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Abstract
Achieving balance between convergence and diversity is a challenge in many-
objective optimization problems (MaOPs). Many-objective evolutionary al-
gorithms (MaOEAs) based on dominance and decomposition have been de-
veloped successfully for solving partial MaOPs. However, when the optimiza-
tion problem has a complicated Pareto front (PF), these algorithms show
poor versatility in MaOPs. To address this challenge, this paper proposes
a co-guided evolutionary algorithm by combining the merits of dominance
and decomposition. An elitism mechanism based on cascading sort is ex-
ploited to balance the convergence and diversity of the evolutionary process.
At the same time, a reference point adaptation method is designed to adapt
to different PFs. The performance of our proposed method is validated and
compared with seven state-of-the-art algorithms on 200 instances of 27 widely
employed benchmark problems. Experimental results fully demonstrate the
superiority and versatility of our proposed method on MaOPs with regular
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and irregular PFs.
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1. Introduction

When optimizing practical problems, more than one conflicting objective
is often involved [1, 2, 3]. These problems are defined as multi-objective opti-
mization problems (MOPs) [4, 5, 6]; MOPs with more than three objectives
are called many-objective optimization problems (MaOPs) [7] and can be
formulated as follows:

minx F (x) = (f1(x), . . . , fM(x)) ,
s.t. x ∈ X,

(1)

where x = (x1, x2, . . . , xn) ∈ X ⊆ Rn is n-dimension decision space;
F : X → Y ⊆ RM consists of M real-valued objective functions, and RM is
called the objective space [8].

Different from single-objective optimization problems, MOPs do not have
a single solution that optimizes all the objectives because the objectives con-
flict with each other. In theory, non-conflicting objectives can be aggregated
into a single-objective optimization problem. In MOPs, when an objective
is optimized, the remaining objective value may deteriorate rapidly, so it is
necessary to find a set of compromise solutions in the objective space called
the Pareto front (PF). The proximity of the population to the true PF is
usually measured by convergence and diversity. Balancing the diversity and
convergence of the population is a key issue in MaOPs. In order to obtain
the optimal solution set closer to the true PF, many many-objective evo-
lutionary algorithms (MaOEAs) have been proposed to solve MaOPs, and
modified dominance-based and decomposition-based evolutionary algorithms
(EAs) are more popular [9, 7].

In dominance-based MaOEAs, the Pareto dominance relationship can
be defined as follows. For the minimum problem, suppose solution X1

dominates solution X2 (denoted as X1 ≺ X2), if and only if fi (X1) ≤
fi (X2) , i ∈ {1, · · · ,m}, and there is at least one objective value that satisfies
fj (X1) < fj (X2) , j ∈ {1, · · · ,m} and vice versa. Two solutions that do not
satisfy this condition are called non-dominated solutions, and the solutions
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at the PF must be mutually non-dominated. Algorithms based on traditional
domination have achieved remarkable results in multi-objective optimization
with less than three objectives [10, 11, 5]. Recent studies have shown that
as the objective dimension increases, solutions based on dominance will face
the pressure of the dominance resistance phenomenon [12]. It becomes dif-
ficult to meet the dominance conditions in a high-dimensional space, and
non-dominated resistance solutions increase. That is, almost all solutions
in the population are independent of each other, and the dominance rela-
tionship loses the ability to distinguish individual convergence [13]. On the
one hand, researchers have tried to modify the traditional Pareto dominance
relationship to overcome this shortcoming, and to a certain extent expand
or reduce the dominance area of the solution to enhance convergence. For
example, ϵ-dominance [14] expands the individual’s Pareto dominance area
by introducing parameters, and enhances the dominance advantage of non-
dominated individuals to obtain better differentiation. Grid-dominance [15]
uses grid areas to increase individual selection pressure. On the other hand,
some algorithms use the traditional Pareto dominance method to design new
strategies to maintain population diversity. For instance, the knee point
driven evolutionary algorithm (KnEA) explores the knee point of the prob-
lem’s PF to further promote convergence [16].

Decomposition-based MOEAs (MOEA/Ds) provide an innovative solu-
tion for MaOPs. The main idea of this type of algorithm is to perform
collaborative optimization by decomposing MOPs into many single-objective
problems. Usually, a set of preset uniform reference points is used to divide
the objective space into multiple sub-problems to be solved collaboratively,
and the aggregation function is used to replace the Pareto dominance re-
lationship to maintain the convergence and diversity of the population. In
this paper, all concepts of weight vectors and reference vectors are termed
as reference points for simplicity. MOEA/D [17] is one of the representative
algorithms. More algorithms use decomposition-based strategies to balance
the diversity and convergence of the population in MOPs and MaOPs. For
example, NSGA-III [18] and U-NSGAIII [19] employ non-dominated sorting
methods based on reference points to maintain diversity. I-DBEA [20] main-
tains a balance between convergence and diversity through a set of preset
uniformly distributed reference points and two independent distance mea-
sures. In addition, there is the decomposition-based covariance matrix adap-
tation evolution strategy algorithm MOEA/D-CMA [21]. It is difficult for
real-world MaOPs to obtain prior knowledge of the true PF, which leads to
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the fact that the preset uniform weight vector cannot be well adapted to prac-
tical problems, especially MaOPs with irregular PFs. In fact, it is difficult to
obtain an optimal set of weight vectors without prior knowledge of the PFs
[22, 23, 24]. An intuitive and feasible method for processing MaOPs with
irregular PF shapes is to adaptively adjust the reference vector in the process
of evolution to obtain the PF approximation. Examples include a reference
vector guided evolutionary algorithm RVEA [25], MOEA/D with adaptive
weight adjustment MOEAD-AWA [26], and improved NSGA-III algorithm
with reference point adaptation [27, 28]. It is worth noting that the recently
proposed algorithm VaEA [29] suggests an alternative method in which the
maximum vector angle priority principle is used in environmental selection
to ensure the width and uniformity of the solution set, instead of relying on
specific reference vectors. The recently proposed indicator-based MaOEAs
also provide an alternative way to generalize the indicator to many-objective
optimization [30, 31, 32].

Most MOEAs in the literature have achieved optimistic results on many
MOPs and MaOPs with different types of PFs. However, further research
indicates that the performance of MOEAs is strongly related to the PF shape
of the problem to be solved [22]. MOEAs based on Pareto-domination cannot
effectively differentiate which solutions should survive into the next gener-
ation because of the dominance resistance phenomenon [12] caused by the
curse of dimensionality [13]. In the existing standard benchmark problems,
the PF shape can be roughly divided into two types: regular PF and irreg-
ular PF (see Fig. 1). The performance of most MOEAs is sensitive to the
PF shape, especially in MOEA/Ds. Only when the preset reference point is
approximate to the PF shape distribution in the problem to be solved can
a better effect be achieved [33]. The two types of algorithms represented by
NSGA-II and MOEA/D are suitable for different problems and have their
own advantages. This inspired us to combine the two algorithms’ advan-
tages, that is, use the elitism mechanism based on Pareto-domination and
decomposition to balance between the distribution and convergence of the
population. In addition, in order to solve the challenges faced in benchmark
problems with different shapes of PF, a reference point adaptive strategy is
employed, which adaptively learns the PF shape of the problem to be solved
to approximate better distribution. In this paper, the proposed algorithm
is named MaOEADRA for simplicity. The main contributions of this paper
follow.
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(1) Elitism mechanism cascade sorting is proposed to exploit the mer-
its of both dominance-based and decomposition-based approaches to
balance the convergence and diversity of the evolutionary process.
On the one hand, the dominance resistance phenomenon in MaOEAs
is improved; on the other hand, a reference point is employed to guide
the evolution direction of subproblems to obtain a better distribution.

(2) Useless preset reference points are eliminated, then the individuals
in the non-dominated archive are used to supplement a new set of
reference points matching the population size during the evolution
process. In addition, an approach of timely rewarding and delaying
updates is adopted to ensure that the contributing reference points
are not deleted by mistake. The purpose is to ensure the ability of the
algorithm to search globally, which is useful in deceptive benchmark
problems.

(a) Regular (b) Disconnected (c) Degenerate (d) Inverted

Figure 1: The PF of different shapes in the many-objective optimization problems.

The remainder of this article is organized as follows: Section 2 describes
the motivation for this work. MaOEADRA implementation details are given
in Section 3. We present the results of a series of experiments and analysis of
the performance of the algorithm in Section 4. Finally, Section 5 summarizes
the paper.

2. Related work and motivation

Algorithms based on the dominant [5, 11] advantage can find a set of
solutions with good convergence and distribution in the benchmark problem
with three objectives. However, with an increase in the number of objectives,
a larger part of the randomly generated population no longer dominates each
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other [4, 34], which hinders the convergence of the population. Completely
different from the idea based on dominance, the decomposed MOEA trans-
forms the original MaOP into smaller subproblems through a set of preset
weight vectors. To maintain the convergence and distribution of subprob-
lems through the formulation, the distribution of reference points determines
the evolutionary direction of the subproblems. The most widely used sub-
problem formulation methods include weighted sum (WS) [35], Tchebycheff
[35, 36, 37], and penalty-based boundary intersection (PBI) [17]. In recent
years, there has been a trend of mixing dominance-based and decomposition-
based strategies in order to fully combine the advantages of different algo-
rithms to better solve MaOPs. In NSGA-III [18], first, the dominant popu-
lation is screened out by the dominant relationship, and then the diversity
maintenance among population members is realized through a set of preset
reference points. In MOEA/DD [38], decomposition and Pareto advantage
are used together, and the performance of some MaOPs is better than many
contemporary MaOEAs. Some algorithms also combine the indicator and the
advantage of the decomposition to solve MaOPs [29, 32].The idea of combin-
ing different strategies to solve MaOPs has achieved encouraging results and
made up for their respective shortcomings, this is one of the motivations of
this paper.

MOEA/Ds have many attractive features [39]. First, the reference point
formulation method can balance the convergence and diversity of the popu-
lation, which is an efficient search strategy. Second, the setting of reference
vectors can guide the evolutionary direction of sub-region individuals, and
the PF distribution obtained by different reference vectors is different, which
provides a means for heuristic search. By controlling the distribution of
reference points, different solution sets can be obtained to satisfy various
complex scenes [40]. In general, the preset reference points in MOEA/Ds use
Das and Dennis’s method [41] to create a set of uniformly distributed points
in the objective space, which contribute to good performance on a MaOP
with a regular PF. However, on MOPs with irregular PFs [26, 42, 22, 43, 27],
performance degrades. For example, in the MaF5 test suite [44], only 15
reference points among the preset 91 reference points participate in the evo-
lution, which causes a large number of solutions to be crowded and only dis-
tributed in some areas, and the distribution performance of the algorithm is
greatly reduced. The most intuitive idea to solve these problems is to dynam-
ically adjust the reference point during the evolution process. For example,
MOEA/D-RW [45] and A-IM-MOEA [46] introduce a random reference point
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to guide the population toward diversification to improve population diver-
sity. However, the addition of random reference vectors makes it difficult to
ensure the convergence and distribution of the solution. Frequent updating
of the reference points greatly reduces the efficiency of convergence and even
makes them lose the ability to search globally. In the evolution process of
A-NSGAIII [47], undesirable reference points are continuously deleted and
new reference points are added according to the distribution of contemporary
individuals. However, catering to contemporary individuals in the objective
space may have the risk of evolving toward a part of the true PF, not the
entire extent, and this gets worse in testing suites with regular PFs because
it destroys the distribution of the reference points.

Most existing reference point adaptation strategies have achieved signifi-
cantly better performance on MaOPs with irregular PFs, but it is worth
noting that the method based on decomposition strongly depends on the
reference points in the objective space distribution. The performance of al-
gorithms designed for MaOPs with irregular PFs will be greatly reduced in
MaOPs with regular PFs. A concrete example is illustrated in Fig. 2. RVEA
[25] dynamically adjusts a set of uniform reference points to adapt to vari-
ous MaOPs. It achieves uniformly distributed solutions in the DTLZ1 test
problem with a regular PF (see Fig. 2(a)), but this adaptive strategy is non-
effective in the DTLZ5 test problem with an irregular PF (see Fig. 2(c)). In
contrast, DDEANS [48] is an algorithm that depends on the population for
dynamic decomposition. The uniform reference points were not used in the
decomposition process. Although DDEANS has achieved excellent distribu-
tion in the DTLZ5 test problem (see Fig. 2(d)), it is not as good as RVEA in
DTLZ1 (see Fig. 2(b)). This is due to the fact that the adaptive strategy can
perturb the distribution of the preset uniform reference points on the regular
PF, but the uniform reference points cannot effectively guide the population
distribution in MaOPs with irregular PFs. Therefore, another motivation of
this paper is to use the external archive of non-dominated solutions as a sup-
plement to the preset uniform reference point during the evolution process,
and propose a MaOEA that can be applied to the robust optimization of
MaOPs with various PFs.
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Figure 2: Final populations obtained by MOEAD and DDEANS on the 3-objective DTLZ1
and 3-objective DTLZ5.

3. Proposed algorithm

In this section, the detailed implementations of MaOEADRA are pre-
sented in the form of pseudo-code.

3.1. The framework of the MaOEADRA
MaOEADRA has a similar framework to most existing decomposition-

based MaOEAs. The only difference is that it adds a reference point update
strategy and a mixed environmental selection operator. The main frame-
work is shown in Fig. 3 and the pseudocode of MaOEADRA is described in
Algorithm 1. At the beginning of the algorithm, the initialization procedure
generates N preset uniform reference points Wi = (w1, · · · , wN)(line 1) by
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Das and Dennis’s method [41] and N initial solutions P0. The preset reference
point set is crucial to improve the performance of the algorithm on benchmark
problems with a regular PF and the ability to globally search. Notably, in al-
gorithms based on a decomposition strategy, the number of reference points
is always consistent with the population size. The non-dominated archive
A and adaptive reference point set V (line 3) are initialized according to
the initial population and preset reference point. In addition, MaOEADRA
needs to record the participation of each preset reference point in the popu-
lation for deletion, so it is necessary to record the immediate reward of each
preset reference point by set R (line 4). Then, the simulated binary crossover
(SBX) [49] and polynomial mutation (PM) [50] are employed to create the
next generation. Here, we apply a random pairing mating selection strategy
to create the parents. This means that each individual in the population has
an equal probability to be involved in the reproduction process. Finally, a
new set of reference points is obtained through the update strategy, and the
non-dominated archive is simultaneously updated and applied to the envi-
ronmental selection based on cascade sorting. The algorithm uses the preset
maximum function evaluations as the termination condition of the loop.

Population

Archive Reference point adaptation

Dominance-based sorting

Decomposition-based sorting

Environmental Selection

8SGDWH

3URYLGH�XQLIRUPLW\

6XSSOHPHQW�

(YROXWLRQ

Figure 3: The framework of the MaOEADRA.
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Algorithm 1 The framework of MaOEADRA
Input: Population size N , objectives m, the termination criterion;
Output: The final population P ;
1: W ←UniformReferencePoint(N);
2: P0 ← RandomInitialize (N);
3: A← P0, V ← W ;
4: R← ZerosN×1;
5: Gen← 1;
6: while the termination criterion is not satisfied do
7: O← V ariation (MatingSelection (Pt, N));
8: Qt ← Pt

⋃
O;

9: [A, V,R]← UpdateRefPoint(A ∪O,W, V,R,Gen);
10: Pt+1=EnvironmentalSelection(Qt, V, A);
11: Gen← Gen+ 1;
12: end while
13: Return P ;

3.2. Normalization of the objective space scale

(a) (b) (c)

Figure 4: Projection of the true PF of 3-objective MaF7 and the preset reference points
on the plane f2

1 + f2
2 + f2

3 = 1; (b) Projection before normalization; (c) Projection after
normalization.

