - 2.6857e-1 (1.02e-1) - 4.7421e-1 (5.92e-2) - 5.6725e-1 (7.74e-2) - 6.2026e-1 (1.69e-2) - 6.9269e-1 (6.12e-3)

LIRCMOP12 2
IGD 6.2709e-1 (2.03e-1) - 5.8318e-1 (2.07e-1) - 2.4222e-1 (8.37e-2) - 1.2104e-1 (6.82e-2) - 1.4138e-1 (5.32e-2) - 3.4489e-3 (2.92e-4)
HV 3.0832e-1 (1.09e-1) - 4.0807e-1 (7.35e-2) - 5.0084e-1 (4.23e-2) - 5.6603e-1 (3.25e-2) - 5.4780e-1 (2.74e-2) - 6.2020e-1 (1.15e-4)

LIRCMOP13 3
IGD 1.3241e+0 (2.58e-3) - 1.3010e+0 (9.63e-5) - 1.3221e+0 (8.13e-2) - 1.1972e-1 (3.52e-3) - 9.9865e-2 (1.78e-3) - 8.5805e-2 (1.37e-5)
HV 1.0240e-4 (1.30e-4) - 0.0000e+0 (0.00e+0) - 3.8771e-3 (1.47e-2) - 5.2725e-1 (3.79e-3) - 5.5164e-1 (1.18e-3) - 5.6299e-1 (1.58e-5)

LIRCMOP14 3
IGD 1.2808e+0 (2.41e-3) - 1.2571e+0 (1.28e-4) - 1.2255e+0 (1.70e-1) - 1.1061e-1 (3.94e-3) - 1.0171e-1 (9.39e-4) - 8.8128e-2 (3.75e-5)
HV 3.9238e-4 (3.48e-4) - 0.0000e+0 (0.00e+0) - 1.8926e-2 (4.19e-2) - 5.3739e-1 (3.53e-3) - 5.5147e-1 (7.59e-4) - 5.6266e-1 (8.58e-5)

+/-/= 0/28/0 0/28/0 0/28/0 5/18/5 0/28/0

The best result for each row is highlighted. ”+”, ”-” and ”=” indicate that the result is significantly better, significantly worse, and statistically similar to the results obtained
by PSDS, respectively

Comparisons on LIR-CMOP S uite: The problems of the LIR-CMOP suite have become
a huge challenge for most CMOEAs because their feasible regions are extremely narrow
and close to the curve (LIRCMOP1–LIRCMOP8). Even feasible areas are divided into
multiple small blocks by large infeasible space (LIRCMOP9–LIRCMOP12). As can be
seen from the experimental results of the IGD values and HV values of the six compared
MOEAs on the fourteen LIR-CMOP problems in Table 4, the performance of the PSDS
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Figure 8: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on LIR-CMOP10 (median IGD value). The red line is the constrained PF; the gray area
is the feasible region.

on 11 problems was better than the other algorithms. In addition, on another problem
(LIRCMOP2), the PSDS was comparable to the best performing PPS. The remaining
two problems (LIRCMOP1 and LIRCMOP5) could only be solved better by the PPS
algorithm. In contrast, none of the other four algorithms achieved the best performance
on this suite of test problems.

Figure 8 plots the population of the PSDS and other comparison algorithms on
the LIR-CMOP10 problem, whose PFs are disconnected by discontinuous feasible
regions and at the same time obstructed by a large infeasible region in the direction of
convergence. Such an extremely difficult CMOP causes NSGAII-CDP and CMOEAD
to be unable to approach the PF. ToP, and C-TAEA cannot find all the PFs even
if it crosses the infeasible area. Even if ToP and C-TAEA cross the infeasible area,
they cannot find all the smaller feasible regions and have a good distribution in the
entire PF. Only PPS and the PSDS can converge to all feasible regions, and the sta-
bility of the PSDS is better to ensure that each solution can converge to the complete PF.

