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Abstract: The h-index is a citation-based metric with extensive applications, and several 

variants have been developed to complement it. This study formulates the optimal growth path 

(OGP) models of selected h-like indexes, that is, the h-index, g-index, A-index, R-index, and e-

index, and analyzes their OGP-allocated strategies of citations. It is argued that the OGP is a 

useful tool for analyzing the sensitivity of these h-like indexes to citations. Through simulation 

experiments with both real and random data, the sensitivity of the selected h-like indexes to 

citations is compared. Interestingly, it is found that the h-index performs the worst according 

to the OGP. Further, it is shown that combining the h-index with the A-index decreases the 

sensitivity to the citations of the h-index. In summary, this study provides new insights into 

how to evaluate scientific outputs based on h-like indexes. 
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1. Introduction 

Citation-based metrics are popular tools that provide useful information on the academic 

impact of researchers, research groups, journals, and even academic institutions (Krapivin et 

al., 2010; Zhou & Zhong, 2012; Kovacs, 2013; Mingers & Leydesdorff, 2015). A notable 

example of citation-based metrics is the h-index proposed by Hirsch (2005), which is an author-

level metric that aims to balance the productivity and citation impact of the publications of a 

researcher: a researcher has index h when h of their publications have been cited at least h times 

each, with the remaining publications having been cited at most h times. The h-index concept 

has been applied to journals, research groups, academic institutions, and countries (Banks, 2006; 

Braun et al., 2006; Liu & Rousseau, 2007; Egghe & Rao, 2008; Mugnaini et al., 2008; Turaga 

& Gamblin, 2012; Egghe & Rousseau, 2021). Indeed, the h-index has become a built-in feature 

of bibliographic databases such as the Web of Science and Scopus. 

Among the advantages of the h-index highlighted by researchers are its simplicity of 

computation and understanding as well as its robustness (Costas & Bordons, 2007; Vanclay, 

2007; Franceschini & Maisano, 2010; Mingers & Yang, 2017). In particular, the h-index is not 

sensitive to highly cited papers (Bornmann & Daniel, 2007; Egghe, 2010; Norris & Oppenheim, 

2010). However, the wide application of the h-index in recent years has uncovered a number 

of drawbacks in some scenarios (Bornmann et al., 2008; Bornmann & Daniel, 2009; Schreiber, 

2015; Lü et al., 2016; Brandão, 2019). As a result, to overcome such shortcomings, several h-

like indexes have been developed, including the g-index (Egghe, 2006; Egghe, 2006b), the A-

index (Jin, 2006), the R-index (Jin et al., 2007), and the e-index (Zhang, 2009). A review of the 

main properties of these h-like indexes and their comparisons is presented in detail by Alonso 

et al. (2009) and Egghe (2010). 

When using citation-based metrics, individual researchers, research groups, and journals 

can implement strategies to manipulate their corresponding citation-based metric assessments 

(Aksnes, 2003; van Noorden, 2012; Mongeon et al., 2016). For example, citation-based metrics 

are susceptible to being influenced by self-citations (de Keijzer & Apt, 2013; Karanatsiou et 

al., 2017), reciprocated citations (Li et al., 2019), citation stacking and citation cartels (Huggett, 

2013; Heneberg, 2016; Fong & Wilhite, 2017), and coercive citations (Wilhite & Fong, 2012; 
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Baas & Fennell, 2019). Some interesting reports about the manipulation of citations have been 

proposed: van Noorden (2012) reported researchers’ pressure to cite superfluous papers and 

Singh Chawla (2019) reported on hundreds of peer reviewers for manipulating citations in 

Elsevier. The manipulation of citations exists not only among researchers, but also among 

journals (Amold, 2009). It is natural that the h-index is not immune to the manipulation of 

citations; Bartneck and Kokkelmans (2011) investigated the degree to which researchers can 

increase their h-index via strategic self-citations, while Vîiu (2016) presented an extreme self-

citation scenario to test the performance of the h-index and its variants in the manipulation of 

citations. Google Scholar enables authors to merge two or more articles, even with different 

titles, into a single article, and this has been used to provoke interesting discussions on h-index 

manipulation (Delgado López‐Cózar et al., 2014; van Bevern et al., 2014, 2016; Pavlou & 

Elkind, 2016). 

However, the above studies do not propose a systematic tool to analyze the manipulation 

of citations to citation-based metrics. The manipulation of citations has been extensively 

analyzed in social choice theory (Arrow, 1951; Kelly, 1981). The Gibbard–Satterthwaite 

strategy-proofness impossibility theorem (Gibbard, 1973; Satterthwaite, 1975) shows that any 

voting system can be manipulated. Then, computational complexity theory and optimization-

based models are often used to analyze the performance of voting systems to defend against 

strategic manipulation (e.g., Gibbard, 1973; Dong et al., 2018, 2020). Motivated by research 

on social choice theory, in this study we focus on the h-like indexes, and analyze h-like index 

sensitivity to citations in defending against citation manipulation by formulating the optimal 

growth path (OGP) problem: given the distribution of the citations of a researcher to their 

publications, how can we allocate the minimum number of citations to a researcher’s 

publications to achieve a specific h-like index value.  

When allocating given citations, the proposed OGP can provide the corresponding upper 

bounds of the increase in h-like indexes, which can be used to argue that the higher the upper 

bound of an h-like index, the higher is the sensitivity of the h-like index to citations. The 

proposal put forward herein focuses on the OGP of several popular h-like indexes and consists 

of the following research objectives: 
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l To define the OGP problems for selected h-like indexes (h-index, g-index, A-index, R-

index, and e-index) and propose their corresponding OGP-allocated strategies of citations. 

l To analyze the OGP problems for selected h-like indexes and draw interesting properties. 

l To compare the sensitivity to the citations of selected h-like indexes through OGP 

simulation experiments with both real and random data. Interestingly, the h-index 

performs the worst with regard to sensitivity to citations. 

l To analyze the combination of the h-index with another h-like index to determine the best 

combination in terms of sensitivity to citation performance, which results in the 

combination of the h-index with the A-index. 

Clearly, the OGP sensitivity to the citations of an h-like index makes it an easy target for 

the manipulation of citations. Thus, in addition to the new OGP tool to evaluate the h-like index 

performance of scientific research outputs, this study provides a new combination of the h-

index with another h-like index to mitigate the manipulation of citations. 

The remainder of this study is organized as follows. Section 2 introduces the OGP problem 

and the OGP-allocated strategies and it also presents some interesting properties of the OGP. 

Section 3 compares the sensitivity to the citations of selected h-like indexes through simulation 

experiments with both real and random data. Section 4 analyzes the combination of the h-index 

with another h-like index to decrease the sensitivity to the citations of the h-index. Finally, 

Section 5 draws conclusions from this study. 

2. Optimal growth path for h-like indexes 

This section formulates the OGP problem for the selected h-like indexes (Section 2.1), 

develops their OGP-allocated strategies of citations (Section 2.2), and presents interesting 

properties regarding the OGP allocated strategies (Section 2.3). 

2.1.  Formulation of OGP problems for h-like indexes 

It is assumed that a researcher has n! publications, with 𝑐𝑖𝑡" 	(1 ≤ 𝑗 ≤ 𝑛#) being the 

number of citations to the 𝑗$% publication. Without loss of generality, it is assumed that the 

citations of these 𝑛# publications are indexed in descending order, that is, 𝑐𝑖𝑡& ≥ 𝑐𝑖𝑡' ≥ ⋯ ≥

𝑐𝑖𝑡(!. Table 1 provides the formulae and descriptions of the h-index and its main variants, 
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which are the objects of this study. These main variants are easy to understand, and their values 

are calculated based on the number of citations of each publication like the h-index. 

