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Abstract

This article proposes a bidirectional feedback mechanism for consensus in group decision making (GDM) driven

by the behavior of decision makers (DMs), which is discriminated with a flexible harmony degree as one of three

possible states: (1) ‘tolerance behavior ’; (2) ‘rationalist behavior ’; and (3) ‘conflict behavior ’. The first two states

are possible to be resolved in the consensus reaching process with one round of feedback recommendations to

the discordant DMs. However, in the conflict state, which implies the lack of harmony between the group

aim of ‘consensus’ and the individual benefit, it is unreasonable to be resolved with only discordant DMs’

feedback recommendations, and concordant DMs are also expected to make concessions at some degree. To

address this not so unusual research problem, a theoretical bidirectional feedback mechanism framework for

consensus is developed. Firstly, a maximum consensus driven feedback model is proposed to resolve ‘conflict

behavior ’ between the concordant and discordant DMs. Secondly, a maximum harmony driven feedback model

is activated to support the discordant DMs to reach the threshold values of group consensus. A numerical

example is provided to illustrate and verify the proposed mechanism usefulness and how it compares against

other existent feedback mechanisms in terms of the extent up to which DMs’ preferences are changed for reaching

consensus.

Keywords: Group decisions and negotiations, Consensus, Bidirectional feedback mechanism, Behavior

analysis, Harmony degree

1. Introduction

By group decision making (GDM) we refer to a fusion process of individual preferences on a finite set of

alternatives that aims to derive the best collective solution to a common decision problem [17, 21, 25]. Some

GDM procedures consist of two consecutive steps [36]: (1) the consensus reaching process that aims to reduce

disagreement among decision makers (DMs) and enhance group satisfaction; and (2) the selection process that

generates the group acceptable solution.

Within this framework, a feedback mechanism refers to a formal model of advices generation to modify

DMs’ discordant opinions that aims at reaching consensus [2, 29, 30]. Most existent feedback mechanisms are

designed to provide feedback advice only to discordant DMs on how to adjust their preferences to make them

closer to the corresponding collective group preferences [11, 12, 35]. This is done by implementing a weighted
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average approach based on a static feedback parameter used at the discretion of the group of DMs and therefore

without proper justification for its selection [3, 34]. One implication of such feedback mechanism strategy is

that the same feedback advice is provided to DMs with no consideration of their peculiarities [22]. In addition,

these feedback mechanisms adopt a ‘tolerance behavior ’ rule by which discordant DMs are always willing to

modify their preference for the sake of the group consensus without considering their associated adjustment

costs [4]. This feedback mechanism strategy is hereinafter referred to as the ‘traditional ’ feedback strategy.

Different from the ‘tolerance behavior ’ rule, the ‘rationalist behavior ’ rule aims to optimize adjustment

cost of reaching the group consensus threshold value [27, 37]. On the one hand, Chen et al. [3] presented an

approach based on minimum adjustments to improve the consensus in the GDM with opinions evolution; Tan

et al. [20] proposed, on the basis of the DMs’ different available preferences, four general consensus models with

random distribution and preference utility with minimum negotiation cost and maximum utility as goals; Gong

et al. [10] explored a primal problem of minimum cost and its dual problem of maximum return for reaching

the greatest consensus regarding one individual; Sun et al. [19] designed a dynamic feedback mechanism with

attitudinal consensus threshold for minimum adjustment cost in group decision making; while Zhang et al. [35]

developed a soft minimum cost consensus model based on the weighted average operator and its dual model, the

maximum return model. On the other hand, the consensus feedback models based on the feedback/adjustment

behavior have also been studied, with Wu et al. [31, 32] and Gong et al. [9] contributing to the individual

consistency behavior and group consensus behavior with optimization approaches; Liu et al. [14] presented a

consensus model considering overconfidence behaviors that takes DMs’ self-confidence behaviors into account

in social network group decision making [15]; Wu et al. [28] investigated an attitudinal trust recommendation

mechanism to balance individual harmony for reducing discordancy between DMs and the group while in [24]

they constructed an optimal feedback model based on social network analysis to prevent manipulation behavior

in group consensus decision making; Xu et al. [33] provided a consensus model considering the experts’ trust

relations and preference risks to manage non-cooperative behaviors; and Liu et al. [13] , Ding et al. [6] and Dong

et al [7] extended trust behavior in social network to large-scale group decision-making problems to detect and

eliminate non-cooperative behaviors.

The implementation of the advices of the above two feedback mechanism strategies are effective in reaching

consensus among the DMs in GDM. However, they share the following two limitations:

(1) In essence, the two strategies are unidirectional in the sense of requiring only the discordant DMs (whose

consensus degrees are below the predefined consensus threshold) to make changes to their original prefer-

ences. This, however, is not reasonable in practice because a change of opinions/preferences from a subgroup

of DMs is normally bargained on the other subgroup of DMs changing as well their opinions/preferences.

Indeed, discordant DMs with high self-esteem may be willing to keep their original opinions/preferences

unchanged unless others in the group change their opinions as well. This ‘conflict behavior ’ is a potential

inhibitor for the success of the above unidirectional feedback strategies.

(2) Unidirectional feedback strategies focus on a limited number of goals. The traditional feedback strategy

focuses solely on reaching consensus on the assumption that discordant DMs (discordant subgroup) will show

‘tolerant behavior ’ when implementing the feedback recommendations; the rationalist feedback mechanism,

hereinafter referred to as unidirectional feedback mechanism, adds the optimization of the cost associated

to the discordant subgroup to the consensus reaching goal, but it still assumes that their members show
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‘tolerant behavior ’ when implementing the feedback recommendations. In contrast, a bidirectional feedback

strategy requires an iterative negotiation process between the discordant subgroup and the rest of DMs in

the group (concordant subgroup, i.e. DMs whose consensus degrees are not below the predefined consensus

threshold). On the one hand, a bidirectional feedback strategy would not require to be based on the

tolerance assumption of the discordant DMs and, on the other hand, would lead to a reduction of the group

overall adjustment cost to reach consensus. Thus, these two key characteristics of a bidirectional feedback

mechanism would enhance the harmony and acceptance of the negotiation process outcome by the whole

group of DMs, which will be later corroborated in Section 6.

Herrera-Viedma et al. [12] pointed that the concordant subgroup will be willing to consider the opinions

of the discordant subgroup and adjust their own preferences at some degree, which is the essence part of any

negotiation. Thus, the consensus reaching process should be regarded as a negotiation process, potentially

with a number of iterative rounds, between the concordant and discordant decision makers. This view of the

consensus reaching process necessarily requires a bidirectional feedback mechanism to balance group consensus

and individual harmony. Therefore, the investigation of a such bidirectional feedback mechanism is the focus

of this paper, which is based on the proposal of a new flexible approach to the harmony degree concept based

on the three mentioned behavior of DMs: (1) ‘tolerance behavior ’; (2) ‘rationalist behavior ’; and (3) ‘conflict

behavior ’. A maximum consensus driven feedback model is proposed to resolve ‘conflict behavior ’ between the

concordant and discordant DMs, which is based on supporting the discordant DMs reach the group consensus

threshold value. The proposed bidirectional feedback mechanism is proved to afford lower adjustment cost than

the unidirectional one.