Comparisons on DAS -CMOP S uite : DAS-CMOP is a benchmark suite with char-
acteristics such as having a type and difficulty of constraint problem that can be
customized by the user. The feasible regions of most CMOPs in this test suite are
separated from each other and are far away from the unconstrained PF. Our parameter
settings for each CMOP in the DAS benchmark suite followed the default parameters in
the experimental platform PlatEMO [42]. In addition, it also uses the characteristics
of the DAS benchmark test to independently design DASCMOP10 with five objective
functions and DASCMOP11 with eight objective functions based on the definition of
the CMOPs of the scalable number of objectives in the original paper of DASCMOP
[44]. It can be seen from the experimental results of the six algorithms in Table 5 that
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the PSDS reflects promising performance because it achieved the best testing results
on five problems, including DAS-CMOP1, DAS-CMOP2, DAS-CMOP3, DAS-CMOP6
and DAS-CMOP9. This is most likely because most of them have narrow and easily
overlooked feasible regions. The PSDS had certain weaknesses on DAS-CMOP4, DAS-
CMOP5, DAS-CMOP7 and DAS-CMOP8 since their requirements for the diversity
of solutions are extremely high. In the experimental results of the other two newly
constructed constrained many-objective optimization problems, DASCMOP10 and
DASCMOP11, the IGD value of PSDS is the best, but the HV value is slightly weaker
than the other two algorithms. The reason is that when PSDS solves high-dimensional
problems, the convergence and distribution of the algorithm cannot achieve the best
results at the same time.

Table 5: Comparison results on IGD metric and HV metric for PSDS and the other algorithms on
DAS-CMOP benchmark suite.

Problem M Metric NSGAII CMOEAD ToP PPS CTAEA PSDS

DASCMOP1 2
IGD 7.3085e-1 (4.19e-2) - 6.9143e-1 (4.21e-2) - 6.9027e-1 (2.14e-1) - 1.5015e-1 (2.19e-1) - 1.8406e-1 (1.42e-2) - 3.2924e-3 (4.76e-4)
HV 7.4343e-3 (7.23e-3) - 1.3295e-2 (7.57e-3) - 2.6319e-2 (5.73e-2) - 1.7895e-1 (4.58e-2) - 1.6789e-1 (3.97e-3) - 2.1251e-1 (3.04e-4)

DASCMOP2 2
IGD 2.5504e-1 (3.24e-2) - 2.1306e-1 (2.43e-2) - 4.9413e-1 (2.59e-1) - 5.1279e-3 (1.62e-4) - 8.6461e-2 (3.35e-2) - 4.4323e-3 (1.15e-4)
HV 2.5218e-1 (4.27e-3) - 2.6154e-1 (8.32e-3) - 1.4328e-1 (1.10e-1) - 3.5486e-1 (9.90e-5) - 3.1084e-1 (9.90e-3) - 3.5508e-1 (9.58e-5)

DASCMOP3 2
IGD 3.6121e-1 (3.82e-2) - 3.7599e-1 (1.22e-1) - 6.7758e-1 (1.51e-1) - 2.9357e-1 (1.06e-1) - 1.3175e-1 (2.64e-2) - 1.9397e-2 (2.07e-4)
HV 2.0855e-1 (1.49e-4) - 1.9684e-1 (5.28e-2) - 4.6076e-2 (6.65e-2) - 2.2326e-1 (3.31e-2) - 2.6269e-1 (5.48e-3) - 3.1207e-1 (2.00e-4)

DASCMOP4 2
IGD 1.5007e-3 (4.22e-5) + 1.2913e-2 (4.36e-2) - NaN (NaN) 1.3563e-1 (8.29e-2) - 9.9997e-3 (1.60e-3) - 1.8828e-3 (1.53e-3)
HV 2.0433e-1 (1.43e-5) + 2.0164e-1 (7.23e-3) - NaN (NaN) 1.7501e-1 (1.79e-2) - 1.9755e-1 (3.64e-3) - 2.0253e-1 (3.13e-3)

DASCMOP5 2
IGD 5.6054e-3 (9.74e-3) - 8.3151e-3 (1.82e-2) - NaN (NaN) 4.2227e-3 (3.66e-4) = 7.2964e-3 (6.35e-4) - 4.4257e-3 (7.90e-4)
HV 3.5006e-1 (6.95e-3) + 3.4828e-1 (1.16e-2) - NaN (NaN) 3.5112e-1 (2.25e-4) + 3.4837e-1 (4.13e-4) - 3.4954e-1 (7.14e-4)

DASCMOP6 2
IGD 3.3037e-1 (1.38e-1) - 6.0081e-2 (6.07e-2) - 1.1830e+0 (0.00e+0) = 2.3168e-1 (2.99e-1) = 2.2252e-2 (3.60e-3) - 2.0182e-2 (8.74e-4)
HV 1.3449e-1 (7.75e-2) - 2.8745e-1 (3.17e-2) - 0.0000e+0 (0.00e+0) = 2.1738e-1 (1.31e-1) = 3.0956e-1 (8.81e-4) - 3.1159e-1 (5.82e-4)