 

Table 1 The h-index and its main variants  

Index Formula Description 

h-index 
(Hirsch, 2005) 

ℎ = 𝑚𝑎𝑥(𝑗),	 
and	𝑐𝑖𝑡! ≥ 𝑗 

The h-index represents the number of publications 
(h) of a researcher with at least such number (h) of 

citations each, with the remaining publications cited 
at most such number (h) of citations each.  

g-index 
(Egghe, 2006) 

𝑔 = 𝑚𝑎𝑥(𝑗),	 

and	3𝑐𝑖𝑡!
!"#

≥ 𝑗$ 
The g-index is the (unique) largest number such 
that the top g publications received (together) at 

least 𝑔$ citations. 

A-index 
(Jin, 2006) 𝐴 =

1
ℎ3𝑐𝑖𝑡! 	

%

!"#

 
The A-index repents the average number of 

citations received by the publications included in 
the h-core. 

R-index 
(Jin et al., 

2007) 
𝑅 = 73𝑐𝑖𝑡!

%

!"#

 
The R-index is the square root of the sum of 

citations in the h-core. 

e-index 
(Zhang, 2009) 𝑒 = 739𝑐𝑖𝑡! − ℎ;

%

!"#

 
The e-index is the square root of the excess 

citations received by all the publications in the h-
core. 

 

Eqs. (1)–(3) (Sui, 2013; Alonso et al., 2009), which relate to the different h-like indexes, 

will be useful in the subsequent analysis: 

 𝐴 = )"

%
+ ℎ,                            (1) 

𝑅' = 𝑒' + ℎ',                          (2) 

ℎ ≤ 𝑔 ≤ 𝑒 + ℎ,                          (3)         

In the following, the h-index OGP problem is presented. 

(1) Hypothesis: It is assumed that the citation distribution associated with the publications of 

a researcher is known, 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7	(𝑐𝑖𝑡& ≥ 𝑐𝑖𝑡' ≥ ⋯ ≥ 𝑐𝑖𝑡(!), and that the h-index 

of the researcher based on this citations distribution is ℎ(+). 

(2) Objective: What is the minimum number of citations to allocate to the publications of 

researchers to increase the h-index to ℎ(-) = ℎ(+) + 𝑘	(𝑘 ≤ 𝑛# − ℎ(+))? 

Formally, let Φ% ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= denote the h-index associated with the citation 

distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7. Then, the h-index OGP problem can be formulated as follows: 
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⎩
⎪
⎨

⎪
⎧ 𝑁(%)(𝑘) = min	∑ (𝑐𝑖𝑡%,"

(-) − 𝑐𝑖𝑡")
(!
"/& ,																																				

𝑠. 𝑡.		Φ% ;𝑐𝑖𝑡%,&
(-), 𝑐𝑖𝑡%,'

(-), ⋯ , 𝑐𝑖𝑡%,(!
(-) = = Φ% ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= + 𝑘,

0 ≤ 𝑘 ≤ 𝑛# −Φ% ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!=.																															

      (4) 

where 𝑐𝑖𝑡%,"
(-)I1 ≤ 𝑗 ≤ 𝑛#J are decision variables that denote the number of citations of the 

𝑗$% publication for the h-index to be ℎ(-). In the following, K𝑐𝑖𝑡%,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L is referred 

to as the h-index OGP citation distribution, while 𝑁(%)(𝑘) is referred to as the citations needed 

by the h-index OGP. 

Let Φ0 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= , Φ1 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= , Φ2 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= , and 

Φ) ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= denote the g-index, A-index, R-index, and e-index of the citation 

distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7, respectively. Similar to model (4), the OGP problems for the 

g-index, the A-index, the R-index, and the e-index are formulated as follows: 

⎩
⎪
⎨

⎪
⎧ 𝑁(0)(𝑘) = min	∑ (𝑐𝑖𝑡0,"

(-) − 𝑐𝑖𝑡")
(!
"/& ,																																				

𝑠. 𝑡.		Φ0 ;𝑐𝑖𝑡0,&
(-), 𝑐𝑖𝑡0,'

(-), ⋯ , 𝑐𝑖𝑡0,(!
(-) = = Φ0 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= + 𝑘,

0 ≤ 𝑘 ≤ 𝑛# −Φ0 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!=.																															

       (5) 

⎩
⎨

⎧ 𝑁(1)(𝑘) = min	 ∑ (𝑐𝑖𝑡1,"
(-) − 𝑐𝑖𝑡")

(!
"/& ,																																				

𝑠. 𝑡.		Φ1 ;𝑐𝑖𝑡1,&
(-), 𝑐𝑖𝑡1,'

(-), ⋯ , 𝑐𝑖𝑡1,(!
(-) = = Φ1 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= + 𝑘,

0 ≤ 𝑘.																																																																																									

       (6) 

⎩
⎨

⎧ 𝑁(2)(𝑘) = min	 ∑ (𝑐𝑖𝑡2,"
(-) − 𝑐𝑖𝑡")

(!
"/& ,																																					

𝑠. 𝑡.		Φ2 ;𝑐𝑖𝑡2,&
(-), 𝑐𝑖𝑡2,'

(-), ⋯ , 𝑐𝑖𝑡2,(!
(-) = = Φ2 ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= + 𝑘,

0 ≤ 𝑘.																																																																																										

       (7) 

⎩
⎨

⎧ 𝑁())(𝑘) = min	 ∑ (𝑐𝑖𝑡),"
(-) − 𝑐𝑖𝑡")

(!
"/& ,																																				

𝑠. 𝑡.		Φ) ;𝑐𝑖𝑡),&
(-), 𝑐𝑖𝑡),'

(-), ⋯ , 𝑐𝑖𝑡),(!
(-) = = Φ) ;𝑐𝑖𝑡&, 𝑐𝑖𝑡', ⋯ , 𝑐𝑖𝑡(!= + 𝑘,

0 ≤ 𝑘.																																																																																									

       (8) 

In this study, models (4)–(8) are called the OGP models for the h-index, g-index, A-index, 

R-index, and e-index, respectively. Models (4)–(8) share a similar idea. Given the established 

growth value k, we calculate the minimum number of citations required to achieve this goal. 

The only difference is that the analyzed indexes are different, leading the OGP-allocated 

strategies of citations to be different, too.  

2.2.  OGP-allocated strategies of citations 

The optimal solutions to models (4)–(8) are referred to as the OGP-allocated strategies of 

citations and they are obtained in Propositions 1–5. 
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Proposition 1. The h-index OGP-allocated strategy of citations. This strategy is the 

optimal solution to the h-index OGP model (i.e., model (4)), which is given as: 

𝑐𝑖𝑡%,"
(-) = M

ℎ(-),			𝑖𝑓	𝑐𝑖𝑡" < ℎ(-), 𝑗 ≤ ℎ(-),
𝑐𝑖𝑡" ,				𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.																					

                   (9) 

Eq. (9) means that, when necessary, the citations of the first ℎ(-) publications are increased 

to ℎ(-), while the remaining publications’ citations are unchanged. 

Proposition 2. The g-index OGP-allocated strategy of citations. This strategy is the 

optimal solution to the g-index OGP model (i.e., model (5)), which is given as: 

𝑐𝑖𝑡0,"
(-) = S

𝑐𝑖𝑡" + ∆0," , 𝑗 ≤ 𝑔(-), where	 ∑ ∆0,"
0($)
"/& = I𝑔(-)J

'
− ∑ 𝑐𝑖𝑡"

0($)
"/& ,

𝑐𝑖𝑡" ,														𝑗 > 𝑔(-).																																																																													
     (10) 

According to Eq. (10), the first 𝑔(-) publications are randomly allocated citations, adding 

I𝑔(-)J
'
− ∑ 𝑐𝑖𝑡"

0($)
"/& , while the remaining publications’ citations are unchanged.  