The rest of the paper is structured as follows: Section 2 includes preliminary knowledge regarding the

concepts of reciprocal preference relation, consensus degree and harmony degree, which are used extensively

throughout the rest of the paper. Section 3 focuses on the developing of a feedback process driven by the harmony

degree concept based on the three mentioned DM’s behaviors. Section 4 develops the main contribution of the

paper: a consensus reaching process with bidirectional feedback mechanism to balance group consensus and

individual harmony in group decision making. Its use is illustrated with a numerical example in Section 5,

while a comparison of the results achieved and a discussion on theoretical mechanisms among the proposed

bidirectional, the traditional and the unidirectional feedback mechanisms are included in Section 6. Finally,

conclusions are summarised in Section 7.

2. Preliminaries

In order to make the paper self-contained, the concepts of reciprocal preference relation, consensus measure

and harmony measure are provided below.

2.1. Reciprocal Preference Relation

A preference relation is the mathematical representation of preferences on a set of alternatives when pairwise

compared. Given alternatives x and y, the classical expression of a DM’s preference when comparing these two

alternatives is modelled mathematically with the use of a binary function, i.e. a function taking values from a

set with two elements: one element, usually represented with the number 1, indicating that the DM prefers one

of the alternatives over the other one, while the other element, usually represented with the number 0, means
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the opposite DM’s preference state. This is normally referred to as preference without intensity quantification.

Alternative isomorphic sets of values are possible ({−1, 1};{yes, no}) [8]. Preference indifference state between

two alternatives can be modelled/represented with the addition of a third value. In any case, reciprocity

of preferences is a property usually assumed to guarantee the following two basic rationality properties [18]:

indifference between any alternative and itself, and asymmetry of preferences, i.e. if a DM prefers alternative x

to alternative y, then such individual does not simultaneously prefer alternative y to alternative x.

In many decision making situations, it is also necessary to implement some kind of intensity of preference

between alternatives because the above classical representation of preferences is insufficient. A natural exten-

sion of the classical modelling of preferences is obtained by allowing the preferences values to be in the unit

interval [0, 1] [1]. Therefore, a reciprocal preference relation, R = (rij)n×n, on a finite set of alternatives,

X = {x1, ..., xn}, implies that rij ∈ [0, 1] and rij + rji = 1, ∀i, j ∈ {1, ..., n} [5, 26].

2.2. Consensus Measure

Given a set of DMs,
{
DM1, ..., DMm

}
, each one with their own reciprocal preference relation on the same

set of alternatives,
{
R1, ..., Rm

}
, their preference agreement or consensus degree can be measured using a

similarity/distance function. The below shows an approach to measure a DM’s preference relation consensus

degree using the Euclidean distance to the group reciprocal preference relation, Rc =
(
rcij
)
, derived as the mean

of all the individual reciprocal preference relations:

CDq = 1− 1

n (n− 1)

n∑
i=1

n∑
j=1;j 6=i

∣∣rqij − rcij∣∣ , (1)

where rcij = f
(
r1ij , . . . , r

m
ij

)
= 1

m

m∑
k=1

rkij . Within this paper, CDq is referred to as the interpersonal consensus

degree of DMq with the group. The closer the interpersonal consensus degree is to 1, the higher the agreement

between the corresponding individual DM’s preferences and the group’s preferences is.

2.3. Harmony Degree

Harmony degree refers to the extent up to which the original preferences of an individual DM are unchanged

before and after the adjustment process of preferences from a feedback mechanism [2]. In other words, the

harmony degree of a DM is actually the intrapersonal consensus degree between the DM’s original and adjusted

reciprocal preference relations.

Let us assume that the original reciprocal preference relation of DMk, Rk =
(
rkij
)
n×n, is revised and that,

as a result of such revision, a set of preference elements, APSk, are changed, resulting in the following adjusted

reciprocal preference relation, RRk =
(
rrkij

)
n×n, with elements

rrkij =

r
k
ij ; for rkij /∈ APSk

(1− δk) rkij + δkr
c
ij ; otherwise.

(2)

where δk ∈ [0, 1]. The harmony degree of DMk is HDk = 1−Θk where

Θk =


0; for #APSk = 0

1

#APSk

∑
rij∈APSk

∣∣rrkij − rkij∣∣ ; otherwise.
(3)
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#APSk is the number of preference elements in APSk. For rkij ∈ APSk, it is
∣∣rrkij − rkij∣∣ = δk

∣∣rcij − rkij∣∣ ≤∣∣rcij − rkij∣∣ . Therefore, it is HDk ∈ [1−Θck, 1] with corresponding notation

Θck =


0; for #APSk = 0

1

#APSk

∑
rij∈APSk

∣∣rcij − rkij∣∣ ; otherwise.
(4)

3. Feedback Mechanism Based On Harmony Degree

Social background and knowledge differences of DMs involved in GDM problems may lead to the provision

of conflictive preferences, which in turn may translate in significant differences on the DMs’ interpersonal

consensus degrees [23, 36]. As mentioned before, in such cases a feedback mechanism is implemented to narrow

the gap between conflictive preferences to derive a group consensual outcome of the GDM problem, i.e. an

outcome for which the agreement of all DMs in the group is no lower than a group consensus degree threshold

value, hereinafter referred to as the consensus boundary (β ∈ [0, 1]). Therefore, the first step of such feedback

mechanism is the identification of the discordant DMs within the group, i.e. DMs whose interpersonal consensus

degrees are below β. The second step of such feedback mechanism is the increasing of the discordant DMs’

interpersonal consensus degrees by means of a preferences-modification advice module. In addition to this, the

feedback mechanism should also aim at maximizing the intrapersonal consensus degree of the discordant DMs

to address their goal with regards to maintaining their original preferences unchanged as much as possible.

Recently, Cao et al. [2] developed a maximum harmony degree based feedback mechanism that allows

the discordant DMs subgroup (DS) to increase their interpersonal consensus degrees to reach the consensus

boundary with just one round of preference modifications. This maximum harmony degree based feedback

mechanism is a unidirectional feedback mechanism and therefore recommends changes in preferences only to

the discordant DMs. However, in practice, the members of the other subgroup (concordant DMs subgroup – CS)

are also expected to change their preferences for a real bargaining process to happen and for the obtained group

consensus to be acceptable for the whole group of DMs. In other words, a bidirectional maximum harmony

degree based feedback mechanism would be more practical than the existent unidirectional maximum harmony

degree based feedback mechanisms. Table 1 lists the parameters, decision variables and their descriptions as

needed in this section.

An approach to get a preference-modification advice module for the mentioned second step of unidirectional

feedback mechanisms consists on solving the below programming model with objective function the maxi-

mization of the discordant DMs’ interpersonal consensus degrees subject to the constraints of being all DMs’

interpersonal consensus degrees above the consensus boundary:

max {CDk|k = 1, . . . , g}

s.t.


HDk ≥ 1−Θck (k = 1, . . . , g)

CDk ≥ β (k = 1, . . . , g)

CDh ≥ β (h = g + 1, . . . ,m)

(5)

According to Eqs. (1)–(4), model (5) can be rewritten as follows:
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Table 1: Parameters and decision variables of unidirectional maximum harmony degree feedback mechanism

Parameters Description

β Consensus boundary, i.e. group consensus degree threshold value

f Mean operator

DS = {DM1, . . . , DMg} Discordant DMs subgroup, i.e. DS = {DMk|CDk < β}

CS = {DMg+1, . . . , DMm} Concordant DMs subgroup, i.e. CS = {DMh|CDh ≥ β}

rcij Collective preferences from original preferences of DMs

CDk Consensus degree of discordant DM DMk (interpersonal)

CDh Consensus degree of concordant DM DMh (interpersonal)

APSk Set of preferences values to adjust by discordant DM DMk

rrcij Collective preferences from adjusted preferences of DMs

HDk Harmony degree of discordant DM DMk (intrapersonal)

ζk Harmony degree boundary of discordant DM DMk

Decision Variables Description

δk Feedback parameter of discordant DM DMk

rkij Original preferences of discordant DM DMk

rrkij Adjusted preferences of discordant DM DMk

rhij Original preferences of concordant DM DMh

max

1− 1

n(n− 1)

n∑
i=1

n∑
j=1

∣∣rrkij − rrcij∣∣ ; k = 1, . . . , g



s.t.