DASCMOP7 3
IGD 4.8777e-2 (3.30e-3) - 3.7930e-2 (2.12e-3) + NaN (NaN) 5.0715e-2 (4.63e-3) - 3.4735e-2 (7.24e-4) + 4.1183e-2 (8.47e-3)
HV 2.8328e-1 (9.43e-4) + 2.8780e-1 (3.97e-4) + NaN (NaN) 2.8160e-1 (1.77e-3) = 2.8854e-1 (1.35e-4) + 2.8017e-1 (4.17e-3)

DASCMOP8 3
IGD 6.0664e-2 (4.23e-3) - 5.5157e-2 (3.48e-3) - NaN (NaN) 6.4344e-2 (1.02e-2) - 5.4722e-2 (1.44e-2) - 5.0892e-2 (1.52e-2)
HV 2.0001e-1 (1.34e-3) + 2.0591e-1 (5.25e-4) + NaN (NaN) 2.0178e-1 (1.54e-3) + 2.0402e-1 (2.86e-3) + 1.9922e-1 (6.89e-3)

DASCMOP9 3
IGD 3.6812e-1 (7.91e-2) - 2.7873e-1 (1.75e-1) - 5.7138e-1 (2.21e-1) - 9.3508e-2 (4.56e-2) - 1.6556e-1 (3.47e-2) - 6.0575e-2 (2.86e-3)
HV 1.2991e-1 (1.25e-2) - 1.5010e-1 (4.20e-2) - 8.7832e-2 (4.19e-2) - 1.9018e-1 (1.50e-2) - 1.6692e-1 (1.10e-2) - 2.0106e-1 (8.35e-4)

DASCMOP10 5
IGD 3.2027e-1 (2.51e-2) - 3.2467e-1 (8.70e-3) - NaN (NaN) 2.8575e-1 (3.45e-2) = 3.1649e-1 (1.60e-2) - 2.7450e-1 (2.38e-2)
HV 1.8216e-3 (1.85e-4) - 2.8847e-3 (1.55e-4) + NaN (NaN) 1.9361e-3 (2.26e-4) - 2.2421e-3 (2.67e-4) + 2.0838e-3 (1.21e-4)

DASCMOP11 8
IGD 1.1704e+0 (3.12e-3) - 1.7644e+0 (3.64e-2) - 5.2575e+0 (2.09e+0) - 1.0044e+0 (3.40e-1) = 1.2047e+0 (4.22e-2) - 9.8623e-1 (1.71e-1)
HV 1.1166e-2 (1.44e-4) + 1.9827e-3 (9.01e-4) - 0.0000e+0 (0.00e+0) - 9.6781e-4 (1.69e-3) - 9.1169e-3 (1.35e-3) + 3.5877e-3 (2.54e-3)

+/-/= 6/16/0 4/18/0 0/10/2 2/14/6 5/17/0

The best result for each row is highlighted. ”NaN(NaN)” means that no feasible solution can be found. ”+”, ”-” and ”=” indicate that the result is significantly better,
significantly worse, and statistically similar to the results obtained by PSDS, respectively

The population distribution of the PSDS and the other five algorithms on DAS-CMOP3
is shown in Figure 9. In such a problem, there are a large number of feasible regions,
and some feasible regions are even extremely narrow. Although the PSDS can search
as many PFs as possible compared to other algorithms, it cannot find all nondominated
solutions like other algorithms can. In the DAS-CMOP3 of this experiment, there are
two solutions in the optimal solution set. One of them is easily misunderstood as being
dominated by other solutions, and the feasible region of the other is almost the point
itself, so these two points are very difficult to search. There is another type of problem
in the DAS test suite, represented by DAS-CMOP9, with many separate feasible regions.
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Figure 9: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on DAS-CMOP3 (median IGD value). The red points are the constrained PF; the gray
area is the feasible region.