Proposition 3. The A-index OGP-allocated strategy of citations. This strategy is the 

optimal solution to the A-index OGP model (i.e., model (6)), which is given as: 

𝑐𝑖𝑡1,"
(-) = S

𝑐𝑖𝑡" + ∆1," , 𝑗 ≤ ℎ(+), where	 ∑ ∆1,"%(&)
"/& =	𝐴(-)ℎ(+) − ∑ 𝑐𝑖𝑡"%(&)

"/& ,
𝑐𝑖𝑡" ,														𝑗 > ℎ(+).																																																																														

     (11) 

Based on Eq. (11), the first ℎ(+)  publications are randomly allocated citations, adding 

𝐴(-)ℎ(+) − ∑ 𝑐𝑖𝑡"%(&)
"/& , while the remaining publications’ citations are unchanged.  

Proposition 4. The R-index OGP-allocated strategy of citations. This strategy is the 

optimal solution to the R-index OGP model (i.e., model (7)), which is obtained using Algorithm 

I. 

Algorithm I. The R-index OGP-allocated strategy of citations 

Input: 𝑛#, 𝑐𝑖𝑡" 	I1 ≤ 𝑗 ≤ 𝑛#J, and 𝑘. 

Output: 𝑐𝑖𝑡2,"
(-)I1 ≤ 𝑗 ≤ 𝑛#J. 

Step 1: Let ℎ(+)	be the h-index based on the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7;  ∀	𝑧 ∈

^1, 𝑛# − ℎ(+)_, let ℎ(3) = ℎ(+) + 𝑧. When increasing the h-index from ℎ(+) to ℎ(3), 

let K𝑐𝑖𝑡%,"
(3)`1 ≤ 𝑗 ≤ 𝑛#L be the OGP citation distribution based on the h-index OGP-

allocated strategy of citations (i.e., Eq. (9)). 

Step 2: Let 𝑅Iℎ(3)J = a∑ 	𝑐𝑖𝑡%,"
(3)%(')

"/&  be the R-index under the citation distribution 

K𝑐𝑖𝑡%,"
(3)`1 ≤ 𝑗 ≤ 𝑛#L  for 𝑧 ∈ ^1, 𝑛# − ℎ(+)_ . If there exists 𝑧 ∈ ^1, 𝑛# − ℎ(+)_ 

such that 𝑅(-) ∈ I𝑅Iℎ(34&)J, 𝑅Iℎ(3)J_, then go to Step 3; otherwise, go to Step 4. 



 9 

Step 3: If 𝑅(-) ∈ ba∑ 𝑐𝑖𝑡"%('())
"/& +∑ ;𝑐𝑖𝑡%,"

(3) − 𝑐𝑖𝑡"=%(')
"/& ，𝑅Iℎ(3)Jc , let 𝑐𝑖𝑡2,"

(-) =

𝑐𝑖𝑡%,"
(3)I1 ≤ 𝑗 ≤ 𝑛#J, then go to Step 5; otherwise, let 

𝑐𝑖𝑡2,"
(-) =

d
𝑐𝑖𝑡%,"

(34&),													𝑖𝑓	𝑗 > ℎ(34&),																																																																																																

𝑐𝑖𝑡%,"
(34&) + ∆2," , 𝑖𝑓	𝑗 ≤ ℎ(34&), where	∑ ∆2,"%('())

"/& = I𝑅(-)J
'
−∑ 𝑐𝑖𝑡%,"

(34&)%('())
"/& ,

then go 

to Step5. 

Step 4: Let 𝑐𝑖𝑡2,"
(-) = 𝑐𝑖𝑡%,"

((!4%(&)) + ∆2,"I1 ≤ 𝑗 ≤ 𝑛#J , where ∑ ∆2,"
(!
"/& = I𝑅(-)J' −

∑ 𝑐𝑖𝑡%,"
((!4%(&))(!

"/& . 

Step 5: Output 𝑐𝑖𝑡2,"
(-). 

 

Algorithm I is based on the use of the h-index OGP-allocated strategy of citations. When 

calculating the R-index, the associated h-index based on the citation distribution is determined. 

Therefore, Step 1 of Algorithm I consists of increasing the h-index from ℎ(+) to ℎ(3) with the 

h-index OGP-allocated strategy of citations and obtains the K𝑐𝑖𝑡%,"
(3)`1 ≤ 𝑗 ≤ 𝑛#L for any 𝑧 ∈

^1, 𝑛# − ℎ(+)_ . Then, the relationship between 𝑅(-)  and the R-index (𝑅Iℎ(3)J) under the 

citation distribution K𝑐𝑖𝑡%,"
(3)`1 ≤ 𝑗 ≤ 𝑛#L is analyzed in Step 2. Finally, the OGP-allocated 

strategy of citations 𝑐𝑖𝑡2,"
(-) is obtained based on 𝑐𝑖𝑡%,"

(3), 𝑐𝑖𝑡%,"
(34&), and 𝑐𝑖𝑡%,"

((!4%(&)) according 

to the different possible cases (Steps 3). If there exists 𝑧 ∈ ^1, 𝑛# − ℎ(+)_ such that 𝑅(-) ∈

I𝑅Iℎ(34&)J, 𝑅Iℎ(3)J_ ∧ 	𝑅(-) ∈ b𝑅Iℎ(34&)J, a∑ 𝑐𝑖𝑡"%('())
"/& + ∑ ;𝑐𝑖𝑡%,"

(3) − 𝑐𝑖𝑡"=%(')
"/& c,	 then the 

first ℎ(34&) publications are randomly allocated citations adding I𝑅(-)J' − ∑ 𝑐𝑖𝑡%,"
(34&)%('())

"/& , 

while the remaining publications’ citations are unchanged, to guarantee that the sum of citations 

to the first ℎ(34&) publications is I𝑅(-)J'. In Steps 4, the h-index is increased from ℎ(+) to 

𝑛# based on the h-index OGP-allocated strategy of citations and I𝑅(-)J' − ∑ 𝑐𝑖𝑡%,"
((!4%(&))(!

"/&  

citations are randomly allocated to the	𝑛# publications	to guarantee that the sum of citations to 

the 𝑛# publications is I𝑅(-)J'. 

Proposition 5. The e-index OGP-allocated strategy of citations. This strategy is the 

optimal solution to the e-index OGP model (i.e., model (8)), which is given as: 

𝑐𝑖𝑡),"
(-) = S

𝑐𝑖𝑡" + ∆)," , 𝑗 ≤ ℎ(+), where	 ∑ ∆),"%(&)
"/& = I𝑒(-)J

' − ∑ 𝑐𝑖𝑡"%(&)
"/& ,

𝑐𝑖𝑡" ,														𝑗 > ℎ(+).																																																																											
    (12) 
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Based on Eq. (12), the first ℎ(+)  publications are randomly allocated citations, adding 

I𝑒(-)J' − ∑ 𝑐𝑖𝑡"%(&)
"/&  citations, while the remaining publications’ citations are unchanged.  

In the following, we use Example 1 to illustrate the OGP-allocated strategies of citations 

for the selected h-like indexes. 

Example 1. A researcher has 18 publications (i.e., 𝑛#=18) with the citation distribution 

5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 187, as shown in Fig. 1(a). This citation distribution has the following indexes: 

h-index = 7, g-index = 12, A-index = 16.7, R-index = 10.8, and e-index = 8.2. The following 

increase targets are set: ℎ(5) = 7 + 3 = 10, 𝑔(5) = 12 + 3 = 15, 𝐴(5.5) = 16.7 + 3.3 = 20, 

𝑅(5.') = 10.8 + 3.2 = 14, and 𝑒(5.7) = 8.2 + 3.8 = 12.  

(1) The h-index OGP-allocated strategy of citations from ℎ(+) = 7 to ℎ(5) = 10 based on 

Eq. (9) implies an increase of 𝑐𝑖𝑡8 = 9, 𝑐𝑖𝑡7 = 7, 𝑐𝑖𝑡9 = 7, and 𝑐𝑖𝑡&+ = 6 to 10 citations, 

that is, 𝑐𝑖𝑡%,8
(5) = 10, 𝑐𝑖𝑡%,7

(5) = 10, 𝑐𝑖𝑡%,9
(5) = 10, and 𝑐𝑖𝑡%,&+

(5) = 10, while the remaining 

publications’ citations are unchanged. This implies the need for an additional 𝑁(%)(3) =

11 citations to achieve a target h-index of 10.  