∑
rij∈APSk

∣∣rrkij − rkij∣∣ ≤ ∑
rij∈APSk

∣∣rcij − rkij∣∣ (6− 1)

1

n (n− 1)

n∑
i=1

n∑
j=1

∣∣rrkij − rrcij∣∣ ≤ 1− β; (k = 1, . . . , g) (6− 2)

1

n (n− 1)

n∑
i=1

n∑
j=1

∣∣rhij − rrcij∣∣ ≤ 1− β; (h = g + 1, . . . ,m) (6− 3)

rcij = f
(
rkij , r

h
ij

)
; (k = 1, . . . , g; h = g + 1, . . . ,m) (6− 4)

rrcij = f
(
rrkij , r

h
ij

)
; (k = 1, . . . , g; h = g + 1, . . . ,m) (6− 5)

rrkij = rkij ,∀ rkij /∈ APSk (6− 6)

rrkij = (1− δk) rkij + δkr
c
ij ;∀ rkij ∈ APSk (6− 7)

0 ≤ rkij , rhij , δk ≤ 1 (6− 8)

(6)

Let ζk represent what we refer to as the ‘harmony degree boundary’ of discordant DM DMk. In other words,

the boundary harmony degree represents the change in the harmony degree (intrapersonal consensus degree) of

the original preferences of a DM required for the DM’s interpersonal consensus degree to reach the consensus

boundary. How much a decision maker is prepared to change their preferences in favour of the consensus

boundary? In other words, how much will the harmony degree decrease to achieve the consensus boundary?

This is what we call the ‘harmony degree boundary’, and it can be used to discriminate the three different

feedback mechanism’s behavior rules discussed in the introduction section: ‘tolerance behavior’, ‘rationalist

behavior’, and ‘conflict behavior’.
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Figure 1: Three different feedback mechanism’s behavior rules

The ‘rationalist behavior ’ rule requires changes in preferences for the interpersonal consensus degree to reach

the consensus boundary. This translates into being HDk = ζk, which was interpreted by Cao et al. [2] as the

rule that achieves a balance between individual harmony and group consensus. The ‘tolerant behavior ’ rule

requires that experts sacrifice harmony in favor of group consensus, i.e. HDk < ζk, while individual harmony

takes precedence over group consensus in the ‘conflict behavior ’ rule, i.e. HDk > ζk. These three behavior

situations are visualized as Fig. 1.

The ‘conflict behavior ’ requires changes of preferences from the concordant DMs and therefore it cannot be

solved with Model (6). Thus, ‘conflict behavior ’ requires a bidirectional feedback mechanism model approach,

i.e. a bargaining process between the discordant and concordant DMs. In this case, concordant DMs will

change preferences that are affected by the discordant DMs changes of preferences subject to maximizing the

total harmony degree of the group of DMs. Fig.2 illustrates the GDM consensus reaching process (CRP) with

bidirectional feedback mechanism, which will be elaborated upon further in the next section.
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Figure 2: Consensus reaching process in GDM with bidirectional feedback mechanism
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4. Consensus Reaching Process with Bidirectional Feedback Mechanism

Table 2 lists the parameters, decision variables and their descriptions as needed in this section. The three

main key elements of the bidirectional feedback mechanism are described next.

4.1. Feedback Elements Identification

(1) The set of DMs with interpersonal consensus degree below the consensus boundary: DS =
{
DMk|CDk < β

}
.

It is assumed that k ∈ {1, . . . , g (≤ m)}. The DS’s collective reciprocal preference relation is denoted

RDS =
(
rDS
ij

)
n×n, where rDS

ij = f
(
r1ij , ..., r

k
ij , ..., r

g
ij

)
and rDS

ij + rDS
ji = 1.

(2) The set of DMs that are not in DS: CS =
{
DMh|CDh ≥ β

}
. It is assumed that h ∈ {g+1, . . . ,m}. The CS’s

collective reciprocal preference relation is denoted RCS =
(
rCS
ij

)
n×n, where rCS

ij = f
(
rg+1
ij , ..., rhij , ..., r

m
ij

)
and rCS

ij + rCS
ji = 1.

(3) Feedback Issues (FIS) refers to the set of pair of alternatives where agreement between the collective

preferences for DS and the whole group of DMs is below the boundary consensus. As per Section 2.2, the

consensus degree between DS and the whole group of DMs on a pair of alternatives {xi, xj} is CEDS
ij =

1 −
∣∣rDS

ij − rcij
∣∣= CEDS

ji . Thus, we have FIS =
{

(i, j)
∣∣∣CEDS

ij < β
}
. As the elements of FIS will change

with the development of the feedback process, the notation FISo is used to represent the FIS set at round

‘o’ of the feedback process.

4.2. Consensus Measure for Discordant and Concordant Subgroups

Following Section 2.2, at round ‘o’ of the feedback process, the consensus degrees for DS and CS are:

CDo
DS = 1− 1

n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rc−(o)ij

∣∣∣ (7)

CDo
CS = 1− 1

n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rCS−(o)
ij − rc−(o)ij

∣∣∣ (8)

Let Rc−(o), RDS−(o) and RCS−(o) be the reciprocal preference relations for the whole group of DMs, DS and

CS at round ‘o’ of the feedback process, respectively. Then it is:

r
c−(o)
ij =

g

m
· rDS−(o)

ij +
m− g
m

· rCS−(o)
ij . (9)

Thus, at round ‘o’ of the feedback process, the consensus degrees for DS and CS become:

CDo
DS = 1− m− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ (10)

CDo
CS = 1− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ (11)

To enhance the readability of this article, the adjusted consensus degree for DS and CS, according to parity of

round value ‘o’, are provided below since they will be used in the proof processes and optimization models:

‘o’ is odd:

CDo′

DS = 1− m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ (12)

CDo′

CS = 1− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ (13)
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Table 2: Parameters and decision variables of bidirectional maximum harmony degree feedback mechanism

Parameters Description

ζDS Boundary harmony degree for DS

η Lower bound of harmony degree

β Consensus boundary

CDo
DS Original consensus degree for DS at round ‘o’ of the feedback process

CDo
CS Original consensus degree for CS at round ‘o’ of the feedback process

CDo′

DS Adjusted consensus degree for DS at round ‘o’ of the feedback process

CDo′

CS Adjusted consensus degree for CS at round ‘o’ of the feedback process

HDo
DS Harmony degree for DS at round ‘o’ of the feedback process

HDo
CS Harmony degree for CS at round ‘o’ of the feedback process

r
c−(o)
ij Original preferences for whole group of DMs at round ‘o’ of the feedback process

rr
c−(o)
ij Adjusted preferences for whole group of DMs at round ‘o’ of the feedback process