4.5. Effectiveness of state detection strategy of PSDS

This subsection uses ablation research to compare several types of algorithms that
only use partial improvements. Using this partial variable method for experimental
comparison can verify the effectiveness of the core components of the proposed PSDS.
We conducted an experimental comparison between PSDS and some of its variants on the
MW benchmark test suite. Among them, the strategy of only retaining the restart schema
must be effective only in the evolution process after the last initialization. Therefore, this
single strategy, which is obviously uncompetitive, will not be compared with PSDS. The
first variant PSDS1 only discards the population state detection strategy we proposed and
retains the restart schema and the archive set that can provide a stability guarantee for
the restart schema. This PSDS1 verifies whether the main state detection strategy in this
paper plays a decisive role in the algorithm’s performance. The second variant PSDS2

retains the state detection strategy. To compare with the main algorithm, we removed
the archive set of excellent solutions, allowing the population to be reinitialized at the
appropriate situation after state detection. The third variant PSDS3 is also a retained
state detection strategy. The difference from PSDS2 is that PSDS3 keeps the archive set
of elite solutions and no longer considers reinitializing the population. These two variants
PSDS2 and PSDS3 can thoroughly verify the benefits of the other two auxiliary strategies
on the basis of retaining the state detection strategy. It is worth mentioning that state
detection only provides reference information for adjusting the evolution process, so there
is no design of algorithm variant that only includes the state detection strategy.

Table 6 presents the IGD results of PSDS and the other three PSDS variants on
MW1-MW14. It is evident from the results that the overall performance of the full
version of PSDS is better than other variants. Especially from the comparison with
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Table 6: Comparison results of IGD metric obtained by PSDS and its three variants on the MW bench-
mark suite. Best result in each row is highlighted.

Problem M Metric PSDS1 PSDS2 PSDS3 PSDS
MW1 2 IGD 4.1890e-3 (2.78e-3) - 3.9906e-2 (8.41e-2) - 1.6289e-3 (3.03e-5) = 1.8091e-3 (1.01e-3)
MW2 2 IGD 6.5043e-3 (3.75e-3) = 2.3355e-2 (1.66e-2) - 3.2405e-2 (2.02e-2) - 5.4029e-3 (2.98e-3)
MW3 2 IGD 5.1960e-3 (2.97e-4) - 6.5669e-3 (6.04e-4) - 4.8563e-3 (2.45e-4) + 5.0381e-3 (2.78e-4)
MW4 3 IGD 3.8671e-2 (4.36e-4) - 4.5139e-2 (3.25e-2) - 3.8086e-2 (6.18e-5) + 3.8314e-2 (1.65e-4)
MW5 2 IGD 2.9408e-3 (5.35e-3) = 1.1721e-1 (1.97e-1) - 2.3088e-3 (2.24e-3) - 1.0140e-3 (7.97e-4)
MW6 2 IGD 6.1587e-3 (4.87e-3) - 5.2391e-2 (1.13e-1) - 2.2539e-2 (1.59e-2) - 3.9628e-3 (2.56e-3)
MW7 2 IGD 4.5732e-3 (2.49e-4) + 3.3670e-2 (2.32e-2) - 4.6722e-3 (4.79e-4) + 4.8444e-3 (3.10e-4)
MW8 3 IGD 4.5089e-2 (2.64e-3) = 5.4296e-2 (2.01e-2) - 4.8445e-2 (4.33e-3) - 4.4587e-2 (4.92e-4)
MW9 2 IGD 3.6050e-2 (1.19e-1) - 1.0311e-1 (2.42e-1) - 5.0001e-2 (1.41e-1) = 4.6347e-3 (1.06e-3)
MW10 2 IGD 4.7405e-3 (2.35e-3) - 7.0319e-2 (1.11e-1) - 2.0097e-1 (1.64e-1) - 3.8212e-3 (1.38e-3)
MW11 2 IGD 3.9228e-1 (3.38e-1) - 7.9729e-2 (1.33e-1) - 6.2620e-3 (3.07e-4) = 6.3524e-3 (2.79e-4)
MW12 2 IGD 4.7145e-3 (1.50e-4) - 9.1369e-2 (2.31e-1) - 4.6105e-3 (1.14e-4) - 4.5431e-3 (1.01e-4)
MW13 2 IGD 3.3575e-2 (8.58e-2) - 9.3800e-2 (3.95e-2) - 1.0714e-1 (7.42e-2) - 1.1810e-2 (3.07e-3)
MW14 3 IGD 1.2230e-1 (9.70e-3) = 1.5331e-1 (1.23e-1) - 1.1736e-1 (3.56e-3) = 1.1898e-1 (3.51e-3)

+/-/= 1/9/4 0/14/0 3/7/4

The best result for each row is highlighted. ”+”, ”-” and ”=” indicate that the result is significantly better, significantly
worse, and statistically similar to the results obtained by PSDS, respectively. PSDS1 removes the population state
detection strategy on the basis of PSDS; PSDS2 removes the archive set of feasible nondominated solutions on the
basis of PSDS; PSDS3 removes the restart schema on the basis of PSDS.
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PSDS1, the population state detection strategy proposed in this paper plays a decisive
role in improving algorithm performance. The experimental results show that PSDS2 lags
behind PSDS, which also means that the auxiliary mechanism of restart schema is not
a panacea. The effectiveness of the restart schema can only play a better role under the
overall framework of PSDS. Only PSDS3 is ahead of PSDS on a small number of CMOPs
such as MW1, MW3, MW4, MW11. The reason is that these CMOPs have common
characteristics, that is, these problems are not complex and all only test the convergence
of the algorithm in the feasible region. Compared with PSDS, PSDS3 only removes the
restart schema. Although it has better convergence in these simple problems, there is no
apparent gap between PSDS and PSDS3.