(2) The g-index OGP-allocated strategy of citations from 𝑔(+) = 12 to 𝑔(5) = 15 based on 

Eq. (10) implies that I𝑔(5)J
'
−∑ 𝑐𝑖𝑡"

0(*)
"/& = 15' − 154 = 71 citations are to be randomly 

allocated to the first 𝑔(5)=15 publications. Without loss of generality, it is assumed that 

𝑐𝑖𝑡0,&
(5) = 25 + 20 = 45 , 𝑐𝑖𝑡0,'

(5) = 24 + 20 = 44 , 𝑐𝑖𝑡0,5
(5) = 22 + 15 = 37 , 𝑐𝑖𝑡0,:

(5) =

16 + 15 = 31, and 𝑐𝑖𝑡0,7
(5) = 7 + 1 = 8, while the remaining publications’ citations are 

unchanged. Obviously, in this case, 𝑁(0)(3) = 71  additional citations are needed to 

achieve a target g-index of 15. 

(3) The A-index OGP-allocated strategy of citations from 𝐴(+) = 16.7  to 𝐴(5.5) = 20  

based on Eq. (11) implies that 𝐴(5.5)ℎ(+) − ∑ 𝑐𝑖𝑡"%(&)
"/& = 20 × 7 − 117 = 23 citations are 

to be randomly allocated to the first ℎ(+) = 7	publications. Without loss of generality, it is 

assumed that 𝑐𝑖𝑡1,&
(5.5) = 25 + 10 = 35, 𝑐𝑖𝑡1,'

(5.5) = 24 + 5 = 29, 𝑐𝑖𝑡1,5
(5.5) = 22 + 5 = 27, 

𝑐𝑖𝑡1,:
(5.5) = 16 + 1 = 17, 𝑐𝑖𝑡1,;

(5.5) = 11 + 1 = 12, and 𝑐𝑖𝑡1,<
(5.5) = 10 + 1 = 11, while the 

remaining publications’ citations are unchanged. In this case, 𝑁(1)(3.3) = 23 additional 

citations are needed to achieve a target A-index of 20. 

(4) The R-index OGP-allocated strategy of citations from 𝑅(+) = 10.8  to 𝐴(5.') = 14  is 

obtained be applying Algorithm I. In this case, it is RIℎ(&)J = 11.2, RIℎ(')J = 11.6, 

RIℎ(5)J = 12.2 , RIℎ(:)J = 12.8 , RIℎ(;)J = 13.5 , RIℎ(<)J = 14.3 , RIℎ(8)J = 15.1 , 

RIℎ(7)J = 15.9 , RIℎ(9)J = 16.7 , 	RIℎ(&+)J = 17.6 , and RIℎ(&&)J = 18.5 . 
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Therefore,𝑅(5.') ∈ (RIℎ(;)J, RIℎ(<)J], and because a∑ 𝑐𝑖𝑡"%(+)
"/& +∑ ;𝑐𝑖𝑡%,"

(<) − 𝑐𝑖𝑡"=%(,)
"/& =

14.18, it is 𝑅(5.') ∈ bRIℎ(;)J, a∑ 𝑐𝑖𝑡"%(+)
"/& +∑ ;𝑐𝑖𝑡%,"

(<) − 𝑐𝑖𝑡"=%(,)
"/& c. First, based on Eq. (9), 

citations 𝑐𝑖𝑡; = 11 , 𝑐𝑖𝑡< = 10 , 𝑐𝑖𝑡8 = 9 , 𝑐𝑖𝑡7 = 7 , 𝑐𝑖𝑡9 = 7 , 𝑐𝑖𝑡&+ = 6 , 𝑐𝑖𝑡&& = 5 , 

and 𝑐𝑖𝑡&' = 5 are increased to 12 to obtain the OGP citation distribution K𝑐𝑖𝑡%,"
(;)|1 ≤ 𝑗 ≤

18L , that is, 𝑐𝑖𝑡%,;
(;) = 12 , 𝑐𝑖𝑡%,<

(;) = 12 , ⋯ , 𝑐𝑖𝑡%,&'
(;) = 12 . Second,  I𝑅(5.')J' −

∑ 𝑐𝑖𝑡%,"
(;)%(+)

"/& = 14' − 183 = 13  citations are to be randomly allocated to the first 12 

publications of the citation distribution K𝑐𝑖𝑡%,"
(;)|1 ≤ 𝑗 ≤ 18L. Without loss of generality, it 

is assumed that 𝑐𝑖𝑡2,&
(5.') = 25 + 6=31, and 𝑐𝑖𝑡2,'

(5.') = 24 + 7=31, while the remaining 

publications’ citations are unchanged. In this case, 𝑁(2)(3.2) = 49 additional citations 

are required to achieve a target R-index of 14. 

(5) The e-index OGP-allocated strategy of citations 𝑒(+) = 8.2 to 𝑒(5.7) = 12 based on Eq. 

(12) implies the random allocation of I𝑒(5.7)J' − ∑ 𝑐𝑖𝑡"%(&)
"/& = 12' − 117 = 27 citations 

to the first ℎ(+) = 7	publications of the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 187. Without 

loss of generality, it is assumed that 𝑐𝑖𝑡),&
(5.7) = 25 + 10 = 35, 𝑐𝑖𝑡),'

(5.7) = 25 + 4 = 29, 

𝑐𝑖𝑡),5
(5.7) = 22 + 2 = 24, 𝑐𝑖𝑡),:

(5.7) = 16 + 8 = 24,	𝑐𝑖𝑡),;
(5.7) = 11 + 2 = 13, and 𝑐𝑖𝑡),8

(5.7) =

9 + 1 = 10, while the remaining publications’ citations are unchanged. Thus, there is a 

need for 𝑁())(3.8) = 27 additional citations to achieve an e-index target of 12. 

The h-index, g-index, A-index, R-index, and e-index OGP citation distributions are shown 

in Figs.1(b)–(f), respectively. The red bars denote the required changes in the original citation 

distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 in Fig. 1(a). 
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Fig. 1 Citation distributions 𝑐𝑖𝑡", 𝑐𝑖𝑡%,"
(5), 𝑐𝑖𝑡0,"

(5), 𝑐𝑖𝑡1,"
(5.5), 𝑐𝑖𝑡2,"

(5.'), and 𝑐𝑖𝑡),&
(5.7)(1 ≤ 𝑗 ≤ 18) 

in Example 1. 

Given the number of additional citations M, the h-index OGP-allocated strategy of 

citations maximizes the h-index (see Algorithm II in Appendix C) by obtaining the maximum 

k values subject to the constraint ∑ ;𝑐𝑖𝑡%,"
(-) − 𝑐𝑖𝑡"= ≤ 𝑀(!

"/&  and Eq. (9). Similar methods can 

be developed for the other h-like indexes; thus, the maximum h-index, g-index, A-index, R-

index, and e-index values of ℎ(=) , 𝑔(=) , 𝐴(=) , 𝑅(=) , and 𝑒(=)  can be obtained with M 

additional citations. Example 2 illustrates that the maximum values of ℎ(=) , 𝑔(=) , 𝐴(=) , 

𝑅(=), and 𝑒(=) can be obtained by strategically allocating 𝑀 = 10 additional citations to a 

researcher’s citation distribution using the proposed OGP methodology. 