FISo Set of feedback issues at round ‘o’ of the feedback process

Decision Variables Description

δo Feedback parameter for DS at round ‘o’ of the feedback process

λo Feedback parameter for CS at round ‘o’ of the feedback process

r
DS−(o)
ij Original preferences for DS at round ‘o’ of the feedback process

r
CS−(o)
ij Original preferences for CS at round ‘o’ of the feedback process

rr
DS−(o)
ij Adjusted preferences for DS at round ‘o’ of the feedback process

rr
CS−(o)
ij Adjusted preference for CS at round ‘o’ of the feedback process
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‘o’ is even:

CDo′

DS = 1− m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ (14)

CDo′

CS = 1− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ (15)

4.3. Bidirectional Feedback Consensus Mechanism

The bidirectional feedback mechanism relies on the application of a bidirectional feedback recommendation

function, to adjust preferences on the elements of the FIS set (Step 3 of the feedback elements identification),

to both DS and CS. As expected in any bargain process, the bidirectional feedback recommendation function

simulates an exchange of information from one subset of DMs to the other subset to find a preference equilibrium

solution to improve the consensus degree for DS, CS and, eventually, the whole group. Actually, what it is

proposed here is a bidirectional feedback process that is applied in turn to both sets of DMs. Starting with

the recommendation of adjustment of preferences for all members of DS, the recommendation of adjustment of

preferences for all members of CS will follow if the consensus boundary is still not reached. Specifically, at odd

rounds of the feedback process DS will receive recommendations to adjust the elements of the corresponding

round FIS set, while at even rounds of the feedback process CS will receive recommendations. This process is

continued until the consensus boundary is reached.

4.3.1. Theoretical analysis of the bidirectional feedback mechanism

At round ‘o’ of the feedback process, the bidirectional feedback recommendation functions for DS and CS

follow the formulation structure of the adjusted preferences described in Section 2.3:

DS : o is odd =⇒ ∀(i, j) ∈ FISo : rr
DS−(o)
ij = (1− δo) r

DS−(o)
ij + δor

CS−(o)
ij (16)

CS : o is even =⇒ ∀(i, j) ∈ FISo : rr
CS−(o)
ij = (1− λo) r

CS−(o)
ij + λorr

DS−(o−1)
ij (17)

where 0 ≤ δo ≤ 1 and 0 ≤ λo ≤ 1 are the DS and CS feedback parameters, respectively. As it will be explained

later in the paper, setting boundaries of harmony degrees will constraint the above preference adjustments by

DS and CS. Below, some properties associated to the proposed bidirectional feedback recommendation function

are provided.

In the following, it is proved that the set {FIS1, F IS2, F IS3, . . . } is a decreasing sequence of sets in X×X.

Proposition 1. FISo ⊆ FISo−1 ∀o.

Proof. Let (i, j) ∈ FISo. Then

1−
∣∣∣rDS−(o)

ij − rc−(o)ij

∣∣∣ < β.

Applying Eq. (9), it is

r
DS−(o)
ij − rc−(o)ij =

m− g
m

·
(
r
DS−(o)
ij − rCS−(o)

ij

)
.

Thus:

1− β <
∣∣∣rDS−(o)

ij − rc−(o)ij

∣∣∣ =
m− g
m

·
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ .
• If ‘o’ is even, then o− 1 is odd and r

CS−(o)
ij = r

CS−(o−1)
ij while

r
DS−(o)
ij = rr

DS−(o−1)
ij =

r
DS−(o−1)
ij ; for (i, j) /∈ FIS(o−1)(
1− δ(o−1)

)
r
DS−(o−1)
ij + δ(o−1)r

CS−(o−1)
ij ; otherwise.

10



If (i, j) /∈ FIS(o−1), then it is

1.
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ =
∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣ .
2.

m− g
m

·
∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣ ≤ 1− β.

• If ‘o’ is odd (o > 1), then o− 1 is even and r
DS−(o)
ij = r

DS−(o−1)
ij while

r
CS−(o)
ij = rr

CS−(o−1)
ij =

r
CS−(o−1)
ij ; for (i, j) /∈ FIS(o−1)(
1− λ(o−1)

)
r
CS−(o−1)
ij + λ(o−1)rr

DS−(o−1)
ij ; otherwise.

If (i, j) /∈ FIS(o−1), then it is

1.
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ =
∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣ .
2.

m− g
m

·
∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣ ≤ 1− β.

In both cases, items 1 and 2 imply that
∣∣∣rDS−(o)

ij − rc−(o)ij

∣∣∣ ≤ 1− β, which contradicts (i, j) ∈ FISo. Therefore,

it is (i, j) ∈ FISo−1. We conclude that FISo ⊆ FISo−1 ∀o (> 1).

Proposition 2. It is assumed that round ‘o’ of the feedback process is odd. If all members of DS implement

preference adjustments as per Eq. (16) at round ‘o’ of the feedback process, then the adjusted consensus degree

for DS, CDo′

DS, will be no lower than its original consensus degree, i.e. CDo′

DS ≥ CDo
DS.

Proof. It is assumed that FISo 6= ∅, otherwise the boundary consensus is reached and the feedback process will

not apply. As per Eq. (12), the adjusted consensus degree for DS at round ‘o’ of the feedback process is

CDo′

DS = 1− m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣
On the other hand, as we are assuming that all members of DS implement preference adjustments as per Eq.

(16), the new preference values for DS will be:

rr
DS−(o)
ij =

r
DS−(o)
ij ; for (i, j) /∈ FISo

(1− δo) r
DS−(o)
ij + δor

CS−(o)
ij ; otherwise.

Therefore, it is

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ =


∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ ; for (i, j) /∈ FISo

(1− δo)
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ ; otherwise.

Consequently:

CDo′

DS − CDo
DS =

δo(m− g)

m · n · (n− 1)
·

∑
(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ .
Because δo ∈ [0, 1], it is CDo′

DS − CDo
DS ≥ 0 ⇐⇒ CDo′

DS ≥ CDo
DS .

Proposition 3. Under the assumption of Proposition 2, the adjusted consensus degree for CS at end of round

‘o’ of the feedback process , CDo′

CS, will be no lower than its original consensus degree for CS at the start of

round ‘o’ of the feedback process, i.e. CDo′

CS ≥ CDo
CS.

11



Proof. It is assumed that FISo 6= ∅. From Eq. (13), it is

CDo′

CS = 1− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣
On the other hand, from Proposition 2 we have that

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ =


∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ ; for (i, j) /∈ FISo

(1− δo)
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣ ; otherwise.

Consequently:

CDo′

CS − CDo
CS =

δo · g
m · n · (n− 1)

·
∑

(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ .
Because δo ∈ [0, 1], it is CDo′

CS − CDo
CS ≥ 0 ⇐⇒ CDo′

CS ≥ CDo
CS .

Proposition 4. It is assumed that round ‘o’ of the feedback process is even. Under the assumption of Proposition

2 at round ‘o − 1’ of the feedback process, if all members of CS implement preference adjustments as per Eq.

(17) at round ‘o’ of the feedback process, then the adjusted consensus degree for CS, CDo′

CS, will be no lower

than its original consensus degree, i.e. CDo′

CS ≥ CDo
CS .

Proof. It is assumed that FISo 6= ∅ and that all members of CS implement preference adjustments at round

‘o’ of the feedback process, i.e.

rr
CS−(o)
ij =

r
CS−(o)
ij ; for (i, j) /∈ FISo

(1− λo) r
CS−(o)
ij + λorr

DS−(o−1)
ij ; otherwise.