On the contrary, PSDS3 has a considerable gap with PSDS in complex CMOPs that
focus on testing distribution. Through the experimental analysis in this section, it can be
summarized that PSDS is a multi-strategy collaborative optimization stability algorithm.
Every core component has its necessity to be considered. In addition, the restart schema
in PSDS partially weakens the convergence performance of the algorithm, which is a
dilemma. Still, it cannot deny the restart schema’s contribution to ensuring the diversity
and stability of the algorithm.

5. Conclusions

In this paper, we have proposed a PSDS for CMOEAs to solve CMOPs. The main
idea of the proposed algorithm is to detect the specific state of the population in each
iteration process, then select an appropriate environmental selection strategy based on
the state to allow the population to continue to obtain evolutionary benefits. On this
basis, the population restart scheme continuously improves the previous solutions. Then
the archive set can complement the advantages of the detection strategy and restart
mechanism to achieve a stable performance of the entire algorithm.

Experimental results show that the proposed algorithm had better overall performance
than the other five algorithms on a total of 53 test problems in four test suites. This
demonstrates that the proposed strategy has a strong convergence ability on problems
with large infeasible regions and has strong search ability in problems with discrete and
small feasible regions.

By summarizing the difficulties of current CMOPs and analyzing the deficiencies of
existing CMOEAs in solving these difficult problems, this work has shown the impor-
tance of balancing objective optimization and constraint satisfaction through reasonable
adjustment of environmental selection strategies when solving CMOPs. It is desirable to
extend the proposed detection strategy and adopt more effective environmental selection
strategies for solving other more challenging CMOPs.
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Figure 1: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on MW8 (median IGD value). The gray area is the Pareto Front.

Figure 1 plots the populations obtained by the six CMOEAs on MW8. We can see
from this figure that MW8 is a three-objective function test problem, and the real feasible
regions are separated. Almost all algorithms in the comparison experiment can find these
feasible regions, but only the convergence and distribution of the PSDS in these feasible
regions is the best. The best distribution is due to the uniform weight vector we adopted
in solving the three-dimensional test problems.
Preprint submitted to Elsevier September 20, 2021
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Figure 2: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on C3-DTLZ4 (median IGD value). The gray area is the Pareto Front.

In the C3-DTLZ4 test problem shown in Figure 2, the distribution of the PSDS on
the constrained PF is only slightly weaker than CMOEAD, which is because there is no
infeasible area to limit the convergence of the CMOEAD algorithm on this test problem.
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Figure 3: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on LIR-CMOP12 (median IGD value). The red points are the constrained PF; the gray
area is the feasible region.

Another type of LIRCMOP has multiple small feasible areas, and even the PFs in
2



multiple feasible areas are composed of points (LIR-CMOP12). It can be seen from
Figure 3 that only the PSDS can stably find all PFs when solving LIR-CMOP12. The
fact that the PSDS could obtain such a stable search effect on LIR-CMOP12 is entirely
due to the archive set A that preserves the existing beneficial solutions and the scheme
that reinitializes the population.
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Figure 4: Scatter plots of the population obtained by NSGAII-CDP, CMOEAD, ToP, PPS, C-TAEA
and the PSDS on DAS-CMOP3 (median IGD value). The red points are the constrained PF; the gray
area is the feasible region.

The distribution of the solutions of the six algorithms on DAS-CMOP9 are shown in
Figure 4. Due to the limited number of solutions in the population and a large number
of separated feasible regions, it is difficult to distribute the solutions obtained by the
algorithm evenly on all PFs. The population results show that the PSDS has better
distribution performance to find as many sub-feasible regions as possible and make the
solution converge on most PFs. In contrast, the distribution of other algorithms on this
problem is not so perfect. The main reason is that the PSDS can use the convergence
process after multiple reinitializations to find other sub-feasible regions that have not
been searched.
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