The preset uniform reference points are composed of a set of points dis-
tributed on the plane f1+f2+...+fm = 1, and their objective space scales are
consistent. On the contrary, the objective space scale of most MaOPs is dif-
ferent. It can be observed that the true PF of the three-objective space scale
on the MaF7 is (6; 0:85; 0:85) in Fig. 2(a), and only a few reference points
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are in the region of true PF. This leads to the direct association of the pop-
ulation with the reference points being affected by the inconsistency of the
spatial scale. In order to improve the decomposition efficiency, we propose
a dynamic normalization approach for the objective space of the population.
Assuming that archive A is the currently maintained non-dominated solution
set, Formula 2 obtains the normalized population’s objective value. To illus-
trate more intuitively the role of normalization operations in the algorithm, a
typical example is shown in Fig. 4(a). Obviously, the unnormalized true PF
is only associated with a few preset reference points. After the normalized
procedure, the reference points can guide the evolution of the population
more efficiently.

f ′
i(x) =

fi(x)− zmin
i

zmax
i − zmin

i

, i = 1, 2, . . . ,m, (2)

where zmin
i = minx∈A(fi(x), z

min
i ) and zmax

i = maxx∈A fi(x). Note that, if
zmax
i = zmin

i , the denominator in Formula 2 from becoming zero2, so zmin
i is

replaced by zero if zmax
i − zmin

i < 1e− 6.

3.3. Reference point adaptation method
The purpose of updating the reference point is to use the distribution

of non-dominated individuals in the population to learn the true PF shape
of different types of test problems. The contribution of reference points is
evaluated by the correlation between reference points and individuals in the
current population and the historical population, and the preset reference
points with no contribution in the evolution process are replaced by solutions
in the non-dominated archive. In addition, a discount factor is introduced
to reduce the influence of individuals associated earlier. The pseudocode of
Algorithm 2 shows the process of the reference point update. The procedure
consists of four operations: 1) Update non-dominated archive A through non-
dominated sorting (line 1); 2) Update R based on the association between
the preset reference points and the solutions in the non-dominated archive;
3) Update reference point set V (lines 6-15); 4) Prune the non-dominated
archive A(lines 16-22).

2For example, the test problem MaF8 has only one non-dominated solution in the early
stage of evolution, and zmin is equal to zmax.
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The non-dominant solution represents the part of the population closest
to the true PF, which better reflects the change of the true PF. Therefore,
the purpose of the first operation is to keep the non-dominated solution as
long as possible to obtain PF information. Non-dominated sorting is used
to select individuals in the non-dominated layer from the original archive
A, then duplicate individuals will be deleted. In the second operation, the
method in Section 3.2 is used to normalize the objective space scale of the
population to better associate with the preset reference points and improve
the decomposition efficiency (the objective scale of most benchmark problems
is significantly different from the preset reference points [25]). After A is
normalized to the same scale as preset reference points W , the number of
individuals associated with each reference point w is calculated by Algorithm
3. If the reference point is associated with the individuals, the corresponding
score is increased by 1, which represents the degree of contribution for the
reference points. Consider that as evolution progresses, the newly generated
non-dominated solutions can better reflect the true PF distribution, so the
discount factor γ = 0.9 is introduced to weaken the influence of the previously
associated individuals. In other words, previous rewards are exponentially
less important. A detailed explanation of the discount factor strategy can be
found in paper [51]. After everything is ready, the reference point is updated
in the third operation. It is worth noting that reference points do not need
to be updated for each generation, because frequent updating of reference
points is not conducive to balancing the convergence and distribution of
the population, and the algorithm only updates the reference point every
η = 50 generations. The discontinuous invoking adaptive reference point
strategy is commonly applied in MaOEAs [52, 25]. In this procedure, the
contributing preset reference points are first selected for the reference point
set V ′. If the size of V ′ equals the population size, the reference point is
directly updated to V ′. Otherwise, the reference point λ(p) corresponding
to the individual p is obtained by Formula 3. Then the reference point λ(p)
with the maximum Euclidean distance from the element in set V ′ is selected
from NA as a new reference point to supplement V ′, until the size of V ′ is
equal to W. Simultaneously, each preset reference point contribution reward
R′ is reset to zeros. It is worth noting that in non-constrained problems,
the number of non-dominated solutions will increase sharply as the evolution
progresses. If all the non-dominated solutions are retained, more resources
are consumed in the calculation. So we prune the non-dominated archive in
the fourth operation, and eliminate crowded individuals by using the cosine
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similarity to reduce computational overhead. Thanks to the elite mechanism
of the algorithm, the pruning operation does not affect the performance of
the algorithm.

λ(x) =
1

Σm
j=1f

′
j(x)

F ′(x), (3)

where F ′(x) = (f ′
1(x), f

′
2(x), . . . , f

′
m(x))

T is the normalized objective vector
by Formula 2.
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Algorithm 2 UpdateRefPoint (A,W, V,R,Gen)

Input: A(original archive),W (set of init reference points), V (current ref-
erence points), R(current score of init reference points), Gen(number of
evolution);

Output: A′(new archive), V ′(set of adapted reference points), R′(new score
of init reference points);

1: A′ ← Update archive A by Nondominated Sort;
2: NA← Normalization A′ by Formula 2;
3: H ← unique(Association(NA,W ));
4: R′ ← γ ∗R;
5: R′

H ← R′
H + 1;

6: if Gen % η == 0 then
7: if ∥A′∥+ ∥W∥ ≥ N then
8: V ′ =

{
wi | wi ∈ W, r(wi) > γ⌊η×0.6⌋, r ∈ R

}
;

9: while ∥V ′∥ ≤ N do
10: p← argmaxp∈NA minr∈V ′ Distance(λ(p), r);
11: V ′ ← V ′ ∪ A′(λ(p));
12: end while
13: R′ is reset to zeros;
14: end if
15: end if
16: if ∥A′∥ > 2 ∗N then
17: A∗ ← {e1, e2, ..., em | ei ∈ boundary solutions in A′};
18: while ∥A∗∥ ≤ N ∗ 2 do
19: a← argmaxa∈A′\A∗ minr∈A∗ Angle(a, r);
20: A′ ← A′\a, A∗ ← A∗ ∪ a;
21: end while
22: end if
23: Return A∗, V ′, R′;

3.4. Association procedure
The association operation between solutions and reference vectors is an in-

dispensable procedure in the framework of decomposition. In MaOEADRA,
each reference vector not only defines a sub-problem that can evaluate the
solution’s fitness value, but also specifies a sub-region that can be used to
estimate local population density. The pseudocode of association procedure
is given in Algorithm 3.
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d1 = ∥−→p ∥ cos (r,−→p ) ,
d2 = ∥−→p ∥ sin (r,−→p ) ,

(4)

where −→p is the reference vector for solution p and −→r is the reference vector
for reference point r.

In the association procedure, the relationship between the solution and
the reference vector is determined by the euclidean distance between the
solution and the reference point. To begin with, the location of of each ref-
erence point is adjusted by the adjusting approach proposed in [29]. Then,
each individual is associated with the reference vector with the closest eu-
clidean distance. In order to illustrate the execution process more intu-
itively, an example of the adjusting approach is illustrated in Fig. 5. Sup-
posing Wi = (w1, · · · , w5) is a set of vectors composed of reference points;
F (Xp) = (f1(x), f2(x)) is the mapping of P to the objective space. The pro-
jection length of F (Xp) on the vector is d1, and the perpendicular distance
is d2 by Formula 4. For each reference point r, it is easy to detect a solution
p having the minimum perpendicular distance d2 to vector −→r . Then the
projection point r′ can be calculated by r/∥r⃗∥ · d1. Finally, according to the
Euclidean distance of each solution p and reference point r′, the relationship
can be determined. For more details of the association procedure mechanisms
and their effects on the algorithm performance, interested readers may refer
to [29].

W1

W2

W3

W4

W5

p

0

d1

d2

1

1

initial reference point r

adjusted reference point rŇ

Figure 5: Illustration of location adjustment of reference point.
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Algorithm 3 Association(P, V )

Input: P (normalized population), R(set of reference points);
Output: C(the reference point index);
1: //Location adjustment of reference point;
2: R′ ← ∅;
3: for each r ∈ R do
4: p← argminp∈P ∥−→p ∥ sin (−→r ,−→p );
5: r′i ← ri/∥−→r ∥ · ∥−→p ∥ cos (−→r ,−→p ) , i ∈ {1, . . . ,M};
6: R′ ← R′ ∪ {r′};
7: end for
8: //Association procedure;
9: C ← ∅;

10: for each p ∈ P do
11: c = argminr∈R′

√∑M
i=1 (ri − pi)

2;
12: C ← C ∪ {c}
13: end for
14: Return C;

3.5. Environmental selection method based on cascade sorting
Similar to most existing MOEAs based on dominance, the purpose of

environmental selection is to retain as many elite individuals as possible in
the combined population. The offspring individuals are obtained after cross-
mutation; the combined population is a size of 2N containing the parent and
offspring. N solutions should be selected from the combined population by
cascade sorting, which involves two operations: (1)dominance-based sorting;
(2)decomposition-based sorting. Operation (2) is a further supplement to
operation (1). The details of environmental selection are in Algorithm 4.
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Algorithm 4 EnvironmentalSelection(P, V )

Input: P (combined population), V (set of adapted reference points) m;
Output: Q(population for next generation);
1: //Nondominant sort;
2: [FrontNo,MaxFNo]← NondominatedSort (P,N);
3: k ← The number of individuals that the critical layer needs to retain;
4: Last← Individuals of the critical layer;
5: Normalize the population P by Formula 2;
6: //Decomposition-based sort
7: Rank,D ← LayerSort(Last, V );
8: DRank>1 ← DRank>1 ∗ (−1);
9: id← sortrows(Rank,D);

10: Q← PFrontNo<MaxFNo ∪ Lastid(1:k);
11: Return Q;

Operation (1) is similar to the algorithm’s framework proposed in NSGAII
[53] in which the combined population P is sorted according to nondomina-
tion3. The sorted individuals are assigned to different dominance hierarchies
{F1, F2, · · · , FMaxFNo, Finf}. In this structure, individuals in the F1 layer are
called non-dominated solutions because there is no solution that can domi-
nate them in the combined population. Individuals in the upper layer always
dominate the individuals in the next layer, and individuals in the same layer
do not dominate each other. In order to ensure the implementation of the
elitism mechanism, priority is given to individuals in the non-dominated layer
F1. If the size of F1 is smaller N , then the individuals in the next layer F1

are selected to enter the next generation Pt+1, followed by solutions from the
set F3, until the selected population size is not less than N . If the size of
the candidate solution exceeds N , the last layer selected is called the critical
layer FMaxFNo, that is

∥∥∪MaxFNo
i=1 Fi

∥∥ ≥ N . The evolution of the population
is stable, and each generation needs to maintain the same population size.
Therefore, the poor individuals in the critical layer need to be distinguished
and eliminated by the decomposition-based sorting.

Individuals with the least contributions will be eliminated in FMaxFNo by
sorting based on decomposition in operation (2). The purpose is to ensure

3Considering the time cost of non-dominated sorting, efficient non-dominated sort
(ENS) [54]for MOPs and tree-based ENS [55] for MaOPs is employed.
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that the scale of population
∥∥∪MaxFNo

i=1 Fi

∥∥ reaches N . Due to the challenges
of the dominance resistance phenomenon and curse of dimensionality, the
dominance relationship cannot distinguish each elite in the combined pop-
ulation. Further screening is therefore required to obtain a population size
that meets the criteria. On the basis of non-dominated sorting, candidate
solutions are divided into different groups by reference points. The number
of individuals in the subregions of each reference point is not the same in
the early stages. In order to distinguish the convergence and distribution of
individuals in the same subregions, a decomposition-based sorting method is
proposed in Algorithm 5, which divides individuals of the same rank into a
layer, and the rank of individuals in the same subregions are sorted by PBI
value. In the minimization problem, the smaller the PBI value is, the closer
the solution is to the true PF in the same subregion. The advantage of doing
this is that the individuals at the first layer are preferred because they are
associated with an isolated subregion and are crucial for maintaining distri-
bution. Individuals in the same layer are distinguished by the value of d2 in
Formula 4, which can accelerate the solution closer to the reference point. In
summary, all individuals that meet the requirements will be retained for the
next generation.

Algorithm 5 LayerSort(P, V )

Input: P (population), V (reference points);
Output: Rank(rank of the population), D(Distance);
1: C ← Association(P, V );
2: D,Rank ← zeros(N, 1);
3: for i in 1:size(V) do
4: Detect the individuals p associated with the reference point ri;
5: Calculate the PBI value for each individual by d1 + 5 ∗ d2 in Formula

4 and update D with the value of d2;
6: The individuals are stratified according to the PBI value and update

the Rank according to the layered results;
7: end for
8: Return Rank,D;

To visualize the procedure of the elite mechanism, Fig. 6 shows a specific
implementation process. Suppose the combined population is ABCDEFGHI ,
six individuals need to be selected from the population for the next gener-
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ation. The population is divided into three levels by non-dominant order-
ing as shown in Fig. 6(a) and Fig. 6(b). The population is graded by
decomposition-based sorting, and all individuals are divided into two levels
according to their PBI values. Individuals A, B, C, D, and E at the first
level are preferentially reserved for the next generation, while individuals F
and G are at the same level and are distinguished by the perpendicular dis-
tance from the associated reference point. Obviously, the rank of dG is 2
and greater than dF , so individual G is retained, which is to ensure better
distribution of solutions in the same subregion. Finally, the individuals A,
B, C, D, E, and G are selected for the next generation. In the population,
individual E is related to an isolated subregion (the area encircled by the
blue dotted line in Fig. 6(a)), and priority retention facilitates maintenance
of distribution.
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W4
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Rank 1
Rank 2
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(a) Dominance-based sorting
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W4

W5

Rank 1
Rank 2

A
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D

E
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G

0
dG

dF

PF

(b) Decomposition-based sorting

Figure 6: Illustration of cascade sorting for elitism mechanism

4. Experimental design and analysis

This section is devoted to the experimental design for investigating the
performance of MaOEADRA. First, we introduce some advanced benchmark-
ing problems for many-objective designs. Then, the quantitative analysis in-
dexes used in the performance evaluation are introduced. Finally, a quantita-
tive comparison and analysis are made with eight state-of-the-art algorithms.

19



These algorithms are all leading and competitive on MaOPs. The algorithms
compared in this paper are implemented on platform PlatEMO[56], and the
relevant source code can be obtained on Github45. Features of these algo-
rithms are summarized in Table 1.

Table 1: Features of the algorithms for comparison

Algorithm Strategy
DDEANS [48] Dynamical decomposition based
NSGA-III [18] Reference point based; Nondominated sorting based

MaOEAIGD [31] Indicator based
SPEAR [57] Pareto based; Reference direction based

ANSGAIII [47] Adaptive reference proint based
MOEADD [38] Dominance based; Decomposition based

RVEA [25] Reference vector guided
RVEA-iGNG[58] Growing neural gas network

4.1. Benchmark problems
Twenty-seven test cases from five widely used test suites were employed to

evaluate algorithm performance in the experiment, namely DTLZ1–DTLZ7
[59],IDTLZ1- IDTLZ2 [47], WFG4–WFG9 [60], MaF1-MaF13 [44], and Pareto-
Box problem MLDMP [61] and MPDMP [62]. The relevant features of the
benchmark problems are given in Table 2. DTLZ1–DTLZ4 and WFG4–
WFG9 are widely used to test the performance of MOEAs on MOPs and
MaOPs. Both of them are problems with a scalable number of objectives.
IDTLZ1 and IDTLZ2 are modified versions of DTLZ1 and DTLZ2 with an
inverted PF and thus become irregular [22]. MaF was designed for the CEC
2017 competition, with diverse features for a systematic study of the MOEAs.
The performance on the benchmark can demonstrate the overall capabilities
of complexities in real-world scenarios [44]. The Pareto-Box problem is a
novel visual test suite for evaluating an MaOP’s ability to visually demon-
strate the performance of MOEAs. All the test suites were employed to
evaluate algorithm performance on five different objective dimensions.