From Eq. (14), the adjusted consensus degree for CS at round ‘o’ of the feedback process is

CDo′

CS = 1− g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣
and

CDo′

CS − CDo
CS =

g

m · n · (n− 1)
·

n∑
i=1

n∑
j=1;j 6=i

[∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣− ∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣]
=

g

m · n · (n− 1)
·

∑
(i,j)∈FISo

[∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣− ∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣]
At round ‘o’ of the feedback process, DS preferences do not change and therefore their values at this round

are those at end of round ‘o− 1’ of the feedback process, i.e.

r
DS−(o)
ij = rr

DS−(o−1)
ij =

r
DS−(o−1)
ij ; for (i, j) /∈ FIS(o−1)(
1− δ(o−1)

)
r
DS−(o−1)
ij + δ(o−1)r

CS−(o−1)
ij ; otherwise.

At round ‘o − 1’ of the feedback process CS preferences were unchanged, i.e. r
CS−(o)
ij = r

CS−(o−1)
ij ∀(i, j).

Therefore, it is:

rr
CS−(o)
ij =

r
CS−(o−1)
ij ; for (i, j) /∈ FISo

(1− λo) r
CS−(o−1)
ij + λo

[(
1− δ(o−1)

)
r
DS−(o−1)
ij + δ(o−1)r

CS−(o−1)
ij

]
; otherwise.

=

r
CS−(o−1)
ij ; for (i, j) /∈ FISo

r
CS−(o−1)
ij + λo

[(
1− δ(o−1)

)] (
r
DS−(o−1)
ij − rCS−(o−1)

ij

)
; otherwise.

12



From Proposition 1, (i, j) ∈ FISo =⇒ (i, j) ∈ FIS(o−1), which means that∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ =
(

1− δ(o−1)
) ∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ =
(

1− λ(o)
)(

1− δ(o−1)
) ∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣
Thus, it is:

CDo′

CS − CDo
CS =

(
1− λ(o)

) (
1− δ(o−1)

)
g

m · n · (n− 1)
·

∑
(i,j)∈FISo

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣ .
Because λ(o) ∈ [0, 1] and δ(o−1) ∈ [0, 1], it is CDo′

CS − CDo
CS ≥ 0 ⇐⇒ CDo′

CS ≥ CDo
CS .

Proposition 5. Under the assumption of Proposition 4, the adjusted consensus degree for DS at end of round

‘o’ of the feedback process , CDo′

DS, will be no lower than its original consensus degree for DS at the start of

round ‘o’ of the feedback process, i.e. CDo′

DS ≥ CDo
DS.

Proof. It is assumed that FISo 6= ∅. Because ‘o’ is even, it is rr
DS−(o)
ij = r

DS−(o)
ij ∀(i, j) while rr

CS−(o)
ij =

r
CS−(o)
ij ∀(i, j) /∈ FISo. Thus, it is:

CDo′

DS − CDo
DS =

m− g
m · n · (n− 1)

·
∑

(i,j)∈FISo

[∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣− ∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣]

Recall that because ‘o’ is even then ∀(i, j) : r
CS−(o)
ij = r

CS−(o−1)
ij and r

DS−(o)
ij = rr

DS−(o−1)
ij .

Given (i, j) ∈ FISo, then (i, j) ∈ FISo−1 and it is:

rr
DS−(o−1)
ij =

(
1− δ(o−1)

)
r
DS−(o−1)
ij + δ(o−1)r

CS−(o−1)
ij

rr
CS−(o)
ij = (1− λo) r

CS−(o−1)
ij + λorr

DS−(o−1)
ij

= r
CS−(o−1)
ij + λo

(
1− δ(o−1)

)(
r
DS−(o−1)
ij − rCS−(o−1)

ij

)
r
DS−(o)
ij − rCS−(o)

ij = rr
DS−(o−1)
ij − rCS−(o−1)

ij

=
(

1− δ(o−1)
)(

r
DS−(o−1)
ij − rCS−(o−1)

ij

)
r
DS−(o)
ij − rrCS−(o)

ij = rr
DS−(o−1)
ij − rrCS−(o)

ij

= (1− λo)
(

1− δ(o−1)
)(

r
DS−(o−1)
ij − rCS−(o−1)

ij

)
∣∣∣rDS−(o)

ij − rCS−(o)
ij

∣∣∣− ∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ = λo
(

1− δ(o−1)
) ∣∣∣rDS−(o−1)

ij − rCS−(o−1)
ij

∣∣∣
Consequently, it is:

CDo′

DS − CDo
DS =

λo
(
1− δ(o−1)

)
(m− g)

m · n · (n− 1)
·

∑
(i,j)∈FISo

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣ .
Because λ(o) ∈ [0, 1] and δ(o−1) ∈ [0, 1], it is CDo′

DS − CDo
DS ≥ 0 ⇐⇒ CDo′

DS ≥ CDo
DS .

4.3.2. Bidirectional Feedback Consensus Model

The bidirectional feedback mechanism is a process of ordered modification, where DS changes preferences

first and, if the DS consensus is still not reached, CS follows up in modifying preferences. This mechanism

is driven by two types of bidirectional models: one is a consensus driven feedback model, the other one is a

harmony driven feedback model.
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Following Section 2.3, at round ‘o’ of the feedback process, the harmony degree for DS and CS are computed:

DS : o odd ∧ #FISo 6= 0 : HDo
DS = 1− 1

#FISo
·

∑
(i,j)∈FISo

∣∣∣rrDS−(o)
ij − rDS−(o)

ij

∣∣∣ (18)

CS : o even ∧ #FISo 6= 0 : HDo
CS = 1− 1

#FISo
·

∑
(i,j)∈FISo

∣∣∣rrCS−(o)
ij − rCS−(o)

ij

∣∣∣ (19)

Bring expressions (16) and (17) into expressions (18) and (19) yield:

For #FISo 6= 0 : HDo
DS = 1− δo

#FISo
·

∑
(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ (20)

For #FISo 6= 0 : HDo
CS = 1−

λo ·
(
1− δ(o−1)

)
#FISo

·
∑

(i,j)∈FISo

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣ (21)

(1) Consensus Driven Feedback Models. The consensus driven feedback model aims at maximizing consensus

degree while the group consensus threshold value is not reached. Thus, the bidirectional feedback mechanism

starts by applying consensus driven feedback models to both DS and CS in turn until the DS consensus degree

is no longer below the group consensus threshold value.

Optimization models are executed with objective function the maximization of the DS consensus degree

subject to constraints on the DS boundary harmony degree (DS feedback process at odd feedback rounds –

Model (22)) or on the CS consensus degree (CS feedback process at even feedback rounds – Model (23)) being

not below the group consensus threshold value.

max

CDo′

DS = 1− m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣


s.t.



δo

#FISo
·

∑
(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ ≥ 0 (22− 1)

δo

#FISo
·

∑
(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣ ≤ 1− η (22− 2)

g

m · n · (n− 1)

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ ≤ 1− β (22− 3)

rr
DS−(o)
ij = r

DS−(o)
ij , if (i, j) /∈ FISo (22− 4)

rr
DS−(o)
ij = (1− δo) · rDS−(o)

ij + δo · rCS−(o)
ij , if (i, j) ∈ FISo (22− 5)

0 ≤ δo, rDS−(o)
ij , r

CS−(o)
ij ≤ 1; (o odd ) (22− 6)

ζDS < η < 1 (22− 7)

#FISo 6= 0 (22− 8)

(22)

where η
(
ζDS < η < 1

)
is the HD lower bound and it is located between the boundary harmony degree and

1. As mentioned above, this process aims to obtain the highest possible CD value allowed by the boundary

harmony degree.