Example 2. A researcher has 10 publications (i.e., 𝑛#=10) with the citation distribution 

5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 107: 𝑐𝑖𝑡& = 21, 𝑐𝑖𝑡' = 15, 𝑐𝑖𝑡5 = 10, 𝑐𝑖𝑡: = 8, 𝑐𝑖𝑡; = 6, 𝑐𝑖𝑡< = 5, 𝑐𝑖𝑡8 =

5, 𝑐𝑖𝑡7 = 4, 𝑐𝑖𝑡9 = 1, and 𝑐𝑖𝑡&+ = 0. The citation distribution for the indexes are as follows:  

h-index = 5, g-index = 8, A-index = 12, R-index = 7.7, and e-index = 5.9. Based on Eq. (9), 

𝑁(%)(2) = 5  and 𝑁(%)(3) = 12 . With 𝑀 = 10  additional citations, 𝑁(%)(2) < 𝑀 <

𝑁(%)(3); therefore, ℎ(=) = 5 + 2 = 7. Similarly, the following values are obtained: 𝑔(=) =

9, 𝐴(=) = 14, 𝑅(=) = 8.9, and 𝑒(=) = 6.7. 

2.3.  Properties of the OGP-allocated strategies 

In this subsection, some interesting properties of the OGP problems for the selected h-like 

indexes are presented. As mentioned before, we assume a set of n! publications with citations 

indexed in descending order, that is, 𝑐𝑖𝑡& ≥ 𝑐𝑖𝑡' ≥ ⋯ ≥ 𝑐𝑖𝑡(!. Let the h-index, the g-index, 
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(f) The OGP citation distribution of the e−index
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the A-index, the R-index, and the e-index associated with this citation distribution be ℎ(+), 𝑔(+), 

𝐴(+),	 𝑅(+),	 and 	𝑒(+), respectively. 

Property 1. Let 𝑋 = {ℎ, 𝑔, 𝐴, 𝑅, 𝑒} be the set of h-like indexes. For any element in 𝑋, 

there exists an OGP citation distribution that maintains the descending order of citations, that 

is, 𝑐𝑖𝑡>,"?&
(-) ≤ 𝑐𝑖𝑡>,"

(-)I1 ≤ 𝑗 ≤ 𝑛# − 1J for any 𝑥 ∈ 𝑋.  

Example 1 shows that the OGP citation distributions 𝑐𝑖𝑡%,"
(5), 𝑐𝑖𝑡0,"

(5), 𝑐𝑖𝑡1,"
(5.5), 𝑐𝑖𝑡2,"

(5.'), and 

𝑐𝑖𝑡),&
(5.7)	(1 ≤ 𝑗 ≤ 18)  in Figs.1(b)–(f) all maintain the descending order of the citation 

distribution in Fig. 1(a). The random strategy allocation of the citations of the OGP for the g-

index, A-index, R-index, and e-index implies that the OGP citation distribution is not unique. 

Property 1 means that at least one of these OGP citation distributions maintains the citation 

ranking of the original publications.  

Property 2. Let the g-index, A-index, R-index and e-index under the h-index OGP citation 

distribution K𝑐𝑖𝑡%,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L be 𝑔Iℎ(-)J, 𝐴Iℎ(-)J, 𝑅Iℎ(-)J, and 𝑒Iℎ(-)J, respectively. 

Then, it is 𝑔Iℎ(-)J ≥ 𝑔(+), 𝑅Iℎ(-)J ≥ 𝑅(+), 𝑒Iℎ(-)J ≤ 𝑒(+), and  

𝐴Iℎ(-)Jv
> 𝐴(+),			𝑖𝑓	

∑ 𝑐𝑖𝑡"%(&)
"/&

∑ 𝑐𝑖𝑡%,"
(-)%($)

"/&
<

ℎ(+)

𝑘 + ℎ(+)
,

≤ 𝐴(+),			𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.																												

 

Property 2 shows that the h-index OGP increases the g-index and R-index, while 

decreasing the e-index. In addition, the behavior of the A-index is based on the relationship 

between ∑ 𝑐𝑖𝑡"%(&)
"/&  and ∑ 𝑐𝑖𝑡%,"

(-)%($)
"/& .  

Property 3. Let ℎI𝑔(-)J, ℎI𝐴(-)J, ℎI𝑅(-)J, and ℎI𝑒(-)J be the h-indexes under the g-

index, A-index, R-index and e-index OGP citation distributions K𝑐𝑖𝑡0,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L , 

K𝑐𝑖𝑡1,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L, K𝑐𝑖𝑡2,"

(-)|1 ≤ 𝑗 ≤ 𝑛#L, and K𝑐𝑖𝑡),"
(-)|1 ≤ 𝑗 ≤ 𝑛#L, respectively. Then, it is 

ℎI𝐴(-)J = ℎ(+), ℎI𝑒(-)J = ℎ(+), ℎI𝑔(-)J ≥ ℎ(+), and ℎI𝑅(-)J ≥ ℎ(+). 

Property 3 shows that the g-index OGP and R-index OGP both increase the h-index. 

Nevertheless, neither the A-index OGP nor the e-index OGP has any effect on the h-index. 

Property 4. Let the maximum values of the h-index, g-index, A-index, R-index, and e-

index obtained with the M additional citations be ℎ(=) , 𝑔(=) , 𝐴(=) , 𝑅(=) , and 

𝑒(=),	respectively. Then, it is 

(1) 𝐴(=) =
=?()(&))"

%(&)
+ ℎ(+)  and 𝑒(=) = w(𝑒(+))' +𝑀  for any citation distribution 

5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7. 
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(2) ℎ(=) ∈ xyw𝑀 + (ℎ(+))'z , ^√𝑀 + ℎ(+)_| , where ℎ(=) = yw𝑀 + (ℎ(+))'z  when 𝑐𝑖𝑡" =

ℎ(+)I𝑗 ≤ ℎ(+)J , and 𝑐𝑖𝑡" = 0I𝑗 > ℎ(+)J ; and ℎ(=) = ^√𝑀 + ℎ(+)_when 𝑐𝑖𝑡" ≥ 𝑛#I𝑗 ≤

ℎ(+)J, 𝑐𝑖𝑡" = ℎ(+)I𝑗 > ℎ(+)J. 

(3) 𝑔(=) ∈ }yw𝑀 + (𝑔(+))'z , ~a&
:
(𝑔(+))' + 𝑔(+) +𝑀 + &

'
𝑔(+)c� , where 𝑔(=) =

yw𝑀 + (𝑔(+))'z  when 𝑐𝑖𝑡" = 𝑔(+)I𝑗 ≤ 𝑔(+)J , 𝑐𝑖𝑡" = 0I𝑗 > 𝑔(+)J ; and 𝑔(=) =

~a&
:
(𝑔(+))' + 𝑔(+) +𝑀 + &

'
𝑔(+)c when ∑ 𝑐𝑖𝑡"

0())
"/& = I𝑔(&)J' − 1, 𝑐𝑖𝑡" = 𝑔(+)I𝑗 > 𝑔(+)J. 

(4) 𝑅(=) ∈ ~w𝑀 + (ℎ(+))', a(𝑒(+))' + ^√𝑀 + ℎ(+)_ℎ(+) +𝑀c, where 𝑅(=) = w𝑀 + (ℎ(+))' 

when 𝑐𝑖𝑡" = ℎ(+)I𝑗 ≤ ℎ(+)J , 𝑐𝑖𝑡" = 0I𝑗 > ℎ(+)J ; and 𝑅(=) =

a(𝑒(+))' + ^√𝑀 + ℎ(+)_ℎ(+) +𝑀  when 𝑐𝑖𝑡" = ℎ(+)I𝑗 > ℎ(+)J , ∑ 𝑐𝑖𝑡"%(&)
"/& = Iℎ(+)J' +

I𝑒(+)J'. 

Property 4 shows the different roles of the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 in 

the selected h-like indexes: 𝐴(=) and 𝑒(=) are independent of the citation distribution 

5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7, whereas the upper and lower bounds of ℎ(=) , 𝑔(=) , and 𝑅(=)  are 

determined by the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7. 