4.2. Performance evaluation metrics
Comprehensive evaluation indicators are often applied to evaluate the

convergence performance and distribution performance of the algorithm.

4PlatEMO: https://github.com/BIMK/PlatEMO
5RVEA-iGNG: https://github.com/qiqi6770304/RVEA-iGNG.git
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Table 2: Features of benchmark problems in the experiment [59, 47, 60, 44]

Features Problems
Multi-modal DTLZ1, DTLZ3, MaF3, MaF4, MaF7, DTLZ6

Biased DTLZ4, WFG7, WFG8, WFG9, MaF5, MaF10, MaF12
Non-separable WFG6, WFG8,WFG9, MaF11, MaF12, MaF13

Deceptive WFG5, WFG9
Degenerate DTLZ5, DTLZ6, DTLZ7, MaF6, MaF8, MaF9

Disconnected DTLZ6, MaF7, MaF11
Linear DTLZ1, MaF1
Convex MaF3, MaF5, MaF11
Mixed DTLZ7, MaF7, MaF10

Concave DTLZ2, DTLZ3, DTLZ4, WFG5, WFG6, WFG7, WFG8, WFG9, MaF2, MaF4, MaF6, MaF12, MaF13
Inverted MaF1, IDTLZ1, IDTLZ2

In the quantitative performance evaluation of this work, two widely used
indicators—the IGD [63] and the HV [64]—were used to measure the overall
performance of the algorithm. Both indicators can simultaneously evaluate
the distribution and convergence of the algorithm.

(1) IGD: The IGD is an inversion of the GD indicator [65]. IGD needs
to use the true PF of the benchmark problem to measure the perfor-
mance of the algorithm. Let P be a set of points uniformly sampled
over the true PF, then S is the approximate value of the PF obtained
by the algorithm. The formulaic expression of IGD can be defined
as:

IGD (S, P ∗) =

∑
x∗∈P ∗ dist (x∗, S)

|P ∗|
, (5)

where dist (x∗, S) is the minimum Euclidean distance from point x∗ to
set P. In theory, the larger the scale of |P ∗|, the closer the IGD value
is to the ideal situation. In the experiment, we chose 100,000,000 uni-
formly distributed points in the true PF of the benchmark problem
to be used in the calculation. In addition, the performance measure-
ment standard was that the smaller the IGD value, the better the
performance.

(2) HV: The HV is an indicator that measures the volume of the hy-
percube dominated by an approximation set. Before obtaining the
HV metrics, all solutions need to be normalized by the ideal point
and nadir point of the PF, and the solutions beyond the boundary
should be eliminated from it, then the normalized HV value of the
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solution set is calculated with a reference point (1.1, 1.1, . . . , 1.1)
[66]. It is worth noting that in MaOPs, to accurately calculate the
HV value is difficult. To improve the computational efficiency takes
a huge amount of time, so the Monte Carlo estimation method [67]
is employed to sample uniformly distributed points on problems with
more than five objectives. In addition, the larger the HV value, the
better its performance.

4.3. General parameter settings
(1) Reproduction Operators: The crossover probability is pc = 1.0 and its

distribution index is ηc = 20 in SBX. As for the polynomial mutation,
the probability pm and distribution index ηm are set to be 1/n(n
represents decision number) and 20, respectively.

(2) All test cases were run 30 times on each algorithm independently,
and the average and standard variance of each test was recorded.
Under the premise of ensuring convergence, the maximum genera-
tion settings for all benchmark problems are shown in Table 3. For
objective comparison, the Wilcoxon rank sum test with a significance
level of 0.05 was employed to evaluate the significant difference in
algorithm performance from a statistical perspective. The best and
second best performing algorithms are highlighted in dark and light
colors (compared by their average values), respectively. The symbols
”-”, ”=” and ”+” indicate that MaOEADRA is statistically ”better”,
”comparable” or ”worse” than the corresponding algorithm.

(3) Penalty Parameter θ in PBI is set to 5.0.

(4) All decomposition-based algorithms in this work use the method pro-
posed by Das and Dennis [41] to generate uniform reference points.
Table 4 illustrates the number of reference points and the number of
population settings, where p1 and p2 denote the numbers of divisions
on each objective for the boundary layer and the insider layer.

4.4. Analysis of experimental results
The MaF benchmark problem has highly irregular PF shapes. These com-

plexities represent a variety of real scenarios [44] and bring huge challenges
to the convergence and distribution of the algorithm. Solving benchmark
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Table 3: Maximum generation of each problem

Maximum generation Problems
200 MaF1, DTLZ2, DTLZ4, IDTLZ2
500 MaF2-13, DTLZ1, DTLZ3, DTLZ5-7, MLDMP,MPDMP, IDTLZ1

Table 4: Setting of the number of reference points and populations

Number of objectives(M) Parameter(p1, p2) Number of reference points Population size (N)
3 (12, 0) 91 91
5 (4, 3) 105 105
8 (3, 2) 156 156
10 (3, 2) 275 275
15 (2, 1) 135 135

problems with highly irregular PFs is the primary task of algorithms with an
adaptive reference point strategy. Therefore, the MaF test suites can com-
prehensively evaluate the performance of the algorithm on different types of
test problems. Thus, we employed the HV indicator and the IGD indicator
on MaF as shown in Table 5 and Table 6. In addition, the HV indicators of
the other four representative benchmark problems are enumerated in Table
7.

As illustrated in Table 5, MaOEADRA performed outstandingly on most
MaF problems. MaOEADRA achieved the 35 best HV scores and 24 best
IGD scores out of all 65 MaF test cases. MaOEADRA on the HV indicator
was better than and/or comparable to DDEANS, NSGA-III, MaOEAIGD,
SPEAR, ANSGAIII, MOEADD and RVEA in 84.62%, 84.62%, 84.62%,
84.62%, 84.62%, 84.62% and 84.62% of cases, respectively. The IGD indica-
tor was better than and/or comparable to DDEANS, NSGA-III, MaOEAIGD,
SPEAR, ANSGAIII, MOEADD and RVEA in 72.31%, 83.08%, 95.38%,
89.23%, 80.00%, 86.15% and 84.62% of the 65 cases, respectively. Further
analysis revealed that the other seven algorithms only maintained their dom-
inance in their respective fields, but MaOEADRA maintained a balanced
performance in the overall test. Especially for benchmark problems with
irregular PFs, MaOEADRA was clearly superior to the other seven represen-
tative algorithms.
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Table 5: Average HV results for CEC’2018 MAOP competition test cases with results of
t-tests

Problem M D MaOEADRA DDEANS NSGA-III MaOEAIGD SPEAR ANSGAIII MOEADD RVEA

MaF1

3 12 2.1865e-1 (3.50e-4) 2.1852e-1 (3.58e-4) ≈ 2.0339e-1 (1.15e-3) − 1.4434e-1 (1.19e-3) − 1.8798e-1 (7.87e-4) − 2.1783e-1 (1.11e-3) − 1.8860e-1 (1.35e-3) − 1.8590e-1 (6.96e-4) −
5 14 9.3444e-3 (1.46e-4) 8.7388e-3 (2.37e-4) − 4.8721e-3 (3.93e-4) − 4.0529e-3 (5.74e-4) − 1.9584e-3 (9.25e-5) − 5.6241e-3 (6.13e-4) − 2.2555e-3 (1.81e-4) − 1.9286e-3 (6.94e-4) −
8 17 2.5043e-5 (3.76e-6) 1.4867e-5 (4.39e-6) − 2.5025e-5 (7.02e-7) ≈ 1.1283e-5 (9.53e-7) − 3.7646e-6 (1.74e-6) − 2.4886e-5 (1.34e-6) ≈ 4.0189e-6 (1.31e-6) − 1.3976e-6 (5.71e-7) −
10 19 5.0920e-7 (2.46e-7) 3.9978e-7 (6.32e-7) ≈ 4.6769e-7 (2.20e-8) ≈ 1.7099e-7 (1.35e-8) − 3.4409e-8 (1.63e-8) − 4.6869e-7 (1.94e-8) ≈ 3.6288e-8 (1.19e-8) − 1.4296e-8 (1.23e-8) −
15 24 3.0644e-12 (2.79e-12) 0.0000e+0 (0.00e+0) − 2.2166e-12 (3.73e-13) ≈ 9.6325e-13 (3.00e-13) − 1.7911e-13 (6.58e-14) − 2.3426e-12 (5.84e-13) ≈ 5.7882e-14 (3.82e-14) − 6.8552e-14 (3.37e-14) −

MaF2

3 12 2.4165e-1 (5.90e-4) 2.4151e-1 (1.07e-3) ≈ 2.3702e-1 (1.01e-3) − 1.2394e-1 (6.30e-2) − 2.3576e-1 (9.67e-4) − 2.3892e-1 (1.33e-3) − 2.0336e-1 (3.03e-3) − 2.2722e-1 (2.27e-3) −
5 14 1.7488e-1 (3.01e-3) 1.8481e-1 (2.13e-3) + 1.5725e-1 (3.87e-3) − 1.3349e-1 (3.20e-2) − 1.4341e-1 (2.41e-3) − 1.5846e-1 (3.90e-3) − 1.3670e-1 (3.55e-3) − 1.5340e-1 (1.74e-3) −
8 17 2.1594e-1 (2.84e-3) 2.3306e-1 (1.52e-3) + 2.0574e-1 (6.94e-3) − 1.8035e-1 (4.81e-3) − 1.7641e-1 (2.23e-3) − 2.1290e-1 (4.94e-3) ≈ 1.7633e-1 (3.26e-3) − 1.6696e-1 (1.13e-2) −
10 19 2.2122e-1 (3.47e-3) 2.4062e-1 (1.87e-3) + 2.1876e-1 (3.71e-3) ≈ 1.8281e-1 (6.84e-3) − 1.8092e-1 (1.70e-3) − 2.2309e-1 (3.66e-3) ≈ 1.8336e-1 (9.38e-3) − 1.6824e-1 (6.81e-3) −
15 24 2.0210e-1 (3.93e-3) 2.0545e-1 (3.75e-3) + 1.6816e-1 (9.34e-3) − 1.3414e-1 (1.35e-2) − 1.4625e-1 (1.54e-3) − 1.7151e-1 (6.11e-3) − 1.4178e-1 (3.46e-3) − 9.0986e-2 (2.61e-2) −

MaF3

3 12 9.4970e-1 (9.31e-3) 6.9403e-1 (3.09e-1) − 8.8622e-1 (2.45e-1) ≈ 0.0000e+0 (0.00e+0) − 4.3826e-1 (3.68e-1) − 9.3498e-1 (4.08e-2) − 8.0231e-1 (3.27e-1) − 3.7775e-1 (3.89e-1) −
5 14 9.7944e-1 (2.70e-2) 0.0000e+0 (0.00e+0) − 8.6530e-1 (2.66e-1) ≈ 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 7.2746e-1 (4.54e-1) ≈ 6.5378e-1 (4.79e-1) − 7.5746e-1 (3.97e-1) −
8 17 9.4629e-1 (7.72e-2) 0.0000e+0 (0.00e+0) − 5.2628e-1 (5.10e-1) ≈ 2.6217e-1 (2.82e-1) − 0.0000e+0 (0.00e+0) − 3.0925e-1 (4.57e-1) − 5.2926e-1 (4.61e-1) − 7.9555e-1 (4.12e-1) ≈
10 19 9.4833e-1 (5.47e-2) 0.0000e+0 (0.00e+0) − 1.9820e-1 (4.10e-1) − 4.4601e-1 (3.70e-1) − 0.0000e+0 (0.00e+0) − 1.9488e-1 (3.63e-1) − 5.6362e-1 (4.72e-1) ≈ 9.9971e-1 (3.64e-4) +
15 24 8.3007e-1 (3.39e-1) 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 5.5626e-2 (2.06e-1) − 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 2.0192e-1 (3.62e-1) − 9.3348e-1 (1.33e-1) +

MaF4

3 12 4.6757e-1 (1.26e-1) 4.9817e-1 (4.88e-2) ≈ 4.9764e-1 (9.16e-3) ≈ 1.2876e-2 (3.52e-2) − 3.0207e-1 (1.68e-1) − 4.3374e-1 (1.70e-1) ≈ 4.7148e-1 (1.27e-1) ≈ 4.6595e-1 (5.18e-2) ≈
5 14 9.1227e-2 (1.39e-2) 6.6804e-2 (1.70e-2) − 3.9225e-2 (2.11e-2) − 4.6994e-9 (1.82e-8) − 5.8337e-3 (6.94e-3) − 3.7780e-2 (1.98e-2) − 2.5715e-2 (8.24e-3) − 6.9848e-3 (4.38e-3) −
8 17 2.7178e-3 (7.39e-4) 5.6891e-4 (4.57e-4) − 1.8876e-3 (2.97e-4) − 2.2114e-6 (8.04e-6) − 5.8525e-5 (2.15e-4) − 2.1025e-3 (3.26e-4) − 1.3654e-5 (2.95e-6) − 2.2221e-5 (3.27e-5) −
10 19 2.5302e-4 (6.57e-5) 2.4967e-5 (1.34e-5) − 2.3676e-4 (1.30e-5) ≈ 3.6803e-7 (5.20e-7) − 1.8845e-6 (4.13e-6) − 2.2861e-4 (2.45e-5) ≈ 1.2079e-7 (1.54e-8) − 1.0778e-7 (9.31e-8) −
15 24 1.5626e-9 (2.49e-9) 2.6967e-23 (1.04e-22) − 9.2515e-8 (5.01e-8) + 4.5094e-16 (1.74e-15) − 1.0224e-12 (3.68e-12) − 9.3303e-8 (6.97e-8) + 2.6678e-13 (1.18e-13) − 2.1698e-13 (6.74e-13) −

MaF5

3 12 5.5960e-1 (1.85e-5) 5.1764e-1 (1.18e-1) − 5.3026e-1 (7.67e-2) − 3.9380e-1 (1.18e-1) − 5.5536e-1 (1.92e-3) − 4.9226e-1 (9.58e-2) − 5.4513e-1 (1.22e-3) − 5.5952e-1 (5.31e-5) −
5 14 7.7998e-1 (4.09e-4) 7.5975e-1 (4.12e-3) − 7.5771e-1 (4.51e-2) − 5.0869e-1 (9.75e-2) − 7.7234e-1 (3.38e-3) − 7.5414e-1 (2.12e-2) − 5.7237e-1 (8.01e-2) − 7.4400e-1 (7.13e-2) −
8 17 9.2410e-1 (2.65e-4) 9.0884e-1 (3.35e-3) − 9.2100e-1 (9.12e-3) − 5.9759e-1 (1.07e-1) − 9.1100e-1 (2.06e-3) − 9.1526e-1 (1.64e-2) − 5.5739e-1 (4.06e-2) − 8.9338e-1 (2.34e-2) −
10 19 9.6992e-1 (1.87e-4) 9.5808e-1 (2.93e-3) − 9.6937e-1 (2.76e-4) − 6.5275e-1 (5.63e-2) − 9.5196e-1 (4.38e-3) − 9.6858e-1 (5.28e-4) − 5.6491e-1 (4.78e-2) − 9.5105e-1 (3.18e-3) −
15 24 9.9074e-1 (1.06e-4) 9.8920e-1 (4.08e-4) − 9.9065e-1 (1.08e-4) − 3.8835e-1 (1.25e-1) − 8.6767e-1 (5.15e-2) − 9.9064e-1 (1.06e-4) − 4.3968e-1 (2.56e-2) − 9.1259e-1 (2.95e-2) −