After DS adjusts preferences, their CD may still below the group consensus threshold value, which means

that the CS interaction feedback process with DS is executed (Model (23)). Notice that the CS harmony degree

at round ‘o’ of the feedback process is no lower than the DS harmony degree at round ‘o− 1’, where o is even,

i.e. HDo
CS ≥ HD

(o−1)
DS , which together with #FIS(o−1) ∧ #FISo 6= 0 and (20)–(21) imply that

λo ·
(
1− δ(o−1)

)
#FIS(o)

·
∑

(i,j)∈FISo

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣ ≤ δ(o−1)

#FIS(o−1) ·
∑

(i,j)∈FIS(o−1)

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣ ,
14



which leads to

λo ≤ #FIS(o)

#FIS(o−1) ·
δ(o−1)

1− δ(o−1)
·

( ∑
(i,j)∈FISo

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣+
∑

(i,j)∈FISo
1

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣)
∑

(i,j)∈FISo

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣ ,

i.e.

λo ≤ #FISo

#FIS(o−1) ·
δ(o−1)

1− δ(o−1)
·

1 +

∑
(i,j)∈FISo

1

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣
∑

(i,j)∈FISo

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣
 .

Therefore, the consensus driven feedback model for CS becomes:

max

CDo′

DS = 1− m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣


s.t.



g

m · n · (n− 1)

n∑
i=1

n∑
j=1

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ ≤ 1− β (23− 1)

rr
CS−(o)
ij = r

CS−(o)
ij , if (i, j) /∈ FISo (23− 2)

rr
CS−(o)
ij = (1− λo) · rCS−(o)

ij + λo · rDS−(o)
ij , if (i, j) ∈ FISo (23− 3)

λo ≤ #FISo

#FIS(o−1) ·
δ(o−1)

1− δ(o−1)
·

1 +

∑
(i,j)∈FISo

1

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣
∑

(i,j)∈FISo

∣∣∣rCS−(o−1)
ij − rDS−(o−1)

ij

∣∣∣
 (23− 4)

λo ≥ 0; (o even ) (23− 5)

0≤rDS−(o)
ij , r

CS−(o)
ij ≤1 (23− 6)

#FISo,#FIS(o−1) 6= 0 (23− 7)

(23)

Model (22) and Model (23) are applied in turn until the DS consensus degree ceases to be below the group

consensus threshold value. Notice that because the objective of Model (22) and Model (23) is to maximize

consensus degree, the corresponding DS harmony degree and CS harmony degree values maybe lower than

necessary when DS consensus degree reaches a value above but not equal to group consensus threshold value.

If this is the case, harmony driven feedback optimization models are applied to both DS and CS to maximize

their respective harmony degrees subject to their consensus degrees being not lower than the group consensus

threshold value. This approach ensures that consensus-harmony are optimized simultaneously.

(2) Harmony Driven Feedback Models. After the odd feedback process round ‘o’ at which Model (22) achieves

a DS consensus degree above the group consensus threshold value, Model (24) and Model (25) with objective

function the optimization of the DS harmony degree and CS harmony degree, respectively, are applied once.
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max

HDo
DS = 1− δo

#FISo
·

∑
(i,j)∈FISo

∣∣∣rDS−(o)
ij − rCS−(o)

ij

∣∣∣


s.t.



m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ ≤ 1− β (24− 1)

g

m · n · (n− 1)

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rrDS−(o)
ij − rCS−(o)

ij

∣∣∣ ≤ 1− β (24− 2)

rr
DS−(o)
ij = r

DS−(o)
ij , if (i, j) /∈ FISo (24− 3)

rr
DS−(o)
ij = (1− δo) r

DS−(o)
ij + δor

CS−(o)
ij , if (i, j) ∈ FISo (24− 4)

0 ≤ δo ≤ 1 (24− 5)

0≤rDS−(o)
ij , r

CS−(o)
ij ≤1 (24− 6)

#FISo 6= 0 (24− 7)

(24)

max

HDo
CS = 1−

λo ·
(
1− δ(o−1)

)
#FISo

·
∑

(i,j)∈FISo

∣∣∣rDS−(o−1)
ij − rCS−(o−1)

ij

∣∣∣


s.t.



m− g
m · n · (n− 1)

·
n∑

i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ ≤ 1− β (25− 1)

g

m · n · (n− 1)

n∑
i=1

n∑
j=1;j 6=i

∣∣∣rDS−(o)
ij − rrCS−(o)

ij

∣∣∣ ≤ 1− β (25− 2)

rr
CS−(o)
ij = r

CS−(o)
ij , if (i, j) /∈ FISo (25− 4)

rr
CS−(o)
ij = (1− λo) · rCS−(o)

ij + λo · rDS−(o)
ij , if (i, j) ∈ FISo (25− 5)

0 ≤ λo ≤ 1 (25− 6)

0 ≤ rDS−(o)
ij , r

CS−(o)
ij ≤ 1 (25− 7)

#FISo 6= 0 (25− 8)

(25)

The implementation of the proposed methodology is described in Algorithm 1.

5. Numerical Example

Since the outbreak of COVID-19, all universities in China were forced to postpone the start of the academic

year. Under the effective control of the Chinese government, universities were able to plan return-to-campus

programmes. A specific university planning decision-making process requires the identification of relevant

management departments return-to-campus plans {A1, A2, A3, A4, A5} to be revised/refined in multiple rounds.

Here A1 represents the plan provided by the Undergraduate Management Department, A2 the plan provided

by the Graduate Management Department, A3 the plan provided by the Safety Management Department,

A4 the plan provided by the Teacher Management Department, and A5 the plan provided by the Logistics

Department. Second, five representatives {DM1, DM2, DM3, DM4, DM5} from different groups score the five

alternatives using reciprocal preferences matrices
{
R1, R2, R3, R4, R5

}
. Here DM1 is the functional department

representative, DM2 is the professor representative, DM3 is the undergraduate representative, DM4 is the

graduate student representative and DM5 is the senior management representative.
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Algorithm 1: Consensus Boundary Approach Detection Algorithm

begin

Input: The current DS preferences RDS
o =

(
r
DS−(o)
ij

)
n×n

, CS preferences RCS
o =

(
r
CS−(o)
ij

)
n×n

,

and o = 1;

Output: Final RDS
o , RCS

o , final round of feedback o, final consensus degrees CDo′

DS , CDo′

CS , and

final harmony degrees HDo
DS and HDo

CS ;