3. Citation sensitivity analysis of the h-like indexes based on a growth rate metric 

This section compares the sensitivity to the citations of the selected h-like indexes through 

simulation experiments with both real and random data. 

3.1.  Data and simulation method  

Both real data and random data are used in the sensitivity analysis with the comparisons 

reported herein. As set of 𝑛# publications with total citations 𝑛@ = ∑ 𝑐𝑖𝑡"
(!
"/&  is assumed. 

l Real data. We consider several data sources, including both high-cited researchers and 

low-cited researchers; the total number of citations of researchers is distributed in 

[7, 334762] , that is, 𝑛@ ∈ [7, 334762]  (please see the sharing of real data: 

https://github.com/Meiqian-Chen/H-like-indexes_datasets). The data sources are as 

follows: 

(i) Microsoft Academic Search data of the top 100 researchers based on the h-index ranking 

until January 29, 2020. In this study, two research fields are considered: Library Science, 

and Management Science (see https://academic.microsoft.com/authors).  
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(ii) Microsoft Academic Search data of the “AI’s 10 to Watch” list of the 10 prominent young 

researchers in Artificial Intelligence (AI), which is updated every two years by the IEEE 

Intelligent Systems. Specifically, this study uses the “AI’s 10 to Watch” data from 2011 

and 2013 (Wang, 2011; Zeng, 2013). 

(iii) The dataset provided by van Bevern et al. (2016), which consists of the Google Scholar 

data of 22 researchers listed in the International Joint Conferences on Artificial 

Intelligence Organization in 2013 (IJCAI’13) and 30 researchers randomly selected from 

the International Joint Conferences on Artificial Intelligence Organization in 2018 

(IJCAI’18) (see https://www.ijcai.org/proceedings/2018/).  

l Random data. Citation distributions are often skewed (Lotka, 1926; Albarrán & Ruiz-

Castillo, 2011); thus, in the simulation analysis, we analyze the sensitivity to the citations 

of the selected h-like indexes under a skewed citation distribution. Based on the 

“scipy.stats.pareto” function in Python software, a set of random citations 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤

𝑛#7 with distribution 𝑝(𝑐𝑖𝑡")~𝑘 I𝑐𝑖𝑡"J
A⁄ (𝑗 = 1,2,3,⋯ , 𝑛#) subject to ∑ 𝑐𝑖𝑡"

(!
B/& = 𝑛@ is 

generated. In this study, the following parameter values are used: 𝜆 = 1.5, and 𝑘 = 3. 

l Simulation method. For a citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 and for each 𝑥 ∈ 𝑋 

(as defined in Property 1), the maximum value 𝑥(=)	with additional 𝑀  citations is 

computed based on the corresponding x-index OGP. Because the scales of these h-like 

indexes differ, we cannot directly use their maximum value 𝑥(=)	for comparison purposes. 

In this study, the growth rate  

𝑟(𝑥) = >(-)4>(&)

>(&)
= >(-)

>(&)
− 1                       (19) 

is used to measure sensitivity to the citations of the x-index. The higher the growth rate of 

𝑟(𝑥), the higher is the sensitive to the citations of the x-index. In the selected h-like 

indexes, the A-index, R-index, and e-index can be increased infinitely, whereas the h-index 

and g-index are finite under a fixed 𝑛#. However, as the growth rate metric is mainly 

determined by the ratio of the growth value to the initial value >(-)
>(&)

, we argue that this 

metric is suitable for measuring the increase in all the selected h-like indexes. A similar 

concept of this ratio metric is used in different disciplines. For example, the GDP growth 

rate is often used to measure the economic development of countries in economics (Wu, 

2007) and the approximation ratio is used to measure the performance of approximation 

algorithms (Cormen et al., 2009) in computer sciences. 
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3.2. Simulation results 

We set 𝑀 = (.
;

 and obtain the values of 𝑟(ℎ), 𝑟(𝑔), 𝑟(𝐴), 𝑟(𝑅), and 𝑟(𝑒) associated 

with each researcher under the six real datasets, which are shown in Fig. 2. Meanwhile, we set 

𝑀 = 40, 80, 100, 200 and obtain the average 𝑟(ℎ), 𝑟(𝑔), 𝑟(𝐴), 𝑟(𝑅), and 𝑟(𝑒) values of 

all the researchers under the six real datasets, which are shown in Fig. 3. 

 
Fig. 2 Growth rates of the selected h-like indexes associated with each researcher for the six 

real datasets. 
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Fig. 3 Average growth rates of all the involved researchers for the selected h-like indexes 

under the six real datasets. 

From Figs. 2 and 3, we can make the following observations: 

(1) In most cases and in all the real datasets, the values of 𝑟(ℎ) are higher than the values 

of 𝑟(𝑔) , 𝑟(𝐴) , 𝑟(𝑅) , and 𝑟(𝑒) , which means that the most popular citation-based 

bibliometric metric h-index is the most sensitive to citations (in the sense of the OGP and 

growth rate metric). 

(2) Fig. 3 shows the average sensitivity to the citations of the selected h-like indexes based 

on the OGP models and growth rate metric, which we can approximately rank as follows: g-

index≺R-index≺e-index≺A-index≺h-index, where ≺ denotes less sensitive. 

Notably, as the number of citations M increases, the values of 𝑟(𝐴), 𝑟(𝑅) and 𝑟(𝑒) 

exceed 𝑟(ℎ) for some of the researchers in the IJCAI’s 13 and IJCAI’s 18 datasets because 

the value of ℎ(=) reaches its upper bound 𝑛#. 

To enhance robustness, we compare the sensitivity to the citations of the selected h-like 

indexes using randomly generated citation distributions. Specifically, we consider 3 classes of 

researchers: low-cited researchers ( 𝑛@ ∈ [20,300] ), medium-cited researchers ( 𝑛@ ∈

[550,1000]), and high-cited researchers (𝑛@ ∈ [2000,20000]); and each class contains six 

groups of different parameter settings (see Table 2).  
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Table 2 The six groups of parameter settings for the three classes of researchers.  

 Low-cited researchers Medium-cited researchers High-cited researchers 

Group 1 𝑛/ = 20, 𝑛0 = 6, 
𝑀 = 10 

𝑛/ = 550, 𝑛0 = 30, 
𝑀 = 100 

𝑛/ = 2000, 𝑛0 = 70, 
𝑀 = 400 

Group 2 𝑛/ = 70, 𝑛0 = 10, 
𝑀 = 10 

𝑛/ = 640, 𝑛0 = 30, 
𝑀 = 80 

𝑛/ = 4000, 𝑛0 = 70, 
𝑀 = 600 

Group 3 𝑛/ = 150, 𝑛0 = 15, 
𝑀 = 30 

𝑛/ = 700, 𝑛0 = 55, 
𝑀 = 80 

𝑛/ = 6000, 𝑛0 = 90, 
𝑀 = 600 

Group 4 𝑛/ = 200, 𝑛0 = 15, 
𝑀 = 25 

𝑛/ = 850, 𝑛0 = 55, 
𝑀 = 180 

𝑛/ = 10000, 𝑛0 = 200, 
𝑀 = 1000 

Group 5 𝑛/ = 250, 𝑛0 = 40, 
𝑀 = 35 

𝑛/ = 850, 𝑛0 = 40, 
𝑀 = 120 

𝑛/ = 18000, 𝑛0 = 200, 
𝑀 = 1500 

Group 6 𝑛/ = 300, 𝑛0 = 40, 
𝑀 = 25 

𝑛/ = 1000, 𝑛0 = 80, 
𝑀 = 180 

𝑛/ = 20000, 𝑛0 = 150, 
𝑀 = 1500 

 

Under each parameter setting, the simulation method is run 1000 times to obtain the 

average growth rates for the selected h-like indexes, which are shown in Fig. 4.  

 
Fig. 4 The average growth rate for the selected h-like indexes with 1000 randomly generated 

citation distributions.  
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Fig. 4 corroborates the observation obtained with the real datasets (see Figs. 2 and 3) for 

all the classes of the low-cited researchers, medium-cited researchers, and high-cited 

researchers.  