MaF6

3 12 1.9907e-1 (2.35e-4) 1.9906e-1 (1.33e-4) ≈ 1.9255e-1 (1.18e-3) − 4.9027e-2 (4.53e-2) − 1.8310e-1 (1.74e-3) − 1.9533e-1 (6.15e-4) − 1.8249e-1 (3.10e-4) − 1.6981e-1 (7.95e-3) −
5 14 1.2946e-1 (3.13e-4) 1.2921e-1 (3.80e-4) ≈ 1.2562e-1 (1.21e-3) − 8.1529e-2 (3.31e-2) − 1.1567e-1 (5.72e-3) − 1.2543e-1 (9.95e-4) − 1.1051e-1 (1.22e-3) − 1.1152e-1 (5.63e-3) −
8 17 8.5040e-2 (4.40e-2) 3.9188e-2 (4.57e-2) − 6.0668e-2 (4.66e-2) − 5.4861e-2 (4.64e-2) − 9.3351e-2 (2.15e-3) + 7.1394e-2 (4.42e-2) − 9.6316e-2 (6.41e-4) + 9.6667e-2 (1.27e-3) +
10 19 2.0207e-2 (4.18e-2) 0.0000e+0 (0.00e+0) ≈ 1.1105e-2 (2.31e-2) ≈ 7.2717e-2 (3.76e-2) + 7.7947e-2 (3.17e-2) + 7.6575e-3 (1.56e-2) ≈ 9.4187e-2 (5.60e-4) + 9.3858e-2 (1.33e-3) +
15 24 0.0000e+0 (0.00e+0) 0.0000e+0 (0.00e+0) ≈ 3.7029e-2 (3.12e-2) + 6.0334e-2 (4.42e-2) + 2.8570e-2 (4.20e-2) + 1.7179e-2 (2.69e-2) + 9.2082e-2 (4.04e-4) + 9.1481e-2 (2.65e-4) +

MaF7

3 22 2.7798e-1 (6.04e-4) 2.7487e-1 (1.01e-3) − 2.7049e-1 (1.38e-3) − 1.3764e-1 (5.90e-2) − 2.6921e-1 (8.74e-4) − 2.7081e-1 (1.22e-3) − 2.0753e-1 (1.77e-2) − 2.6437e-1 (2.59e-3) −
5 24 2.5002e-1 (1.01e-2) 2.3802e-1 (4.26e-3) − 2.3856e-1 (2.74e-3) − 1.2729e-1 (3.49e-2) − 2.2753e-1 (2.31e-3) − 2.3895e-1 (3.53e-3) − 9.2337e-2 (4.29e-3) − 2.1045e-1 (3.94e-3) −
8 27 1.9932e-1 (4.09e-3) 1.6556e-1 (8.95e-3) − 1.9624e-1 (3.33e-3) ≈ 5.9007e-2 (2.79e-2) − 1.6322e-1 (1.33e-2) − 1.9889e-1 (2.91e-3) ≈ 1.9496e-2 (2.63e-2) − 1.5623e-1 (1.79e-2) −
10 29 1.9092e-1 (4.87e-3) 1.3214e-1 (7.57e-3) − 1.7205e-1 (5.81e-3) − 1.3688e-2 (7.94e-3) − 1.4176e-1 (7.33e-3) − 1.7173e-1 (5.03e-3) − 6.0386e-5 (3.73e-5) − 1.3263e-1 (1.72e-2) −
15 34 1.4768e-1 (4.09e-3) 8.4423e-2 (9.18e-3) − 1.5187e-1 (5.62e-3) + 1.0633e-3 (1.58e-3) − 1.2679e-1 (1.26e-2) − 1.4927e-1 (6.02e-3) ≈ 3.3945e-7 (3.34e-8) − 1.1546e-1 (1.36e-2) −

MaF8

3 2 2.6678e-1 (8.09e-3) 2.7523e-1 (5.93e-4) + 2.5698e-1 (3.73e-3) − 9.6144e-2 (4.45e-2) − 0.0000e+0 (0.00e+0) − 2.6234e-1 (3.47e-3) − 2.4518e-1 (3.46e-3) − 2.3695e-1 (5.49e-3) −
5 2 1.1473e-1 (4.80e-3) 1.1883e-1 (4.82e-4) + 9.5227e-2 (2.87e-3) − 4.2549e-2 (1.91e-2) − 4.3073e-3 (1.34e-2) − 9.7688e-2 (3.09e-3) − 7.3611e-2 (3.79e-3) − 7.2177e-2 (5.35e-3) −
8 2 2.9357e-2 (1.33e-3) 3.0459e-2 (1.69e-4) + 2.5084e-2 (9.36e-4) − 9.5582e-3 (2.95e-3) − 1.0288e-3 (3.37e-3) − 2.4564e-2 (7.50e-4) − 1.7886e-2 (6.10e-4) − 1.2720e-2 (2.68e-3) −
10 2 1.0878e-2 (1.71e-4) 1.1001e-2 (8.65e-5) + 9.3697e-3 (2.41e-4) − 3.1480e-3 (1.02e-3) − 9.8309e-4 (1.47e-3) − 9.3953e-3 (1.77e-4) − 5.9590e-3 (2.44e-4) − 3.7701e-3 (7.42e-4) −
15 2 5.1795e-4 (5.76e-5) 5.4896e-4 (1.43e-5) + 3.8650e-4 (3.75e-5) − 5.9657e-5 (5.46e-5) − 0.0000e+0 (0.00e+0) − 3.8511e-4 (4.27e-5) − 2.1468e-4 (2.29e-5) − 1.6113e-4 (4.56e-5) −

MaF9

3 2 7.2921e-1 (7.56e-2) 6.2837e-1 (5.04e-2) − 8.3124e-1 (7.31e-3) + 2.1812e-1 (2.45e-1) − 4.5536e-1 (6.18e-2) − 8.2430e-1 (5.58e-3) + 8.3470e-1 (3.28e-3) + 7.7060e-1 (7.08e-2) ≈
5 2 2.2595e-1 (5.46e-2) 1.7151e-1 (5.76e-2) − 1.7883e-1 (4.81e-2) − 8.4192e-2 (6.18e-2) − 3.2985e-2 (4.01e-2) − 1.8728e-1 (4.15e-2) ≈ 2.3224e-1 (8.62e-3) ≈ 1.7354e-1 (2.32e-2) −
8 2 3.7294e-2 (1.09e-2) 2.1837e-2 (1.62e-2) − 1.1145e-2 (8.38e-3) − 8.3929e-3 (6.05e-3) − 0.0000e+0 (0.00e+0) − 1.4648e-2 (9.80e-3) − 2.6476e-2 (2.20e-3) − 2.0736e-2 (3.82e-3) −
10 2 1.5026e-2 (2.62e-3) 1.4279e-2 (2.15e-3) ≈ 1.0163e-2 (1.72e-3) − 4.7149e-3 (2.63e-3) − 2.6040e-3 (2.07e-3) − 9.3332e-3 (1.79e-3) − 7.9372e-3 (2.77e-4) − 5.0037e-3 (7.21e-4) −
15 2 7.7833e-4 (3.55e-4) 6.3218e-4 (3.66e-4) ≈ 3.8565e-4 (2.86e-4) − 1.0472e-4 (1.44e-4) − 2.8244e-5 (5.70e-5) − 4.8904e-4 (2.15e-4) − 3.2471e-4 (2.04e-4) − 1.3350e-4 (9.16e-5) −

MaF10

3 12 8.8858e-1 (1.38e-2) 8.8300e-1 (1.97e-2) ≈ 8.8511e-1 (2.38e-2) ≈ 1.9497e-1 (1.11e-1) − 8.6705e-1 (2.12e-2) − 8.7551e-1 (2.27e-2) ≈ 5.4738e-1 (1.29e-1) − 8.3508e-1 (3.64e-2) −
5 14 7.9313e-1 (3.61e-2) 8.0594e-1 (4.11e-2) ≈ 7.9934e-1 (4.69e-2) ≈ 2.3887e-1 (1.31e-1) − 8.3246e-1 (3.63e-2) + 7.4122e-1 (6.74e-2) − 5.3257e-1 (8.38e-2) − 8.1419e-1 (5.26e-2) ≈
8 17 8.3507e-1 (6.06e-2) 8.2664e-1 (4.75e-2) ≈ 8.5692e-1 (5.86e-2) ≈ 2.6497e-1 (1.28e-1) − 9.2927e-1 (4.87e-2) + 8.0578e-1 (6.01e-2) ≈ 6.8701e-1 (1.13e-1) − 8.6364e-1 (8.34e-2) ≈
10 19 9.1479e-1 (4.48e-2) 8.3639e-1 (4.59e-2) − 8.9683e-1 (6.12e-2) ≈ 2.9512e-1 (5.80e-2) − 9.8420e-1 (2.98e-2) + 9.2872e-1 (5.86e-2) ≈ 9.7926e-1 (3.11e-2) + 9.8099e-1 (4.77e-2) +
15 24 9.5230e-1 (5.00e-2) 9.9918e-1 (3.46e-4) + 9.8973e-1 (3.23e-2) + 3.5866e-1 (1.73e-1) − 9.6877e-1 (3.62e-2) ≈ 9.9085e-1 (2.48e-2) + 7.8039e-1 (9.92e-2) − 9.8116e-1 (3.89e-2) +

MaF11

3 12 9.3220e-1 (9.94e-4) 9.2779e-1 (2.14e-3) − 9.2933e-1 (9.90e-4) − 6.3841e-1 (7.17e-2) − 9.2715e-1 (1.14e-3) − 9.2567e-1 (1.73e-3) − 9.2353e-1 (2.99e-3) − 9.2397e-1 (1.02e-3) −
5 14 9.8475e-1 (3.24e-3) 9.9206e-1 (1.26e-3) + 9.9048e-1 (1.53e-3) + 8.9589e-1 (5.17e-2) − 9.9084e-1 (1.59e-3) + 9.8077e-1 (6.77e-3) ≈ 9.6661e-1 (6.13e-3) − 9.7147e-1 (9.35e-3) −
8 17 9.7979e-1 (3.37e-3) 9.9779e-1 (8.45e-4) + 9.9303e-1 (2.34e-3) + 9.6449e-1 (5.43e-2) ≈ 9.9187e-1 (1.36e-3) + 9.9569e-1 (1.25e-3) + 9.5721e-1 (6.65e-3) − 9.7891e-1 (4.58e-3) ≈
10 19 9.8640e-1 (1.87e-3) 9.9870e-1 (4.32e-4) + 9.9628e-1 (2.20e-3) + 9.8621e-1 (5.12e-3) ≈ 9.9353e-1 (9.67e-4) + 9.9673e-1 (1.76e-3) + 9.6127e-1 (6.05e-3) − 9.8323e-1 (3.60e-3) −
15 24 9.6815e-1 (7.05e-3) 9.9911e-1 (7.24e-4) + 9.9281e-1 (2.63e-3) + 9.3143e-1 (5.33e-2) − 9.9068e-1 (2.49e-3) + 9.9179e-1 (5.11e-3) + 9.5951e-1 (1.02e-2) − 9.5685e-1 (4.38e-2) ≈

MaF12

3 12 5.3086e-1 (2.55e-3) 5.1469e-1 (3.10e-2) − 5.2998e-1 (3.51e-3) ≈ 2.0611e-1 (2.99e-2) − 5.3001e-1 (2.89e-3) ≈ 5.0944e-1 (4.28e-3) − 5.1780e-1 (4.45e-3) − 5.2892e-1 (3.53e-3) ≈
5 14 7.1607e-1 (6.32e-3) 7.1044e-1 (1.98e-2) ≈ 6.8481e-1 (4.40e-2) − 2.3167e-1 (9.03e-2) − 6.8208e-1 (2.83e-2) − 6.2285e-1 (5.36e-2) − 6.4614e-1 (2.11e-2) − 7.0876e-1 (3.52e-2) ≈
8 17 8.3209e-1 (3.73e-2) 7.9974e-1 (6.40e-2) ≈ 8.1713e-1 (3.75e-2) − 3.5328e-1 (2.18e-1) − 8.1477e-1 (2.54e-2) − 7.6208e-1 (4.78e-2) − 6.7167e-1 (3.15e-2) − 8.2229e-1 (1.95e-2) −
10 19 8.9074e-1 (6.85e-3) 8.9593e-1 (4.86e-3) + 8.6492e-1 (4.06e-2) − 4.5365e-1 (2.81e-1) − 8.6890e-1 (1.82e-2) − 8.2237e-1 (7.29e-2) − 6.6810e-1 (3.52e-2) − 8.5562e-1 (4.44e-2) −
15 24 8.7941e-1 (4.75e-2) 9.0316e-1 (1.76e-2) + 8.6867e-1 (5.78e-2) ≈ 4.6544e-1 (2.75e-1) − 8.4491e-1 (2.82e-2) − 8.4840e-1 (7.27e-2) ≈ 6.0403e-1 (8.75e-2) − 7.4583e-1 (7.22e-2) −

MaF13

3 5 4.7994e-1 (1.22e-2) 4.5958e-1 (1.14e-2) − 4.8678e-1 (1.99e-2) ≈ 2.1165e-1 (1.14e-1) − 4.4415e-1 (2.27e-2) − 4.7552e-1 (1.44e-2) ≈ 5.1520e-1 (1.25e-2) + 4.6898e-1 (2.60e-2) ≈
5 5 2.0370e-1 (1.04e-2) 1.8033e-1 (2.19e-2) − 1.5692e-1 (2.90e-2) − 1.0030e-1 (4.44e-2) − 4.6291e-2 (4.73e-2) − 1.5317e-1 (4.22e-2) − 1.7920e-1 (3.04e-2) − 1.3927e-1 (2.26e-2) −
8 5 1.3971e-1 (8.19e-3) 1.1074e-1 (1.79e-2) − 8.9393e-2 (3.08e-2) − 6.5241e-2 (2.19e-2) − 1.1979e-2 (2.72e-2) − 1.0265e-1 (3.22e-2) − 6.6317e-2 (2.41e-2) − 9.2524e-2 (2.71e-2) −
10 5 1.2301e-1 (5.34e-3) 1.0377e-1 (6.66e-3) − 9.7697e-2 (2.00e-2) − 6.3938e-2 (1.97e-2) − 1.4911e-2 (3.36e-2) − 9.5238e-2 (1.53e-2) − 5.3017e-2 (1.56e-2) − 6.6608e-2 (2.99e-2) −
15 5 6.5305e-2 (2.10e-2) 5.4302e-2 (1.54e-2) − 3.7429e-2 (2.17e-2) − 3.1847e-2 (1.97e-2) − 4.7310e-3 (1.51e-2) − 3.8056e-2 (2.51e-2) − 5.9437e-2 (1.60e-2) ≈ 5.8041e-2 (1.39e-2) ≈

+/− / ≈ 16/34/15 9/38/18 2/61/2 10/53/2 7/40/18 6/55/4 7/47/11
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Table 6: Average IGD results for CEC’2018 MAOP competition test cases with results of
t-tests