1 if ‘o’ is odd then

Execute Model (22), compute CDo′

DS and CDo′

CS , compute HDo
DS and HDo

CS , update RDS
o ,

RCS
o ;

else

2 Execute Model (23), compute CDo′

DSand CDo′

CS ,compute HDo
DS and HDo

CS , update RDS
o , RCS

o ;

end if

3 if CDo′

DS > β then

4 if ‘o’ is odd then

Execute Model (24), compute HDo
DS and HDo

CS , update CDo′

DS and CDo′

CS , update RDS
o ,

RCS
o ;

else

5 Execute Model (25), compute HDo
DS and HDo

CS , update CDo′

DS and CDo′

CS , update RDS
o ,

RCS
o ;

end if

else

6 if CDo′

DS < β then

o = o+ 1, Go to 1 ;

else

7 Output: o,RDS
o , RCS

o , CDo′

DS , CD
o′

CS , HD
o
DS , HD

o
CS ;

end if

end if

end
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R1 =



0.5 0.8 0.6 0.5 0.5

0.2 0.5 0.6 0.7 0.1

0.4 0.4 0.5 0.2 0.6

0.5 0.3 0.8 0.5 0.7

0.5 0.9 0.4 0.3 0.5


R2 =



0.5 0.6 0.9 0.8 0.5

0.4 0.5 0.8 0.4 0.6

0.1 0.2 0.5 0.3 0.8

0.2 0.6 0.7 0.5 0.4

0.5 0.4 0.2 0.6 0.5


R3 =



0.5 0 0.2 0.4 0.7

1 0.5 0 0.6 0.9

0.8 1 0.5 1 0.5

0.4 0.4 0 0.5 0.2

0.3 0.1 0.5 0.8 0.5



R4 =



0.5 0.8 0.6 0.7 0.8

0.2 0.5 0.5 0.5 0.1

0.4 0.5 0.5 0.6 0.2

0.3 0.5 0.4 0.5 0.3

0.2 0.9 0.8 0.7 0.5


R5 =



0.5 0.9 0.6 0.7 0.8

0.1 0.5 0.5 0.6 0.6

0.4 0.5 0.5 0.5 0.7

0.2 0.4 0.5 0.5 0.5

0.3 0.4 0.3 0.5 0.5


The consensus degrees on pairs of alternatives are:

CE1 =



1 0.82 0.98 0.82 0.86

0.82 1 0.88 0.86 0.64

0.98 0.88 1 0.68 0.96

0.82 0.86 0.68 1 0.72

0.86 0.64 0.96 0.72 1


; CE2 =



1 0.98 0.68 0.88 0.86

0.98 1 0.68 0.84 0.86

0.68 0.68 1 0.78 0.76

0.88 0.84 0.78 1 0.98

0.86 0.86 0.76 0.98 1


; CE3 =



1 0.38 0.62 0.92 0.94

0.38 1 0.52 0.96 0.56

0.62 0.52 1 0.52 0.94

0.92 0.96 0.52 1 0.78

0.94 0.56 0.94 0.78 1


;

CE4 =



1 0.82 0.98 0.98 0.84

0.82 1 0.98 0.94 0.64

0.98 0.98 1 0.92 0.64

0.98 0.94 0.92 1 0.88

0.84 0.64 0.64 0.88 1


; CE5 =



1 0.72 0.98 0.88 0.94

0.72 1 0.98 0.96 0.86

0.98 0.98 1 0.98 0.86

0.88 0.96 0.98 1 0.92

0.94 0.86 0.86 0.92 1


.

The consensus degrees on the DMs are:

CD1 = 0.822, CD2 = 0.830, CD3 = 0.714, CD4 = 0.862, CD5 = 0.908.

Assuming the group threshold value of consensus is β = 0.8, then we have:

CS = {DM1, DM2, DM4, DM5}, DS = {DM3},

RCS =



0.500 0.775 0.675 0.700 0.625

0.225 0.500 0.600 0.550 0.350

0.325 0.400 0.500 0.400 0.575

0.300 0.450 0.600 0.500 0.475

0.375 0.650 0.425 0.525 0.500


, RDS =



0.500 0.000 0.200 0.600 0.700

1.000 0.500 0.000 0.600 0.900

0.800 1.000 0.500 1.000 0.500

0.300 0.400 0.000 0.500 0.200

0.400 0.100 0.500 0.800 0.500


FIS1

DS = {(1, 2) , (1, 3) , (2, 1) , (2, 3) , (2, 5) , (3, 1) , (3, 2) , (3, 4) , (4, 3) , (4, 5) , (5, 2) , (5, 4)} .

CDCS = 0.9285, CDDS = 0.7140.

The bidirectional feedback mechanism is activated to help reach consensus. Harmony degree for the discor-

dant subgroup is set at HDo
DS ≥ 0.95 (η = 0.95; o = odd). The first and third round of feedback are based on

Model (22), while the second and fourth round of feedback apply Model (23). In addition, the last round of the

feedback applies model (24). The values obtained for some of the important indicators with the bidirectional

feedback process are shown in Table 3.

When the consensus reaching process with bidirectional feedback mechanism finished, the selection process

is applied to obtain the final ranking of the different back-to-school alternatives: x4 � x5 � x2 � x3 � x1.
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Table 3: Some Important Indicators in the CRP with Bidirectional Feedback Mechanism

Feedback Feedback
Feedback Issues

Feedback
CDo′

DS CDo′

CS

HD of Feedback
Model

Round Subgroup Parameter Subgroup

1st round

(1,2),(1,3),(2,1)

δI = 0.0916 0.7380 0.9345 HDI
DS = 0.950

Discordant (2,3),(2,5),(3,1) Consensus Driven

Subgroup (3,2),(3,4),(4,3) Feedback Model

(4,5),(5,2),(5,4)

2nd round

(1,2),(1,3),(2,1)

λII = 0.0917 0.7580 0.9395 HDII
CS = 0.950

Concordant (2,3),(2,5),(3,1) Consensus Driven

Subgroup (3,2),(3,4),(4,3) Feedback Model

(5,2)

3rd round

(1,2),(1,3),(2,1)

δIII = 0.1010 0.7780 0.9445 HDIII
DS = 0.950

Discordant (2,3),(2,5),(3,1) Consensus Driven

Subgroup (3,2),(3,4),(4,3) Feedback Model

(5,2)

4th round

(1,2),(1,3),(2,1)

λIV = 0.1123 0.7980 0.9495 HDIV
CS = 0.950

Concordant (2,3),(2,5),(3,1) Consensus Driven

Subgroup (3,2),(3,4),(4,3) Feedback Model

(5,2)

5th round
Discordant (2,3),(2,5),(3,2)

δV = 0.0217 0.8000 0.9500 HDV
DS = 0.9916

Harmony Driven

Subgroup (3,4),(4,3),(5,2) Feedback Model

6. Comparison and Discussion

In order to demonstrate the advantages of the proposed mechanism (Fig. 3(c)), a comparison and discussion

of the three different feedback mechanisms are reported in this section. The traditional feedback mechanism,

corresponding to the ‘tolerance behavior ’, usually uses a fixed and static feedback parameter at every round of

interaction until the consensus is reached (Fig. 3(a)), while the unidirectional feedback mechanism, correspond-

ing the ‘rationalist behavior ’, coincides with the maximum harmony degree model, and therefore it ignores the

harmony degree limitation of DS (Fig. 3(b)). In the following, some indicators are discussed and analysed to

compare these two feedback mechanisms with the proposed bidirectional feedback mechanism.

1e

2e

3e

4e

5e

e

Consensus Threshold

(a) Traditional feedback mechanism

1e

2e

3e

4e

5e

e
Unidirectional Feedback 

Parameter

Consensus Threshold

Without Considering Harmony Degree Limitation

3282.0uni

(b) Unidirectional feedback mechanism

3e

e

Consensus Boundary

Harmony Degree Limitation

Consensus boundary moves 

closer to discordant DM 

with the concordant 

subgroup modifying

(c) Bidirectional feedback mechanism

Figure 3: Three kinds of different feedback mechanisms

On the one hand, a higher interaction activity happens with the bidirectional feedback mechanism than with

the traditional feedback mechanism. Table 4 shows that the the bidirectional feedback mechanism requires more
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interacting rounds than the traditional feedback mechanism to reach the appropriate consensus degree. This

can be regarded as a drawback of the proposed methodology although it can also be regarded as an advantage

since it is the result of mimicking the interaction and cooperation between DMs expected in real decision making

bargaining processes. In any case, the best overall consensus degree is achieved with the proposed bidirectional

feedback mechanism, making it the best consensus performance mechanism. In terms of harmony degree, the

best performance strategy is again the bidirectional feedback mechanism.