4. Discussion: The combination of the h-index with another h-like index 

The h-index is a popular citation-based metric, and several variants have been proposed 

to complement it. In this section, we discuss the combination of the h-index with another h-like 

index to determine the best combination in terms of sensitivity to citation performance. Let 

𝑋 = {ℎ, 𝑔, 𝐴, 𝑅, 𝑒}, and 𝑥 ∈ 𝑋. The combination of the h-index with the 𝑥-index, (ℎ, 𝑥), is 

mainly based on the former, with the latter is used as a complement. Given the citation 

distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7  and number of additional citations 𝑀 , we propose the 

following steps to analyze the sensitivity to the citations of (ℎ, 𝑥): 

Step 1: Calculate the ℎ(=) value based on the h-index OGP. 

Step 2: Calculate the x-index value of the citation distribution associated with ℎ(=) , 

𝑥Iℎ(=)J. 

Step 3: Calculate the growth rate of (ℎ, 𝑥) under additional citations 𝑀 by          

𝑟(ℎ, 𝑥) = �
%(-)4%(&)

%(&)
+ >C%(-)D4>(&)

>(&) � /2                    (20) 

𝑟(ℎ, 𝑥) is considered to be a measurement of the sensitivity to the citations of (ℎ, 𝑔). 

Clearly, 𝑟(ℎ, 𝑥) = &
'
𝑟(ℎ) + &

'
∙ >
C%(-)D4>(&)

>(&)
. We argue that 𝑟(ℎ, 𝑥) is based on the h-index and 

its OGP, whereas the 𝑥-index is employed to balance the h-index OGP. A lower value of 

𝑟(ℎ, 𝑥) indicates a better performance of the 𝑥-index to balance the h-index OGP. 

With additional citations 𝑀 = 40, 80, 100, 200, the average values of 𝑟(ℎ), 𝑟(ℎ, 𝑔), 

𝑟(ℎ, 𝐴), 𝑟(ℎ, 𝑅), and 𝑟(ℎ, 𝑒) are obtained for all the researchers’ citation distributions under 

the six real datasets. The results are showed in Fig. 5. Furthermore, for each parameter setting 

proposed in Section 3.2, 1000 citation distributions are randomly generated and their average 

values of 𝑟(ℎ), 𝑟(ℎ, 𝑔), 𝑟(ℎ, 𝐴), 𝑟(ℎ, 𝑅), and 𝑟(ℎ, 𝑒) are plotted in Fig. 6. 
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Fig. 5 The average growth rates of the combination of the h-index with another h-like index 

for all the researchers’ citation distributions under the six real datasets. 

 
Fig. 6 The average growth rates of the combination of the h-index with another h-like index 

from1000 randomly generated citation distributions. 
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The following observations can be drawn from Figs. 5 and 6: 

(1) The growth rates 𝑟(ℎ, 𝑔), 𝑟(ℎ, 𝐴), 𝑟(ℎ, 𝑅), and 𝑟(ℎ, 𝑒) are lower than the single 

growth rate 𝑟(ℎ) for both the real and the random data. This means that the combination of 

the h-index with another h-like index can attenuate the sensitivity to the citations of the h-index. 

(2) On average, with the combination of the h-index with another h-like index, the 

sensitivity to citations ranking based on the OGP model and growth rate metric is (ℎ, 𝐴) ≺

(ℎ, 𝑒) ≺ (ℎ, 𝑔) ≺ (ℎ, 𝑅) ≺ ℎ. 

Finally, although the g-index performed the best of all the selected h-like indexes in the 

previous comparison of sensitivity to citations, this is not the case for the combination of the h-

index with another h-like index. This can be explained by the Property 2, which states that in 

the h-index OGP, the g-index and R-index synchronously increase with the h-index. 

5. Conclusion  

This study focused on the OGP models and sensitivity to citation comparisons of h-like 

indexes. The main contributions of this study are as follows: 

(1) We formulate of the OGP models of the h-index, g-index, A-index, R-index, and e-

index, which allows us to reveal how additional citations can be allocated strategically to 

publications to achieve the desired value of the corresponding h-like index. In addition, we 

provide the interesting properties of the OGP problem. 

(2) We conduct simulation experiments with both real and random data and show the 

following ranking of the h-like indexes in terms of their sensitivity to citations based on the 

OGP models and growth rate metric: g-index≺R-index≺e-index≺A-index≺h-index. Although 

the h-index is the most popular of the citation-based metric examined in the study, it is the most 

sensitive to citations. 

(3) We study the combination of the h-index with another h-like index and find that in the 

sense of the OGP model and growth rate metric, the combination with the A-index decreases 

the sensitivity of the h-index the most.  

By analyzing the combination of the h-index with another h-like index, we obtain new 

insights into how to evaluate scientific outputs based on h-like indexes: we can make a 

comprehensive evaluation combined with the h-index and A-index from the perspective of 

defending against the manipulation to citations. 
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To the best of our knowledge, this is the first study to discuss the sensitivity of citation-

based metrics using optimization-based mathematical models. Although this study only 

discusses the sensitivity to the citations of selected h-like indexes, our model can provide a way 

to analyze other citation-based metrics similarly.  
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Appendix A: Notation and symbols 

𝑛# The number of publications of a researcher  
𝑐𝑖𝑡" 	(1 ≤ 𝑗 ≤ 𝑛#) The number of citations of the 𝑗$% publication 
5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 A citation distribution 
𝑋 = {ℎ, 𝑔, 𝐴, 𝑅, 𝑒} The set of the selected h-like indexes 
𝑥(+) The index 𝑥 value of the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 

ℎ(+) The h-index value of the citation distribution 5𝑐𝑖𝑡"|1 ≤ 𝑗 ≤ 𝑛#7 

K𝑐𝑖𝑡>,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L OGP citation distribution of the index 𝑥 

K𝑐𝑖𝑡%,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L  OGP citation distribution of the h-index 

𝑥(-) The index 𝑥 value when 𝑥(+) is increased by 𝑘 
ℎ(-) The h-index value when ℎ(+) is increased by 𝑘 
𝑁(>)(𝑘)  The citations needed in the index 𝑥 OGP 
𝑁(%)(𝑘)  The citations needed in the h-index OGP  
𝑥Iℎ(-)J The index 𝑥 value of the citation distribution K𝑐𝑖𝑡%,"

(-)|1 ≤ 𝑗 ≤ 𝑛#L 

𝑔Iℎ(-)J The g-index value of the citation distribution K𝑐𝑖𝑡%,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L 

ℎI𝑥(-)J The h-index value of the citation distribution K𝑐𝑖𝑡>,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L 

ℎI𝑔(-)J The h-index value of the citation distribution K𝑐𝑖𝑡0,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L 

𝑀 The given number of additional citations 
𝑥(=)  The maximum value of the index 𝑥 with additional citations 𝑀 
ℎ(=)  The maximum value of the h-index with additional citations 𝑀 
𝑥Iℎ(=)J  The index 𝑥 value of the citation distribution associated with ℎ(=)  
𝑔Iℎ(=)J  The g-index value of the citation distribution associated with ℎ(=)  
𝑛@ The total number of citations to a researcher’s publications 

𝑟(𝑥)  
The maximum growth rate of the index 𝑥 with additional citations 
𝑀 

𝑟(ℎ)  The maximum growth rate of the h-index with additional citations 𝑀 
(ℎ, 𝑥) The combination of the h-index with the index 𝑥 
(ℎ, 𝑔) The combination of the h-index with the g-index  
𝑟(ℎ, 𝑥) The maximum growth rate of (ℎ, 𝑥) with additional citations 𝑀 
𝑟(ℎ, 𝑔) The maximum growth rate of (ℎ, 𝑔) with additional citations 𝑀 
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Appendix B: Proofs 

Proof of Proposition 1: 

After the h-index is increased from ℎ(+) to ℎ(-), let K𝐶%,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L be a citation 

distribution, indexed in the order of decreasing value, based on an h-index allocated strategy of 

citations. Then, 𝐶%,"
(-) ≥ ℎ(-), if 𝑗 ≤ ℎ(-), while 𝐶%,"

(-) ≤ ℎ(-), if 𝑗 > ℎ(-). Based on the Eq. (9), 

we can easily obtain 𝐶%,"
(-) ≥ 𝑐𝑖𝑡%,"

(-) (1 ≤ 𝑗 ≤ 𝑛#). Thus, ∑ (𝐶%,"
(-) − 𝑐𝑖𝑡")

(!
"/& ≥ ∑ (𝑐𝑖𝑡%,"

(-) −(!
"/&

𝑐𝑖𝑡"), which implies that Eq. (9) is an h-index OGP-allocated strategy for the citations. 