Problem M D Acode1 DDEANS NSGA-III MaOEAIGD SPEAR ANSGAIII MOEADD RVEA

MaF1

3 12 4.3488e-2 (3.39e-4) 4.3399e-2 (2.61e-4) ≈ 6.2193e-2 (1.37e-3) − 1.6207e-1 (1.27e-3) − 8.0580e-2 (9.95e-4) − 4.5007e-2 (2.77e-4) − 8.0037e-2 (1.48e-3) − 8.2169e-2 (2.18e-4) −
5 14 1.3541e-1 (1.51e-3) 1.3683e-1 (1.68e-3) − 2.0161e-1 (9.75e-3) − 2.8597e-1 (1.40e-2) − 3.0831e-1 (6.28e-3) − 1.7972e-1 (9.23e-3) − 2.9577e-1 (5.77e-3) − 3.1166e-1 (5.71e-2) −
8 17 2.0569e-1 (2.50e-3) 2.1665e-1 (1.75e-3) − 2.8632e-1 (4.74e-3) − 3.6210e-1 (5.39e-3) − 4.3315e-1 (3.60e-2) − 2.8665e-1 (6.87e-3) − 4.4632e-1 (3.21e-2) − 5.2719e-1 (5.12e-2) −
10 19 2.1584e-1 (2.24e-3) 2.3742e-1 (1.70e-3) − 2.8122e-1 (4.87e-3) − 3.4594e-1 (3.40e-3) − 4.6281e-1 (3.17e-2) − 2.8049e-1 (5.93e-3) − 4.7200e-1 (2.21e-2) − 5.4037e-1 (7.45e-2) −
15 24 3.5515e-1 (3.08e-2) 3.5550e-1 (6.54e-3) ≈ 3.5769e-1 (1.09e-2) ≈ 4.1239e-1 (1.74e-2) − 5.2577e-1 (3.71e-2) − 3.5357e-1 (1.29e-2) ≈ 6.2927e-1 (4.77e-2) − 5.8791e-1 (6.33e-2) −

MaF2

3 12 3.1364e-2 (5.44e-4) 3.1289e-2 (4.25e-4) ≈ 3.6386e-2 (8.89e-4) − 2.7213e-1 (1.71e-1) − 3.7768e-2 (6.89e-4) − 3.1156e-2 (8.21e-4) ≈ 5.5600e-2 (3.02e-3) − 4.4394e-2 (1.98e-3) −
5 14 1.1368e-1 (1.54e-3) 1.1469e-1 (1.90e-3) ≈ 1.3106e-1 (3.28e-3) − 1.9780e-1 (9.63e-2) − 1.2976e-1 (1.60e-3) − 1.1950e-1 (3.64e-3) − 1.3635e-1 (3.88e-3) − 1.2680e-1 (1.37e-3) −
8 17 1.7683e-1 (6.37e-3) 1.8087e-1 (5.84e-3) ≈ 2.3491e-1 (4.31e-2) − 3.9859e-1 (2.67e-2) − 2.0405e-1 (1.27e-3) − 2.2982e-1 (3.20e-2) − 2.0811e-1 (1.26e-2) − 2.3676e-1 (5.82e-2) −
10 19 1.8583e-1 (8.68e-3) 2.0501e-1 (7.85e-3) − 2.0953e-1 (2.50e-2) − 4.2325e-1 (1.51e-2) − 2.0670e-1 (4.98e-3) − 2.1964e-1 (1.45e-2) − 2.7191e-1 (4.39e-2) − 2.4852e-1 (2.10e-2) −
15 24 3.3074e-1 (3.54e-2) 2.3812e-1 (1.69e-2) + 2.5072e-1 (2.26e-2) + 4.5915e-1 (2.02e-2) − 2.8084e-1 (9.10e-3) + 2.5931e-1 (2.38e-2) + 3.3822e-1 (2.71e-2) ≈ 7.0791e-1 (1.06e-1) −

MaF3

3 12 5.0782e-2 (1.36e-2) 5.0674e-1 (7.90e-1) − 1.9897e-1 (5.59e-1) − 3.2755e+2 (2.65e+2) − 5.0671e+0 (1.50e+1) − 6.6854e-2 (3.41e-2) − 7.3152e-1 (2.00e+0) − 1.7042e+0 (2.52e+0) −
5 14 1.1308e-1 (3.19e-2) 1.7239e+2 (1.60e+2) − 3.7330e-1 (7.81e-1) ≈ 2.3917e+1 (2.31e+1) − 4.4368e+1 (6.66e+1) − 1.9072e+0 (4.30e+0) ≈ 8.2744e-1 (1.21e+0) ≈ 1.2409e+0 (2.30e+0) −
8 17 2.0289e-1 (6.77e-2) 1.3061e+3 (1.31e+3) − 4.2537e+2 (1.14e+3) ≈ 1.8523e+0 (1.95e+0) − 2.3488e+5 (5.00e+5) − 1.3828e+2 (1.77e+2) − 2.7177e+0 (5.96e+0) ≈ 4.5331e-1 (6.45e-1) ≈
10 19 2.1019e-1 (6.50e-2) 1.0835e+3 (9.12e+2) − 1.7005e+2 (2.72e+2) − 8.5193e-1 (8.99e-1) − 9.6887e+5 (2.90e+6) − 3.2431e+1 (4.31e+1) − 2.1600e+0 (5.26e+0) ≈ 1.1407e-1 (1.75e-2) +
15 24 4.4462e-1 (6.98e-1) 1.1378e+4 (1.25e+4) − 1.6192e+3 (2.09e+3) − 2.6773e+1 (4.15e+1) − 1.3264e+5 (1.16e+5) − 2.7946e+2 (5.20e+2) − 3.2491e+1 (7.43e+1) − 1.6575e-1 (1.29e-1) +

MaF4

3 12 6.0662e-1 (4.98e-1) 3.9799e-1 (1.37e-1) ≈ 3.6056e-1 (2.04e-2) ≈ 1.4331e+1 (6.66e+0) − 1.3112e+0 (8.99e-1) − 6.3722e-1 (7.42e-1) ≈ 5.9953e-1 (4.98e-1) ≈ 5.0287e-1 (1.79e-1) ≈
5 14 2.6950e+0 (5.63e-1) 3.0889e+0 (8.22e-1) − 5.4869e+0 (5.39e+0) − 3.6093e+1 (2.34e+1) − 1.3198e+1 (9.37e+0) − 5.2155e+0 (5.26e+0) − 7.1750e+0 (4.87e-1) − 5.3496e+0 (6.80e-1) −
8 17 2.6149e+1 (1.97e+1) 2.1173e+1 (3.29e+0) ≈ 3.0763e+1 (2.70e+0) − 2.3571e+2 (1.94e+2) − 2.3647e+2 (1.69e+2) − 3.0906e+1 (2.40e+0) − 9.3641e+1 (6.45e+0) − 4.4913e+1 (1.10e+1) −
10 19 7.8476e+1 (3.67e+1) 6.0655e+1 (6.00e+0) ≈ 9.9108e+1 (7.30e+0) − 4.3399e+2 (1.84e+2) − 9.1512e+2 (9.16e+2) − 9.9588e+1 (1.03e+1) − 3.9534e+2 (1.04e+1) − 2.0089e+2 (4.25e+1) −
15 24 4.4249e+3 (2.78e+3) 1.9868e+4 (3.25e+4) ≈ 4.2633e+3 (3.64e+2) ≈ 3.7305e+4 (2.80e+4) − 1.4647e+4 (9.29e+3) − 4.1838e+3 (3.84e+2) ≈ 1.5944e+4 (1.79e+3) − 1.1441e+4 (9.43e+3) −

MaF5

3 12 2.5976e-1 (2.29e-5) 5.7727e-1 (1.19e+0) − 4.9525e-1 (6.21e-1) − 1.5633e+0 (8.77e-1) − 2.7117e-1 (4.13e-3) − 6.4340e-1 (6.30e-1) − 2.9852e-1 (2.38e-3) − 2.5990e-1 (4.94e-4) ≈
5 14 2.2070e+0 (2.53e-3) 2.2829e+0 (4.39e-2) − 2.5063e+0 (9.29e-1) − 5.3860e+0 (1.75e+0) − 2.2423e+0 (1.83e-2) − 2.2214e+0 (1.13e-1) ≈ 6.0154e+0 (8.41e-1) − 2.3720e+0 (4.85e-1) ≈
8 17 2.0862e+1 (3.52e-1) 1.5104e+1 (6.02e-1) + 2.0815e+1 (7.53e-1) ≈ 3.6784e+1 (1.15e+1) − 2.1649e+1 (4.84e-1) − 1.7554e+1 (1.65e+0) + 7.5605e+1 (5.07e+0) − 2.3689e+1 (3.31e+0) −
10 19 7.8281e+1 (7.60e-1) 5.0083e+1 (1.05e+0) + 7.8267e+1 (7.31e-1) ≈ 2.9127e+2 (1.10e+1) − 8.1369e+1 (4.43e+0) − 6.3392e+1 (3.72e+0) + 2.9330e+2 (6.17e+0) − 9.8426e+1 (6.76e+0) −
15 24 3.0632e+3 (7.34e+1) 1.8269e+3 (1.35e+2) + 2.9992e+3 (1.63e+2) ≈ 7.3249e+3 (1.50e+0) − 2.8809e+3 (2.34e+2) + 3.0686e+3 (5.45e+1) ≈ 7.3133e+3 (1.62e+1) − 3.4841e+3 (2.09e+2) −

MaF6

3 12 5.6703e-3 (2.78e-4) 5.4555e-3 (1.82e-4) + 1.5537e-2 (1.88e-3) − 6.6012e-1 (1.48e-1) − 3.4202e-2 (3.57e-3) − 1.1497e-2 (1.39e-3) − 3.1989e-2 (1.06e-3) − 5.5378e-2 (1.37e-2) −
5 14 6.4573e-3 (5.37e-4) 6.6392e-3 (2.88e-4) ≈ 4.5114e-2 (9.60e-3) − 6.6900e-1 (2.97e-2) − 9.9059e-2 (5.56e-2) − 3.3325e-2 (1.75e-2) − 7.3191e-2 (4.82e-3) − 1.1449e-1 (2.60e-2) −
8 17 2.1427e-1 (4.76e-1) 2.9682e-1 (2.06e-1) − 1.8060e-1 (1.78e-1) + 6.6155e-1 (1.43e-1) − 1.6976e-1 (8.35e-2) + 1.5444e-1 (1.79e-1) + 1.1061e-1 (8.22e-3) + 9.6559e-2 (2.46e-2) +
10 19 6.3902e-1 (4.01e-1) 8.5114e-1 (3.80e-1) ≈ 4.2376e-1 (1.06e-1) + 6.4243e-1 (1.68e-1) ≈ 2.4577e+0 (8.57e+0) − 3.8607e-1 (7.39e-2) + 9.4794e-2 (1.12e-2) + 1.2375e-1 (2.78e-2) +
15 24 7.5680e-1 (3.93e-1) 6.9614e+0 (1.63e+1) − 4.0786e-1 (1.34e-1) + 6.6465e-1 (1.61e-1) ≈ 4.3949e+1 (4.79e+1) ≈ 4.0650e-1 (1.09e-1) + 1.4356e-1 (1.83e-2) + 2.8149e-1 (2.26e-1) +

MaF7

3 22 6.0305e-2 (1.10e-3) 6.5428e-2 (1.34e-3) − 7.5739e-2 (2.57e-3) − 8.5616e-1 (4.92e-1) − 9.5607e-2 (1.33e-3) − 7.5642e-2 (4.37e-3) − 5.5083e-1 (2.21e-1) − 1.0609e-1 (2.44e-3) −
5 24 4.4008e-1 (2.15e-1) 3.5648e-1 (1.24e-2) ≈ 3.4651e-1 (1.08e-2) ≈ 1.6465e+0 (1.14e+0) − 4.1714e-1 (6.11e-3) ≈ 3.5200e-1 (9.04e-3) ≈ 2.6668e+0 (6.92e-1) − 4.5497e-1 (7.34e-3) −
8 27 2.7939e+0 (4.93e-1) 8.1161e-1 (3.15e-2) + 7.8945e-1 (3.30e-2) + 1.2007e+0 (6.42e-2) + 1.1801e+0 (2.22e-2) + 7.9004e-1 (2.90e-2) + 1.7557e+0 (4.11e-1) + 1.4932e+0 (3.96e-1) +
10 29 3.4948e+0 (6.78e-1) 1.3027e+0 (7.40e-2) + 1.0807e+0 (1.04e-1) + 1.4370e+0 (6.48e-2) + 2.0179e+0 (1.85e-2) + 1.0432e+0 (8.49e-2) + 2.3255e+0 (5.95e-1) + 1.9258e+0 (3.40e-1) +
15 34 9.7687e+0 (2.11e-1) 3.3945e+0 (4.67e-1) + 8.4887e+0 (4.64e-1) + 2.6863e+0 (1.42e-1) + 8.7241e+0 (7.86e-3) + 8.1145e+0 (8.52e-1) + 3.4440e+0 (1.03e-1) + 2.4480e+0 (2.35e-1) +

MaF8

3 2 8.8769e-2 (1.89e-2) 7.1428e-2 (1.22e-3) + 1.1101e-1 (7.99e-3) − 6.4546e-1 (2.39e-1) − 1.4127e+3 (1.02e+3) − 9.7753e-2 (6.91e-3) − 1.3405e-1 (7.98e-3) − 1.4510e-1 (1.19e-2) −
5 2 1.2787e-1 (1.75e-2) 1.1332e-1 (2.19e-3) + 2.2016e-1 (2.09e-2) − 8.3150e-1 (2.67e-1) − 1.7349e+3 (1.46e+3) − 2.0938e-1 (2.30e-2) − 3.6034e-1 (5.27e-2) − 4.7987e-1 (4.75e-2) −
8 2 1.3736e-1 (1.33e-2) 1.2497e-1 (2.62e-3) + 3.5548e-1 (4.63e-2) − 1.1337e+0 (1.27e-1) − 1.7214e+3 (1.42e+3) − 3.0729e-1 (8.78e-2) − 7.2525e-1 (2.06e-2) − 7.6719e-1 (1.41e-1) −
10 2 1.1012e-1 (3.61e-3) 1.0541e-1 (1.63e-3) + 3.1898e-1 (7.19e-2) − 1.2860e+0 (1.58e-1) − 3.6132e+2 (4.93e+2) − 3.1892e-1 (6.12e-2) − 9.0678e-1 (1.76e-2) − 9.5923e-1 (1.05e-1) −
15 2 2.1140e-1 (2.71e-2) 1.8983e-1 (3.94e-3) + 4.4050e-1 (5.08e-2) − 1.9891e+0 (2.98e-1) − 2.0659e+3 (2.28e+3) − 4.1977e-1 (4.85e-2) − 1.5109e+0 (8.87e-2) − 1.2107e+0 (2.03e-1) −

MaF9

3 2 2.2238e-1 (1.16e-1) 4.0100e-1 (1.25e-1) − 6.8862e-2 (9.34e-3) + 2.3092e+0 (3.91e+0) − 5.5096e-1 (7.99e-2) − 7.5060e-2 (9.93e-3) + 6.3894e-2 (4.39e-3) + 1.5776e-1 (1.09e-1) ≈
5 2 3.3303e-1 (1.83e-1) 6.0988e-1 (3.04e-1) − 4.9664e-1 (1.85e-1) − 1.1148e+0 (5.97e-1) − 2.5682e+0 (1.79e+0) − 4.4376e-1 (1.75e-1) ≈ 2.5881e-1 (2.18e-2) ≈ 4.4110e-1 (1.01e-1) ≈
8 2 4.3305e-1 (6.69e-1) 9.8395e-1 (9.46e-1) − 1.4669e+0 (1.29e+0) − 1.4329e+0 (6.49e-1) − 4.2895e+0 (7.74e-1) − 1.1537e+0 (9.73e-1) − 3.8948e-1 (2.95e-2) + 5.7888e-1 (9.48e-2) −
10 2 2.5379e-1 (1.67e-1) 2.1367e-1 (5.95e-2) ≈ 4.4416e-1 (1.23e-1) − 1.1577e+0 (3.29e-1) − 1.4985e+0 (1.03e+0) − 5.1298e-1 (1.40e-1) − 5.9240e-1 (1.33e-2) − 8.6170e-1 (1.25e-1) −
15 2 6.2429e-1 (6.37e-1) 1.4605e+0 (3.06e+0) ≈ 4.2171e+0 (5.46e+0) − 3.9073e+0 (4.15e+0) − 1.0842e+1 (7.80e+0) − 2.0235e+0 (3.91e+0) ≈ 3.6795e+0 (4.91e+0) − 2.4402e+0 (2.69e+0) −