Table 4: Comparison of some key indicators in three feedback mechanisms

Mechanism Interaction Round Overall Consensus Degree Harmony Degree

Traditional Feedback 4 0.8508 0.8123

Bidirectional Feedback 5 0.9200 0.9000

Unidirectional Feedback 1 0.8500 0.8346

Notice that the traditional feedback mechanism makes use of a fixed and static feedback parameter, arbi-

trarily selected in general. However, the feedback parameters used in the bidirectional feedback mechanism

are calculated via optimization models and therefore not arbitrary. The unidirectional feedback mechanism

pursues maximum harmony degree without limitation at every round of the feedback process. Thus, the group

consensus threshold is easily reached in just one round of adjustment in the unidirectional feedback mechanism

as Table 4 and Fig.3(b) show. However, the unidirectional feedback mechanism requests modifying preferences

only to discordant DMs, which is not practical.

7. Conclusion and Future Work

This article contributed a bidirectional feedback mechanism that balances group consensus and individual

harmony in group decision making. The main advantages for the proposed approach with respect to the existing

approaches are summarised as follows:

• This article outlines three DMs behavior mechanisms : (1)‘Tolerance behavior ’ most adopted in classical

feedback mechanisms; (2) ‘Rationalist behavior ’ based on optimization rules; and (3)‘Conflict behavior ’

derived for harmony concept. To deal with ‘conflict behavior ’, a bidirectional feedback mechanism is

developed to provide multi round alternate feedback process between the discordant and concordant DMs.

The multi round alternate feedback processes of discordant and concordant decision makers increases the

number of interaction between subgroups, which facilitates cooperation among DMs. Simultaneously, it

has been proven that when any subgroup adjusts their preferences, the consensus degree of both subgroups

will not decrease, which improves the efficiency of the consensus reaching system. In addition, it contains

a dynamic identification mechanism of the set of feedback issues at each round, which avoids adjustment

repetition due to the decreasing nature of the set of feedback issues sets.

• Besides, the proposed bidirectional feedback mechanism combines maximum consensus driven models and

maximum harmony driven models, and then it achieves a simultaneous optimality of group ‘consensus’

and individual ‘harmony’. This feedback mechanism takes into account the self-esteem of discordant DMs

by keeping the original opinions of discordant DMs as much as possible within the process of adjusting

the opinions of concordant DMs. Meanwhile, from a holistic perspective, this feedback mechanism can
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effectively improve the overall harmony (self-esteem) of the feedback system, because non-cooperative

behavior in existent mechanisms translated into cooperative behavior in this mechanism.

This article contributes mainly to research on bidirectional feedback mechanism based on the research

paradigm of optimization model. However, the consensus reaching process is a bargaining process of multiple

iterations in nature. Thus, alternative models to the proposed one, like the one proposed by Rubinstein [16] in

game theory, will be investigated in future to analyse the consensus reaching process when both discordant and

concordant subgroups are given feedback simultaneously.
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[22] Ureña, R., Chiclana, F., Melançon, G. & Herrera-Viedma, E. (2019). A social network based approach for

consensus achievement in multiperson decision making. Information Fusion, 47, 72–87.

[23] Herrera-Viedma, E., Palomares, I., Li, C.-C., Cabrerizo, F. J., Dong, Y., Chiclana, F. & Herrera, F. (2021).

Revisiting Fuzzy and Linguistic Decision-Making: Scenarios and Challenges for Wiser Decisions in a Better

Way. IEEE Transactions on Systems, Man and Cybernetics: Systems, 51 (1), 191–208.

[24] Wu, J., Cao, M. S., Chiclana, F., & Herrera-Viedma, E. (2020). An optimal feedback model to prevent

manipulation behaviour in consensus under social network group decision making. IEEE Transactions on

Fuzzy Systems,DOI:10.1109/TFUZZ.2020.2985331.

22



[25] Wu, J., Chang, J. L., Cao, Q. W. & Liang, C. Y.(2019). A trust propagation and collaborative filtering

based method for incomplete information in social network group decision making with type-2 linguistic

trust. Computers & Industrial Engineering, 127, 853–864.

[26] Wu, J. & Chiclana, F. (2014) Multiplicative consistency of intuitionistic reciprocal preference relations

and its application to missing values estimation and consensus building. Knowledge-Based Systems, 71,

187–200.

[27] Wu, J., Dai, L. F., Chiclana, F., Fujita, H. & Herrera-Viedma, E. (2018). A minimum adjustment cost

feedback mechanism based consensus model for group decision making under social network with distributed

linguistic trust. Information Fusion, 41, 232–242.

[28] Wu, J., Li, X., Chiclana, F. & Yager, R. R. (2019). An attitudinal trust recommendation mechanism to

balance consensus and harmony in group decision making. IEEE Transactions on Fuzzy Systems, 27(11),

2163–2175.

[29] Wu, J., Zhao, Z. W., Sun, Q., & Fujita, H. (2021). A maximum self-esteem degree based feedback mech-

anism for group consensus reaching with the distributed linguistic trust propagation in social network.

Information Fusion, 67, 80–93.

[30] Wu, T., Liu, X. W., Qin, J. D. & Herrera, F. (2019). Consensus evolution networks: A consensus reaching

tool for managing consensus thresholds in group decision making. Information Fusion, 52, 375-388.

[31] Wu, Z. B., Huang, S. & Xu, J. P. (2019). Multi-stage optimization models for individual consistency and

group consensus with preference relations. European Journal of Operational Research, 275(1), 182–194.

[32] Wu, Z. B., Jin, B. M., Fujita, H. & Xu, J. P. (2020). Consensus analysis for AHP multiplicative preference

relations based on consistency control: A heuristic approach. Knowledge-Based Systems, 191(5), 105317.

[33] Xu, X. H., Zhang, Q. H. & Chen, X. H. (2020). Consensus-based non-cooperative behaviours management in

large-group emergency decision-making considering experts’ trust relations and preference risks. Knowledge-

Based Systems, 190, 105108.

[34] Zha, Q. B., Liang, H. M., Kou, G., Dong, Y. C. & Yu, S. (2019). A feedback mechanism with bounded

confidence-based optimization approach for consensus reaching in multiple attribute large-scale group

decision-making. IEEE Transactions on Computational Social Systems, 6(5), 994–1006.

[35] Zhang, H. H., Kou, G. & Peng, Y. (2019). Soft consensus cost models for group decision making and

economic interpretations. European Journal of Operational Research, 277(3), 964–980.

[36] Zhang, H. J., Dong, Y. C., Chiclana, F. & Yu, S. (2019). Consensus efficiency in group decision making:

A comprehensive comparative study and its optimal design. European Journal of Operational Research,

275(2), 580–598.

[37] Zhang, H. J., Zhao, S. H., Kou, G., Li, C. C., Dong, Y. C. & Herrera, F. (2020). An overview on feedback

mechanisms with minimum adjustment or cost in consensus reaching in group decision making: Research

paradigms and challenges. Information Fusion, 60, 65-79.

23