This completes the proof of Proposition 1. 

Proof of Proposition 2: 

After the g-index is increased from 𝑔(+) to 𝑔(-), let K𝐶0,"
(-)|1 ≤ 𝑗 ≤ 𝑛#L be a citation 

distribution, indexed in the order of decreasing value, based on any g-index-allocated strategy 

of citations. Then, ∑ 𝐶0,"
(-)0($)

"/& ≥ I𝑔(-)J' and ∑ 𝐶0,"
(-)0($1))

"/& < I𝑔(-?&)J'. Based on the Eq. (10), 

it is ∑ 𝐶0,"
(-)0($)

"/& ≥ ∑ 𝑐𝑖𝑡0,"
(-)0($)

"/&  and 𝐶0,"
(-) ≥ 𝑐𝑖𝑡0,"

(-)	 ( 𝑗 > 𝑔(-) ). Thus, ∑ (𝐶0,"
(-) − 𝑐𝑖𝑡")

(!
"/& ≥

∑ (𝑐𝑖𝑡0,"
(-) − 𝑐𝑖𝑡")

(!
"/& , which implies that Eq. (10) is a g-index OGP-allocated strategy of 

citations. 

This completes the proof of Proposition 2. 

Proof of Proposition 3: 

From its definition, it is 𝐴 = &
%
∑ 𝑐𝑖𝑡"%
"/&  and, therefore, it is obvious that the A-index 

OGP-allocated strategy is the random allocation of additional citations to the h-core 

publications. Thus, it is only left to prove that the h-index is always equal to ℎ(+) when the A-

index is increased from 𝐴(+) to 𝐴(-) with the minimum allocated citations. Two cases are 

considered:  

Case Ⅰ: The h-index increases from ℎ(+) to ℎ(3)	(1 ≤ 𝑧 ≤ 𝑛# − ℎ(+)) based on Eq. (9) and 

citations are randomly allocated to the first ℎ(3) publications. Doing this, the additional 

citations needed are 𝑁(1)(𝑘)E = 𝐴(-)ℎ(3) − ∑ 𝑐𝑖𝑡"%(')
"/& . 

Case ⅠI: Keep the h-index unchanged and randomly allocate citations to the first ℎ(+) 

publications. Doing this, the additional citations needed are 𝑁(1)(𝑘) = 𝐴(-)ℎ(+) −

𝐴(+)ℎ(+). 

The difference between the additional citations of both cases is  
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𝑁(1)(𝑘)E −𝑁(1)(𝑘)  

= b𝐴(-)ℎ(3) −� 𝑐𝑖𝑡"
%(')

"/&
� − I𝐴(-)ℎ(+) − 𝐴(+)ℎ(+)J 

			= 𝑧 ∙ 𝐴(-) + 𝐴(+)ℎ(+) − b� 𝑐𝑖𝑡"
%(&)

"/&
+� 𝑐𝑖𝑡"

%(')

"/%())
�. 

Based on Eq. (1), 𝐴(+)ℎ(+) = ∑ 𝑐𝑖𝑡"%(&)
"/&  and 𝑧 ∙ 𝐴(-) ≥ ∑ 𝑐𝑖𝑡"%(')

"/%()) . This proves that 

𝑁(1)(𝑘)E −𝑁(1)(𝑘) ≥ 0, and therefore, fewer additional citations are needed when the h-index 

is kept unchanged while increasing the A-index from 𝐴(+) to 𝐴(-). 

This completes the proof of Proposition 3. 

Proof of Proposition 4: 

From its definition, it is 𝑅 = a∑ 𝑐𝑖𝑡"%
"/& 	 and, therefore, it is obvious that the random 

allocation of additional citations to the h-core publications is the A-index OGP allocated 

strategy. Thus, it is only left to prove that the h-index changes when the R-index is increased 

from 𝑅(+) to 𝑅(-) with the minimum allocated citations. Two cases are considered:   

Case Ⅰ: The h-index increases from ℎ(+) to ℎ(3)	(0 ≤ 𝑧 ≤ 𝑛# − ℎ(+)) based on Eq. (9), and 

citations are randomly allocated to the first ℎ(3)  publications. Doing this requires 

𝑁(2)(𝑘)E = 𝑁(%)(𝑧) + I𝑅(-)J' −∑ 𝑐𝑖𝑡%,"
(3)%(')

"/&  additional citations. 

Case ⅠI: Keep the h-index unchanged and randomly allocate additional citations to the first ℎ(+) 

publications. This requires 𝑁(2)(𝑘) = I𝑅(-)J' −∑ 𝑐𝑖𝑡"%(&)
"/&  additional citations. 

Note that 𝑁(2)(𝑘) − 𝑁(2)(𝑘)E = ∑ 𝑐𝑖𝑡%,"
(3)%(')

"/& − ∑ 𝑐𝑖𝑡"%(&)
"/& −𝑁(%)(𝑧) ≥ 0 , that is,  

𝑁(2)(𝑘) ≥ 𝑁(2)(𝑘)E, which means that the A-index OGP-allocated strategy implies that the h-

index increases while increasing the R-index from 𝑅(+) to 𝑅(-). Consequently, the A-index 

OGP citation distribution K𝑐𝑖𝑡%,"
(3)`1 ≤ 𝑗 ≤ 𝑛#L that satisfies 𝑅(-) ∈ I𝑅Iℎ(34&)J, 𝑅Iℎ(3)J_ is 

obtained first, followed by the random allocation of the additional citations to the first ℎ(34&) 

publications. However, this could lead to a number of additional citations higher than 𝑁(%)(𝑧); 

now, what is left is to increase the h-index to ℎ(3) to obtain the R-index value of 𝑅Iℎ(3)J (as 

per Step 3 in Algorithm I). 

This completes the proof of Proposition 4. 

Proof of Proposition 5: 

From its definition, it is 𝑒 = a∑ (𝑐𝑖𝑡" − ℎ)%
"/&  and, therefore, it is obvious that the 

random allocation of additional citations to the first ℎ(+) publications is the e-index OGP-

allocated strategy. 
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Appendix C: The Algorithm II 

Algorithm II. The maximum h-index value based on the OGP-allocated strategy of 
citations       

Input: 𝑛#, 𝑐𝑖𝑡" 	I1 ≤ 𝑗 ≤ 𝑛#J, 𝑘 and 𝑀. 

Output: ℎ(-). 

Step 1: Let 𝑘 = 1. 

Step 2: Increase the h-index from ℎ(+)  to ℎ(-)  based on Eq. (9) of the h-index OGP; 

calculate the additional citations needed: 𝑁(%)(𝑘) = ∑ (𝑐𝑖𝑡%,"
(-) − 𝑐𝑖𝑡")

(!
"/& . 

Step 3: If 𝑁(%)(𝑘) ≤ 𝑀, let 𝑘 = 𝑘 + 1, and go to Step 2; otherwise, let 𝑘 = 𝑘 − 1, and 

continue to Step 4. 

Step 4: Output ℎ(-). 
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