MaF10

3 12 2.2659e-1 (2.59e-2) 2.1761e-1 (2.72e-2) ≈ 2.1936e-1 (3.66e-2) ≈ 2.1303e+0 (4.01e-1) − 2.6667e-1 (4.23e-2) − 2.3615e-1 (3.65e-2) ≈ 8.3438e-1 (2.70e-1) − 3.2592e-1 (6.33e-2) −
5 14 6.4815e-1 (6.40e-2) 6.9507e-1 (6.91e-2) ≈ 6.8086e-1 (6.76e-2) ≈ 2.9295e+0 (7.59e-1) − 7.5914e-1 (8.09e-2) − 7.7897e-1 (1.41e-1) − 1.2140e+0 (2.02e-1) − 6.2235e-1 (6.57e-2) ≈
8 17 1.0097e+0 (5.65e-2) 1.0768e+0 (6.88e-2) − 1.1129e+0 (6.12e-2) − 7.1979e+0 (2.75e+0) − 1.4447e+0 (9.94e-2) − 1.1198e+0 (6.21e-2) − 1.3888e+0 (1.90e-1) − 9.8277e-1 (5.30e-2) ≈
10 19 1.0634e+0 (3.96e-2) 1.1554e+0 (4.95e-2) − 1.1949e+0 (1.02e-1) − 1.1300e+1 (1.72e+0) − 1.4738e+0 (1.39e-1) − 1.1912e+0 (5.80e-2) − 1.2676e+0 (7.63e-2) − 1.0946e+0 (5.91e-2) ≈
15 24 1.8734e+0 (5.07e-2) 1.8598e+0 (7.62e-2) ≈ 1.9296e+0 (1.08e-1) ≈ 1.3211e+1 (7.53e+0) − 2.4574e+0 (1.35e-1) − 1.9814e+0 (1.85e-1) ≈ 1.9589e+0 (1.10e-1) − 1.8573e+0 (7.81e-2) ≈

MaF11

3 12 1.5648e-1 (2.07e-3) 1.6171e-1 (2.09e-3) − 1.6322e-1 (1.33e-3) − 1.2897e+0 (2.76e-1) − 1.6891e-1 (2.44e-3) − 1.7339e-1 (4.57e-3) − 1.8535e-1 (3.14e-3) − 1.8597e-1 (5.75e-3) −
5 14 4.3810e-1 (3.76e-3) 4.8276e-1 (1.26e-2) − 4.5943e-1 (3.77e-3) − 1.6886e+0 (2.57e-1) − 4.6646e-1 (4.55e-3) − 5.7790e-1 (1.22e-1) − 5.5496e-1 (1.16e-2) − 4.6526e-1 (1.40e-2) −
8 17 9.4757e-1 (1.70e-2) 9.5425e-1 (3.54e-2) ≈ 1.0308e+0 (2.05e-1) ≈ 2.1882e+0 (3.51e-1) − 9.6597e-1 (1.81e-2) − 1.2691e+0 (1.51e-1) − 1.3443e+0 (1.41e-2) − 1.0227e+0 (2.90e-2) −
10 19 1.0487e+0 (1.49e-2) 1.0938e+0 (3.01e-2) − 1.2383e+0 (1.59e-1) − 2.1484e+0 (1.36e-1) − 1.0769e+0 (9.95e-3) − 1.2941e+0 (8.56e-2) − 1.4454e+0 (3.51e-2) − 1.1024e+0 (2.43e-2) −
15 24 2.0032e+0 (1.33e-1) 1.8119e+0 (7.93e-2) + 1.7919e+0 (8.68e-2) + 3.4514e+0 (1.60e+0) − 1.8823e+0 (6.36e-2) + 1.7803e+0 (8.41e-2) + 2.1752e+0 (2.06e-2) − 1.8033e+0 (1.31e-1) +

MaF12

3 12 2.2084e-1 (9.50e-4) 2.3503e-1 (3.22e-2) − 2.2391e-1 (1.69e-3) − 2.0132e+0 (3.39e-1) − 2.2455e-1 (1.40e-3) − 2.4584e-1 (5.49e-3) − 2.4069e-1 (2.51e-3) − 2.2892e-1 (3.59e-3) −
5 14 1.1147e+0 (2.06e-3) 1.1434e+0 (1.08e-2) − 1.1260e+0 (1.42e-2) − 4.5628e+0 (1.67e+0) − 1.1316e+0 (1.48e-2) − 1.1966e+0 (3.56e-2) − 1.2973e+0 (1.36e-2) − 1.1234e+0 (9.36e-3) −
8 17 2.9276e+0 (9.65e-3) 2.9677e+0 (1.50e-2) − 2.9368e+0 (1.28e-2) − 7.9396e+0 (3.26e+0) − 2.9410e+0 (6.89e-3) − 3.0896e+0 (7.97e-2) − 3.9194e+0 (2.24e-1) − 2.9720e+0 (2.95e-2) −
10 19 4.5036e+0 (1.06e-2) 4.0077e+0 (3.12e-2) + 4.3889e+0 (4.28e-2) + 9.7949e+0 (5.60e+0) − 4.5187e+0 (1.10e-2) − 4.3808e+0 (1.39e-1) + 6.1891e+0 (2.99e-1) − 4.2518e+0 (4.26e-2) +
15 24 9.0442e+0 (7.12e-2) 8.5531e+0 (1.15e-1) + 8.7228e+0 (1.12e-1) + 1.6052e+1 (8.73e+0) ≈ 9.1260e+0 (2.64e-2) − 8.7024e+0 (1.28e-1) + 1.0537e+1 (1.25e+0) − 9.2421e+0 (1.82e-1) −

MaF13

3 5 9.6649e-2 (8.96e-3) 1.0590e-1 (1.01e-2) − 9.0821e-2 (8.80e-3) ≈ 6.6148e-1 (1.80e-1) − 1.1751e-1 (2.54e-2) − 9.5929e-2 (8.39e-3) ≈ 7.3386e-2 (5.33e-3) + 1.0715e-1 (1.63e-2) ≈
5 5 2.2450e-1 (3.28e-2) 2.3451e-1 (2.80e-2) ≈ 2.7137e-1 (3.57e-2) − 8.0921e-1 (7.34e-2) − 5.1016e-1 (1.00e-1) − 2.7342e-1 (3.19e-2) − 2.3382e-1 (3.07e-2) ≈ 6.0637e-1 (1.42e-1) −
8 5 2.2972e-1 (2.48e-2) 2.1948e-1 (2.70e-2) ≈ 2.9248e-1 (4.98e-2) − 1.1312e+0 (5.60e-2) − 6.4465e-1 (1.77e-1) − 2.7554e-1 (2.74e-2) − 4.3369e-1 (1.27e-1) − 9.1320e-1 (8.07e-1) −
10 5 1.9238e-1 (2.90e-2) 1.6849e-1 (3.20e-2) + 2.5270e-1 (3.33e-2) − 1.3391e+0 (2.69e-2) − 6.1423e-1 (1.45e-1) − 2.4629e-1 (1.36e-2) − 3.4889e-1 (4.10e-2) − 7.2294e-1 (1.86e-1) −
15 5 3.2196e-1 (5.65e-2) 2.3766e-1 (2.64e-2) + 3.4259e-1 (7.77e-2) ≈ 1.6339e+0 (2.00e-1) − 8.0190e-1 (3.23e-1) − 3.4182e-1 (4.66e-2) ≈ 5.3593e-1 (4.38e-2) − 1.2824e+0 (3.85e-1) −

+/− / ≈ 18/27/20 11/39/15 3/59/3 7/56/2 13/38/14 9/49/7 10/44/11

Existing algorithms have specific advantages in solving DTLZ and WFG
benchmark problems. To further analyze the competitiveness of MaOEADRA
in different types of benchmark problems, we added HV indicators for 85
cases of four types of benchmark problems as shown in Table 7, namely
DTLZ1-DTLZ7, WFG4-WFG9, distance minimization problems MLDMP-
MPDMP, and DTLZ’s inverted problems IDTZL1-IDTLZ2. It can be ob-
tained from the results that the adaptive strategy of dynamically adjust-
ing the reference vector distribution according to the scale of the objective
function in RVEA stands out among all the algorithms involved in the com-
parison in the DTLZ1 and DTLZ2 test problems, which may be because the
fine-tuning strategy is more effective on problems with regular PFs. The per-
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formance of MaOEADRA is comparable to RVEA on DTLZ1 and DTLZ2,
which is attributed to the role of the preset reference point. WFG4-WFG9
can be regarded as a test problem with a regular PF although the scale of
the objective space is non-uniform. However, it benefits from the normal-
ization of the objective space scale method proposed in Section 3.2, and the
decomposition efficiency of the algorithm is improved. WFG5 and WFG9
are highly deceptive in the convergence process, and a set of preset reference
points is essential to maintain population diversity. Nineteen best results
were achieved in 30 cases of WFG benchmark problems. It is worth noting
that the algorithm DDEANS based on population dynamic decomposition
was not competitive in MaOPs with regular PFs. To further verify the distri-
bution of the MaOEADRA, the experiment also analyzed the performance
of the algorithm on distance minimization problems. Distance minimization
problems belong to the Pareto-Box problem. In this type of problem, the
Pareto optimal solution is designed in one (or more) two-dimensional clo-
sure(s), and the external candidate solutions are not the most optimal. This
design brings huge challenges to the convergence and distribution of the other
seven algorithms. But MaOEADRA still achieved the best performance. In
short, on different benchmark problems, our proposed algorithm maintained
a competitive advantage and achieved excellent results in degraded, decep-
tive, and inverted test suites.
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Table 7: Average HV values on DTLZ1-7, WFG4-9, MLDMP, MPDMP and IDTLZ1-2
with results of t-tests

Problem M D MaOEADRA DDEANS NSGA-III MaOEAIGD SPEAR ANSGAIII MOEADD RVEA

DTLZ1

3 7 8.4141e-1 (2.06e-4) 7.5305e-1 (7.09e-2) − 8.4033e-1 (7.17e-4) − 9.9769e-2 (1.55e-1) − 8.0689e-1 (5.28e-2) − 8.3253e-1 (7.75e-3) − 8.4086e-1 (5.81e-4) − 8.4104e-1 (6.16e-4) ≈
5 9 9.7152e-1 (2.74e-4) 6.4646e-1 (1.03e-1) − 9.7099e-1 (6.62e-4) − 2.9473e-1 (3.21e-1) − 9.4256e-1 (1.56e-2) − 9.5657e-1 (1.31e-2) − 9.7122e-1 (2.76e-4) − 9.7152e-1 (2.93e-4) ≈
8 12 9.4442e-1 (1.33e-1) 6.5091e-1 (8.43e-2) − 9.9503e-1 (3.88e-3) + 5.2012e-1 (4.17e-1) − 8.1829e-1 (2.15e-1) − 9.0725e-1 (2.57e-1) ≈ 9.9719e-1 (1.75e-4) + 9.9754e-1 (1.16e-4) +
10 14 9.9629e-1 (2.45e-3) 8.4264e-1 (7.55e-2) − 9.7835e-1 (5.74e-2) − 7.2732e-1 (4.08e-1) ≈ 6.3081e-1 (2.75e-1) − 9.7805e-1 (4.47e-2) ≈ 9.9954e-1 (5.55e-5) + 9.9966e-1 (2.43e-5) +
15 19 9.8687e-1 (3.64e-3) 9.3422e-1 (3.90e-2) − 9.8428e-1 (5.46e-2) − 6.0101e-1 (4.47e-1) − 1.4168e-1 (2.32e-1) − 9.4789e-1 (1.42e-1) − 9.8636e-1 (1.20e-2) ≈ 9.9903e-1 (4.50e-4) +

DTLZ2

3 12 5.5901e-1 (1.32e-4) 5.4824e-1 (2.41e-3) − 5.5889e-1 (2.05e-4) ≈ 5.2137e-1 (4.19e-2) − 5.5509e-1 (1.53e-3) − 5.5315e-1 (3.52e-3) − 5.5837e-1 (5.29e-4) − 5.5842e-1 (3.11e-4) −
5 14 7.7679e-1 (6.83e-4) 7.5922e-1 (4.56e-3) − 7.7396e-1 (1.20e-3) − 7.6809e-1 (2.73e-2) ≈ 7.6643e-1 (2.48e-3) − 7.4984e-1 (2.37e-2) − 7.7598e-1 (5.03e-4) − 7.7711e-1 (6.37e-4) ≈
8 17 9.2045e-1 (6.69e-4) 8.9349e-1 (5.46e-3) − 8.9721e-1 (3.55e-2) − 9.1670e-1 (1.96e-2) − 8.9526e-1 (5.39e-3) − 8.8322e-1 (2.63e-2) − 9.1991e-1 (7.91e-4) − 9.2105e-1 (5.47e-4) +
10 19 9.6729e-1 (4.50e-4) 9.4031e-1 (6.25e-3) − 9.5963e-1 (1.48e-3) − 9.6292e-1 (1.25e-2) ≈ 9.3716e-1 (5.42e-3) − 9.4624e-1 (2.23e-2) − 9.6721e-1 (2.57e-4) ≈ 9.6757e-1 (3.50e-4) ≈
15 24 9.8832e-1 (9.38e-4) 9.4368e-1 (2.04e-2) − 9.7209e-1 (1.17e-2) − 6.5646e-1 (1.26e-1) − 8.8504e-1 (4.05e-2) − 9.6173e-1 (1.16e-2) − 9.8474e-1 (2.99e-3) − 9.8402e-1 (1.25e-2) ≈

DTLZ3

3 12 5.3522e-1 (1.69e-2) 4.5343e-1 (1.38e-1) − 5.3023e-1 (1.65e-2) ≈ 0.0000e+0 (0.00e+0) − 2.4947e-1 (1.99e-1) − 5.1550e-1 (2.23e-2) − 5.3199e-1 (2.12e-2) ≈ 5.0009e-1 (7.24e-2) ≈
5 14 7.2555e-1 (5.14e-2) 3.7773e-1 (5.49e-2) − 5.4637e-1 (2.83e-1) − 0.0000e+0 (0.00e+0) − 1.6934e-2 (6.56e-2) − 4.0855e-1 (3.22e-1) − 6.7891e-1 (1.61e-1) ≈ 6.8039e-1 (1.91e-1) ≈
8 17 7.3792e-1 (1.13e-1) 2.7891e-1 (2.85e-1) − 2.0443e-1 (3.57e-1) − 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 3.8184e-1 (3.78e-1) − 8.3606e-1 (2.34e-1) + 9.0358e-1 (1.35e-2) +
10 19 6.7431e-1 (2.80e-1) 6.9157e-1 (2.75e-1) ≈ 4.6576e-1 (4.33e-1) ≈ 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 4.1035e-1 (3.90e-1) − 9.6551e-1 (1.87e-3) + 9.6403e-1 (3.17e-3) +
15 24 6.5888e-1 (2.53e-1) 7.1251e-2 (2.03e-1) − 5.4558e-2 (2.11e-1) − 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 0.0000e+0 (0.00e+0) − 9.8171e-1 (6.18e-3) + 7.1386e-1 (4.14e-1) ≈

DTLZ4

3 12 5.5900e-1 (2.41e-4) 5.4858e-1 (1.62e-3) − 4.3791e-1 (1.71e-1) − 4.0200e-1 (1.29e-1) − 5.5374e-1 (1.73e-3) − 5.2690e-1 (7.64e-2) − 5.4269e-1 (6.07e-2) − 5.5833e-1 (3.63e-4) −
5 14 7.7137e-1 (2.26e-2) 7.5695e-1 (4.23e-3) − 7.2971e-1 (6.63e-2) − 7.0175e-1 (9.64e-2) ≈ 7.6304e-1 (4.08e-3) − 7.3571e-1 (6.98e-2) − 7.6227e-1 (3.93e-2) − 7.6531e-1 (3.30e-2) ≈
8 17 9.2387e-1 (5.07e-4) 8.9624e-1 (5.64e-3) − 8.9895e-1 (4.32e-2) − 8.9848e-1 (2.93e-2) ≈ 8.8741e-1 (8.30e-3) − 9.0877e-1 (2.62e-2) − 9.1977e-1 (1.03e-2) − 9.2178e-1 (6.12e-3) −
10 19 9.7015e-1 (3.57e-4) 9.4091e-1 (6.52e-3) − 9.6168e-1 (1.23e-2) − 9.6756e-1 (6.01e-3) ≈ 9.1760e-1 (1.31e-2) − 9.6101e-1 (1.65e-2) − 9.6903e-1 (2.83e-4) − 9.6974e-1 (2.81e-4) −
15 24 9.9081e-1 (1.03e-4) 9.8472e-1 (1.99e-3) − 9.8048e-1 (1.28e-2) − 9.7767e-1 (5.84e-3) − 8.9186e-1 (4.68e-2) − 9.7492e-1 (1.25e-2) − 9.8833e-1 (3.00e-3) − 9.9036e-1 (1.09e-3) −

DTLZ5

3 12 1.9913e-1 (5.71e-5) 1.9901e-1 (3.44e-4) ≈ 1.9331e-1 (1.02e-3) − 7.2557e-2 (4.03e-2) − 1.8504e-1 (2.52e-3) − 1.9506e-1 (6.48e-4) − 1.8297e-1 (7.97e-4) − 1.5611e-1 (8.14e-3) −
5 14 9.3467e-2 (7.18e-3) 2.3955e-2 (2.64e-2) − 9.9301e-2 (5.22e-3) + 7.5095e-2 (3.88e-2) ≈ 2.9473e-2 (2.04e-2) − 1.0473e-1 (5.81e-3) + 1.0663e-1 (2.32e-3) + 9.1042e-2 (3.35e-4) ≈
8 17 8.3785e-2 (2.04e-2) 0.0000e+0 (0.00e+0) − 7.7650e-2 (1.29e-2) ≈ 9.1147e-2 (6.44e-4) + 1.0324e-2 (1.67e-2) − 8.9559e-2 (6.62e-3) ≈ 9.6073e-2 (5.92e-4) + 9.0879e-2 (3.30e-5) +
10 19 8.6371e-2 (4.32e-3) 0.0000e+0 (0.00e+0) − 8.8011e-2 (3.60e-3) ≈ 9.1464e-2 (3.32e-4) + 8.1707e-4 (3.16e-3) − 8.3843e-2 (6.46e-3) ≈ 9.3697e-2 (4.40e-4) + 9.0885e-2 (7.26e-5) +
15 24 8.3171e-2 (4.13e-3) 0.0000e+0 (0.00e+0) − 5.4314e-2 (2.02e-2) − 7.2599e-2 (3.76e-2) − 1.5696e-7 (6.08e-7) − 8.5940e-2 (4.41e-3) ≈ 9.2233e-2 (3.91e-4) + 9.1153e-2 (5.78e-4) +

DTLZ6

3 12 1.9912e-1 (7.88e-5) 1.9908e-1 (1.68e-4) ≈ 1.9014e-1 (1.50e-3) − 5.3030e-2 (4.46e-2) − 1.8136e-1 (3.77e-3) − 1.9367e-1 (5.86e-4) − 1.8194e-1 (1.52e-4) − 1.4286e-1 (1.39e-2) −
5 14 9.0352e-2 (5.29e-3) 2.3729e-2 (3.51e-2) − 8.5916e-2 (2.35e-2) − 5.0868e-2 (4.32e-2) ≈ 4.4954e-3 (1.17e-2) − 8.6461e-2 (2.41e-2) ≈ 1.0743e-1 (2.50e-3) + 9.6143e-2 (5.52e-3) +
8 17 8.7003e-2 (1.05e-2) 0.0000e+0 (0.00e+0) − 6.0642e-3 (2.35e-2) − 5.6114e-2 (4.27e-2) ≈ 0.0000e+0 (0.00e+0) − 2.4238e-2 (4.16e-2) − 9.5685e-2 (1.44e-4) + 8.7357e-2 (2.42e-2) +
10 19 9.0227e-2 (3.24e-3) 0.0000e+0 (0.00e+0) − 5.0557e-2 (4.52e-2) − 8.9909e-2 (6.89e-3) − 0.0000e+0 (0.00e+0) − 1.8176e-2 (3.76e-2) − 9.4059e-2 (2.06e-4) + 9.1527e-2 (8.21e-4) ≈
15 24 8.4185e-2 (1.66e-2) 0.0000e+0 (0.00e+0) − 6.0632e-3 (2.35e-2) − 7.8933e-2 (3.21e-2) − 0.0000e+0 (0.00e+0) − 1.2097e-2 (3.19e-2) − 9.1993e-2 (3.17e-4) + 9.1003e-2 (2.62e-4) ≈

DTLZ7

3 22 2.7061e-1 (1.49e-2) 2.7457e-1 (8.40e-4) + 2.6954e-1 (1.54e-3) − 1.4530e-1 (4.51e-2) − 2.6844e-1 (1.69e-3) − 2.7054e-1 (2.00e-3) − 2.1341e-1 (2.11e-2) − 2.6429e-1 (1.20e-3) −
5 24 2.5268e-1 (4.80e-3) 2.3623e-1 (4.61e-3) − 2.3852e-1 (4.05e-3) − 1.3135e-1 (5.84e-2) − 2.2798e-1 (3.66e-3) − 2.3809e-1 (3.97e-3) − 9.3562e-2 (9.66e-3) − 2.1009e-1 (5.20e-3) −
8 27 2.0106e-1 (3.67e-3) 1.6573e-1 (6.34e-3) − 1.9778e-1 (3.12e-3) − 4.7976e-2 (2.22e-2) − 1.6442e-1 (1.18e-2) − 1.9685e-1 (4.43e-3) − 1.9532e-2 (2.79e-2) − 1.5108e-1 (1.70e-2) −
10 29 1.9108e-1 (2.96e-3) 1.3081e-1 (4.86e-3) − 1.7234e-1 (3.20e-3) − 1.1883e-2 (4.82e-3) − 1.3720e-1 (1.00e-2) − 1.6969e-1 (4.63e-3) − 6.4998e-5 (3.08e-5) − 1.3257e-1 (2.27e-2) −
15 34 1.4669e-1 (4.71e-3) 8.5658e-2 (6.62e-3) − 1.5052e-1 (8.66e-3) + 1.1145e-3 (2.45e-3) − 1.2948e-1 (5.83e-3) − 1.5049e-1 (8.01e-3) + 3.2614e-7 (2.52e-8) − 1.1462e-1 (1.37e-2) −

+/− / ≈ 1/31/3 3/27/5 2/24/9 0/35/0 2/27/6 13/18/4 11/12/12

WFG4

3 12 5.5711e-1 (7.02e-4) 5.4132e-1 (2.99e-3) − 5.5661e-1 (8.91e-4) ≈ 1.1244e-1 (3.73e-2) − 5.5509e-1 (5.07e-4) − 5.2626e-1 (2.15e-3) − 5.4629e-1 (1.54e-3) − 5.5010e-1 (2.00e-3) −
5 14 7.6900e-1 (1.64e-3) 7.5565e-1 (3.70e-3) − 7.6708e-1 (1.82e-3) − 1.0177e-1 (2.87e-2) − 7.6877e-1 (2.54e-3) ≈ 6.9507e-1 (7.04e-3) − 7.2193e-1 (5.28e-3) − 7.6724e-1 (2.32e-3) −
8 17 9.0948e-1 (2.05e-3) 9.0670e-1 (3.33e-3) − 9.0210e-1 (1.65e-2) − 9.0854e-2 (1.92e-4) − 9.1090e-1 (2.75e-3) ≈ 8.5124e-1 (9.75e-3) − 7.9578e-1 (1.78e-2) − 9.0224e-1 (4.80e-3) −
10 14 9.6360e-1 (1.21e-3) 9.6178e-1 (1.53e-3) − 9.6178e-1 (5.52e-3) ≈ 1.0687e-1 (4.44e-2) − 9.6601e-1 (7.89e-4) + 9.2582e-1 (1.24e-2) − 8.3159e-1 (1.51e-2) − 9.5761e-1 (2.50e-3) −
15 24 9.7657e-1 (2.76e-3) 9.8180e-1 (1.26e-3) + 9.7194e-1 (4.48e-3) − 1.3774e-1 (5.79e-2) − 9.8030e-1 (2.90e-3) + 9.7404e-1 (2.56e-3) − 6.3765e-1 (4.59e-2) − 9.6475e-1 (7.64e-3) −

WFG5

3 12 5.1833e-1 (8.08e-5) 5.1020e-1 (1.59e-3) − 5.1828e-1 (1.23e-4) ≈ 3.4080e-1 (1.74e-1) − 5.1590e-1 (1.20e-3) − 5.0335e-1 (2.57e-3) − 5.0924e-1 (1.59e-3) − 5.1623e-1 (4.51e-4) −
5 14 7.2781e-1 (5.56e-4) 7.1706e-1 (5.08e-3) − 7.2723e-1 (1.22e-3) ≈ 1.3135e-1 (1.30e-1) − 7.2395e-1 (3.46e-3) − 6.8216e-1 (7.14e-3) − 6.8586e-1 (5.36e-3) − 7.2654e-1 (7.41e-4) −
8 17 8.6052e-1 (8.68e-4) 8.5222e-1 (4.66e-3) − 8.6011e-1 (8.55e-4) ≈ 2.0164e-1 (2.46e-1) − 8.6022e-1 (6.91e-4) ≈ 8.1911e-1 (4.83e-3) − 7.6347e-1 (1.38e-2) − 8.5843e-1 (1.41e-3) −
10 14 9.0176e-1 (3.31e-4) 8.9536e-1 (2.10e-3) − 9.0144e-1 (6.20e-4) ≈ 5.5142e-1 (2.92e-1) − 9.0293e-1 (2.93e-4) + 8.6428e-1 (3.89e-3) − 7.6120e-1 (1.69e-2) − 8.9950e-1 (1.04e-3) −
15 24 9.1317e-1 (4.24e-4) 9.0948e-1 (2.83e-3) − 9.1249e-1 (7.77e-4) − 1.3010e-1 (1.70e-1) − 9.1379e-1 (8.19e-4) + 9.1131e-1 (3.65e-3) − 5.9506e-1 (2.07e-2) − 9.1481e-1 (5.77e-4) +

WFG6

3 12 5.0797e-1 (7.15e-3) 4.9133e-1 (1.46e-2) − 5.0608e-1 (1.31e-2) ≈ 2.2032e-1 (1.48e-1) − 5.0731e-1 (1.15e-2) ≈ 4.8634e-1 (8.18e-3) − 4.9769e-1 (1.35e-2) − 4.9435e-1 (1.67e-2) −
5 14 7.1623e-1 (9.18e-3) 6.9441e-1 (2.28e-2) − 6.9902e-1 (2.08e-2) − 1.7223e-1 (1.06e-1) − 7.0118e-1 (1.71e-2) − 6.4509e-1 (1.69e-2) − 6.5286e-1 (1.81e-2) − 7.0878e-1 (2.21e-2) ≈
8 17 8.4794e-1 (1.22e-2) 8.3746e-1 (1.78e-2) ≈ 8.3481e-1 (1.73e-2) − 3.2371e-1 (1.94e-1) − 8.4742e-1 (1.42e-2) ≈ 7.9500e-1 (2.45e-2) − 7.2157e-1 (3.43e-2) − 8.2803e-1 (1.82e-2) −
10 14 9.2622e-1 (1.09e-2) 9.4944e-1 (1.17e-2) + 9.1427e-1 (1.92e-2) − 4.7712e-1 (1.71e-1) − 9.2802e-1 (2.87e-2) ≈ 8.6334e-1 (4.25e-2) − 7.3479e-1 (4.52e-2) − 8.6316e-1 (4.77e-2) −
15 24 9.0365e-1 (1.23e-2) 8.9736e-1 (2.11e-2) ≈ 8.9068e-1 (2.39e-2) ≈ 3.1477e-1 (2.34e-1) − 8.8832e-1 (2.39e-2) − 8.9700e-1 (1.31e-2) ≈ 6.3372e-1 (3.08e-2) − 6.3002e-1 (7.77e-2) −

WFG7

3 12 5.5743e-1 (2.88e-4) 5.4213e-1 (2.83e-3) − 5.5664e-1 (5.17e-4) − 2.3042e-1 (9.19e-2) − 5.5393e-1 (9.89e-4) − 5.3265e-1 (4.18e-3) − 5.4259e-1 (2.71e-3) − 5.5212e-1 (8.33e-4) −
5 14 7.7264e-1 (1.17e-3) 7.6161e-1 (3.65e-3) − 7.6940e-1 (2.10e-3) − 1.9086e-1 (4.72e-2) − 7.6393e-1 (3.11e-3) − 7.1670e-1 (9.71e-3) − 7.1197e-1 (8.08e-3) − 7.6760e-1 (1.63e-3) −
8 17 9.1594e-1 (9.04e-4) 9.1390e-1 (3.08e-3) − 9.1262e-1 (2.51e-3) − 1.8556e-1 (7.23e-2) − 9.1003e-1 (1.78e-3) − 8.6385e-1 (6.28e-3) − 8.5061e-1 (1.00e-2) − 8.9636e-1 (5.92e-3) −
10 14 9.6435e-1 (6.67e-4) 9.6549e-1 (9.74e-4) + 9.4834e-1 (2.11e-2) ≈ 3.6947e-1 (1.78e-1) − 9.6271e-1 (1.37e-3) − 9.3145e-1 (1.33e-2) − 8.7492e-1 (1.10e-2) − 9.5613e-1 (1.28e-3) −
15 24 9.8337e-1 (9.39e-4) 9.8527e-1 (1.65e-3) + 9.8080e-1 (2.25e-3) − 1.7432e-1 (7.52e-2) − 9.7887e-1 (1.89e-3) − 9.7952e-1 (2.80e-3) − 8.5333e-1 (7.46e-2) − 8.8835e-1 (1.34e-1) −

WFG8

3 12 4.7678e-1 (1.07e-3) 4.5557e-1 (4.04e-3) − 4.6967e-1 (2.17e-3) − 4.1252e-2 (5.43e-2) − 4.7861e-1 (2.56e-3) + 4.4392e-1 (6.53e-3) − 4.6680e-1 (1.59e-3) − 4.6528e-1 (2.98e-3) −
5 14 6.6700e-1 (9.42e-4) 6.2212e-1 (6.60e-3) − 6.4887e-1 (4.41e-3) − 6.9281e-2 (9.55e-2) − 6.6623e-1 (2.34e-3) ≈ 5.7395e-1 (8.84e-3) − 6.1415e-1 (2.71e-2) − 6.5498e-1 (5.31e-3) −
8 17 7.9275e-1 (6.90e-3) 7.7536e-1 (1.01e-2) − 7.8639e-1 (1.89e-2) − 1.8500e-1 (5.10e-2) − 8.2577e-1 (3.23e-2) + 7.5066e-1 (2.59e-2) − 7.4278e-1 (4.96e-2) − 7.1054e-1 (3.58e-2) −
10 14 9.4778e-1 (1.46e-2) 9.1380e-1 (3.46e-2) − 9.1081e-1 (4.99e-2) ≈ 2.2371e-1 (8.97e-2) − 9.4460e-1 (2.24e-2) − 8.5985e-1 (2.75e-2) − 7.9826e-1 (2.66e-2) − 8.7479e-1 (8.22e-2) −
15 24 9.1635e-1 (1.34e-2) 9.1204e-1 (3.69e-3) ≈ 9.1054e-1 (1.81e-2) ≈ 1.8053e-1 (7.11e-2) − 9.2915e-1 (1.48e-2) + 9.0495e-1 (1.09e-2) − 8.2581e-1 (1.49e-1) − 6.3244e-1 (1.86e-1) −

WFG9

3 12 5.3307e-1 (2.40e-3) 5.1769e-1 (2.94e-2) − 5.2982e-1 (4.51e-3) − 2.0001e-1 (3.74e-2) − 5.3161e-1 (4.39e-3) ≈ 5.0911e-1 (4.82e-3) − 5.1908e-1 (3.68e-3) − 5.3305e-1 (2.53e-3) ≈
5 14 7.1897e-1 (7.13e-3) 7.0664e-1 (3.46e-2) ≈ 6.8837e-1 (4.20e-2) − 2.4496e-1 (1.35e-1) − 6.7689e-1 (3.11e-2) − 6.3590e-1 (4.77e-2) − 6.6151e-1 (1.99e-2) − 7.1711e-1 (1.69e-2) ≈
8 17 8.3794e-1 (3.90e-2) 8.2614e-1 (4.91e-2) ≈ 8.0648e-1 (5.29e-2) − 2.3682e-1 (1.41e-1) − 8.2169e-1 (3.33e-2) − 7.9089e-1 (3.26e-2) − 7.0162e-1 (3.07e-2) − 8.2152e-1 (3.88e-2) −
10 14 9.1082e-1 (3.92e-3) 9.0366e-1 (6.12e-3) − 8.9684e-1 (1.26e-2) − 6.9352e-1 (1.68e-1) − 9.0115e-1 (1.25e-2) − 8.8243e-1 (7.71e-3) − 7.1713e-1 (3.73e-2) − 8.8893e-1 (1.19e-2) −
15 24 8.9993e-1 (4.76e-3) 8.9793e-1 (3.49e-2) − 8.6572e-1 (7.32e-2) ≈ 2.0197e-1 (1.60e-1) − 8.4578e-1 (4.39e-2) − 8.9850e-1 (1.60e-2) ≈ 5.3564e-1 (7.47e-2) − 7.9608e-1 (5.49e-2) −

+/− / ≈ 4/21/5 0/18/12 0/30/0 7/15/8 0/28/2 0/30/0 1/26/3

MLDMP

3 2 8.2899e-1 (8.99e-3) 8.1853e-1 (1.36e-2) − 8.3734e-1 (1.46e-4) + 8.3519e-1 (5.70e-4) + 6.7596e-1 (5.29e-2) − 8.3266e-1 (2.12e-3) ≈ 8.3751e-1 (4.92e-5) + 8.3620e-1 (1.65e-3) +
5 2 2.8702e-1 (3.42e-3) 2.8867e-1 (8.98e-3) ≈ 2.5403e-1 (1.41e-2) − 1.9962e-1 (2.86e-3) − 1.7901e-1 (2.81e-2) − 2.5512e-1 (1.75e-2) − 2.3548e-1 (1.14e-3) − 1.9565e-1 (1.37e-2) −
8 2 4.1612e-2 (5.42e-4) 4.2038e-2 (7.53e-4) ≈ 2.7893e-2 (4.60e-3) − 2.3013e-2 (8.84e-4) − 9.0724e-3 (4.59e-3) − 2.8696e-2 (5.09e-3) − 2.6196e-2 (2.42e-3) − 1.9737e-2 (2.48e-3) −
10 2 1.6627e-2 (3.30e-4) 1.6831e-2 (1.09e-4) ≈ 1.2676e-2 (7.80e-4) − 7.1177e-3 (2.31e-4) − 1.5210e-3 (1.40e-3) − 1.2806e-2 (6.44e-4) − 7.8494e-3 (2.12e-5) − 4.9962e-3 (9.34e-4) −
15 2 1.0744e-3 (2.98e-5) 9.0495e-4 (7.33e-5) − 6.8478e-4 (1.05e-4) − 3.2974e-4 (2.23e-5) − 2.0085e-4 (1.14e-4) − 7.1269e-4 (9.03e-5) − 5.5958e-4 (7.16e-5) − 1.5801e-4 (4.85e-5) −

MPDMP

3 2 2.7544e-1 (3.92e-4) 2.7528e-1 (6.17e-4) ≈ 2.5972e-1 (2.82e-3) − 1.8393e-1 (6.11e-3) − 2.4459e-1 (2.04e-3) − 2.6555e-1 (2.28e-3) − 2.4532e-1 (3.77e-3) − 2.3159e-1 (4.72e-3) −
5 2 1.1854e-1 (3.62e-4) 1.1864e-1 (5.03e-4) ≈ 9.8422e-2 (4.19e-3) − 6.8898e-2 (1.35e-3) − 4.5048e-2 (8.52e-3) − 1.0170e-1 (1.54e-3) − 7.1275e-2 (2.33e-3) − 7.1061e-2 (4.91e-3) −
8 2 3.1335e-2 (1.04e-4) 3.1432e-2 (1.68e-4) ≈ 2.8172e-2 (4.28e-4) − 1.4355e-2 (5.76e-4) − 1.6900e-2 (2.03e-3) − 2.7747e-2 (6.05e-4) − 1.8143e-2 (1.08e-3) − 1.5845e-2 (1.58e-3) −
10 2 1.0927e-2 (5.69e-5) 1.1002e-2 (8.23e-5) + 1.0045e-2 (1.23e-4) − 4.2134e-3 (1.39e-4) − 5.3522e-3 (8.98e-4) − 1.0017e-2 (2.02e-4) − 6.1383e-3 (5.09e-4) − 5.0244e-3 (3.54e-4) −
15 2 5.6651e-4 (1.14e-5) 5.6449e-4 (1.83e-5) ≈ 4.3863e-4 (2.87e-5) − 1.8026e-4 (8.63e-6) − 1.4169e-4 (5.18e-5) − 4.3906e-4 (2.96e-5) − 2.0471e-4 (4.75e-6) − 1.2060e-4 (3.34e-5) −

+/− / ≈ 1/2/7 1/9/0 1/9/0 0/10/0 0/9/1 1/9/0 1/9/0

IDTLZ1

3 7 2.1891e-1 (8.50e-4) 2.1753e-1 (2.37e-3) ≈ 2.0219e-1 (3.14e-3) − 7.6727e-2 (5.51e-2) − 1.0214e-1 (4.63e-2) − 2.1753e-1 (2.74e-3) ≈ 1.9108e-1 (2.45e-3) − 1.8019e-1 (9.17e-3) −
5 9 9.8439e-3 (2.18e-4) 9.4235e-3 (5.90e-4) − 5.2206e-3 (7.35e-4) − 3.5696e-3 (2.22e-3) − 1.6335e-3 (8.88e-4) − 7.1776e-3 (6.26e-4) − 2.3470e-3 (2.45e-4) − 1.7599e-3 (6.83e-4) −
8 12 2.7702e-5 (1.95e-6) 2.2000e-5 (4.24e-6) − 2.6729e-5 (1.35e-6) ≈ 7.9222e-6 (3.95e-6) − 1.4658e-6 (1.06e-6) − 2.6887e-5 (1.22e-6) ≈ 4.0978e-6 (1.56e-6) − 1.4839e-6 (5.47e-7) −
10 14 7.0124e-7 (2.15e-7) 2.6666e-7 (5.94e-7) − 5.4342e-7 (4.66e-8) − 1.2094e-7 (3.54e-8) − 2.1388e-8 (1.45e-8) − 5.3852e-7 (4.24e-8) − 4.5318e-8 (1.26e-8) − 9.3175e-9 (5.47e-9) −
15 19 1.6040e-12 (1.03e-12) 0.0000e+0 (0.00e+0) − 2.6262e-12 (7.63e-13) + 2.0970e-13 (2.25e-13) − 1.1049e-13 (2.78e-13) − 2.0050e-12 (1.03e-12) ≈ 5.5162e-14 (2.49e-14) − 3.3171e-14 (2.36e-14) −

IDTLZ2

3 12 5.3097e-1 (1.06e-3) 5.2755e-1 (1.26e-3) − 5.2025e-1 (1.82e-3) − 3.4651e-1 (4.18e-2) − 5.1103e-1 (6.45e-4) − 5.1825e-1 (4.05e-3) − 5.2230e-1 (1.25e-3) − 5.0921e-1 (7.73e-4) −
5 14 1.0968e-1 (9.44e-4) 9.0184e-2 (2.44e-3) − 6.3251e-2 (6.63e-3) − 6.2138e-2 (3.44e-3) − 5.7398e-2 (5.89e-3) − 7.5677e-2 (5.33e-3) − 7.5515e-2 (7.09e-3) − 8.0198e-2 (4.19e-3) −
8 17 3.8929e-3 (3.79e-4) 8.1919e-4 (1.38e-4) − 2.1148e-3 (2.18e-4) − 1.5620e-3 (4.19e-4) − 1.3235e-3 (8.82e-5) − 2.1372e-3 (2.16e-4) − 1.3085e-3 (2.05e-4) − 1.5281e-3 (1.35e-4) −
10 14 4.7346e-4 (1.93e-5) 3.4840e-5 (1.06e-5) − 2.8138e-4 (1.74e-5) − 1.5468e-4 (3.28e-6) − 1.3862e-4 (1.44e-6) − 2.6868e-4 (1.53e-5) − 9.0731e-5 (4.47e-6) − 1.2949e-4 (1.16e-5) −
15 24 1.7437e-7 (3.50e-8) 0.0000e+0 (0.00e+0) − 1.7257e-7 (1.09e-7) ≈ 1.3730e-7 (5.25e-9) − 1.2955e-7 (4.29e-8) − 1.8639e-7 (9.79e-8) + 6.5333e-9 (3.50e-9) − 6.0765e-8 (3.27e-8) −

+/− / ≈ 0/9/1 1/7/2 0/10/0 0/10/0 1/6/3 0/10/0 0/10/0

Experiments compared with algorithms with reference point adaptation
are designed to evaluate the performance of the proposed algorithm. Table
8 presents the HV value of solutions obtained by MaOEADRA and other
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three state-of-the-art algorithms with reference point adaptation on solving
different test benchmark. MaOEADRA on total benchmark was better than
or comparable to DDEANS, ARMOEA and RVEA-iGNG, in 85.63%, 79.38%
and 69.38% of cases, respectively. Overall, MaOEADRA has achieved leading
results in different test benchmarks. Thanks to the ability of neural network
learning to learn complex PF, RVEA-iGNG wins the most instances on MaF,
but performs poorly on other test benchmarks. By contrast, the results of
DDEANS and ARMOEA lag behind MaOEADRA in most instances. In
addition, Table 9 provides the runtime of the compared algorithms as well as
their runtime ratios to MaOEADRA. Obviously, in the instances of different
objectives, the search efficiency of MaOEADRA is higher than other similar
algorithms.

Table 8: Average HV results comparison on different test benchmarks

MaOEADRA DDEANS[48] ARMOEA[29] RVEA-iGNG[58]
HV (+/-/=)

MaF 16/34/15 19/30/16 30/18/17
DTLZ 1/31/3 10/17/8 12/20/3
WFG 4/21/5 1/16/13 1/26/3

IDTLZ1&IDTLZ2 0/9/1 1/7/2 2/6/2
MLDMP&MPDMP 1/2/7 1/7/2 2/6/2

Total 23/99/38 33/84/43 49/82/29

Table 9: Runtime averaged from 30 independent runs of all compared algorithms on MaF1

MaOEADRA DDEANS ARMOEA RVEA-iGNG
Objectives Time Time Ratio Time Ratio Time Ratio

M3/sec 7.3156e+0 9.5858e+0 1.31x 1.1568e+1 1.58x 1.2235e+1 1.67x
M5/sec 7.4846e+0 1.2784e+1 1.71x 1.6285e+1 2.18x 1.3881e+1 1.85x
M8/sec 1.2375e+1 3.1261e+1 2.52x 4.6105e+1 3.73x 2.9209e+1 2.36x
M10/sec 5.4386e+1 1.5347e+2 2.8x 3.7617e+2 6.92x 1.1004e+2 2.02x
M15/sec 9.5842e+0 2.9034e+1 3.03x 2.9881e+1 3.12x 2.2273e+1 2.32x

To visually understand the experimental results, we created a visual anal-
ysis of the results. Fig. 7 and Fig. 8 plot the final solutions for all algorithms
with respect to the three-objective and ten-objective MaF6, respectively.
With the help of the Pareto frontier image of the algorithm in the test prob-
lem, we can intuitively see that the MaF6 test suite is a concave degradation
problem. The PF is always an I-dimensional manifold regardless of the spe-
cific number of decision variables. Obviously, the decomposition algorithm
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based on fixed reference points cannot handle the problem of irregular degra-
dation well. The elitism mechanism of MaOEAIGD has the risk that as it
evolves toward a part of the true PF, the distribution becomes worse (see Fig.
7(d)). The performance of A-NSGAIII was second only to MaOEADRA in
the three-objective test cases, but the performance deteriorated significantly
as the dimensions increased, possibly because the weight adjustment mech-
anism depended on the existing reference points, and the frequent updating
mechanism was not good for population convergence. The scaling method
based on the angle compensation distance of RVEA failed to adapt quickly to
the change of PF, resulting in poor distribution. MaOEAIGD converged to a
local area of PF in the MaF1, MaF6, and MaF13, and this risk also exists in
other benchmark problems. SPEAR, MOEADD, and RVEA had insufficient
convergence ability in the degenerate problem and insufficient distribution
in the inverted problem. DDEANS approximated the proposed algorithm
on MaOPs with irregular PFs. Taken all together, the proposed algorithm
MaOEADRA presents the best plots out of all the algorithms as shown in
Figs. 7-11.
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Figure 7: Final populations on the 3-objective MaF6, shown by parallel coordinates.
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Figure 8: Final populations on the 10-objective MaF6, shown by parallel coordinates.
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Figure 9: Final populations on the 3-objective MaF1, shown by parallel coordinates.
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Figure 10: Final populations on the 10-objective MaF13, shown by parallel coordinates.
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Figure 11: Final populations on the 15-objective WFG9, shown by parallel coordinates.

In MaOPs, the visualized solution of the PF cannot visually display the
performance of the algorithm. It can only roughly evaluate the degree of
Pareto approximation. At the same time, considering the Pareto-Box prob-
lem can provide a visual display of MOEAs in many-objective optimization.
By observing the solution set inside the two-dimensional closure in the deci-
sion space, we can directly understand the uniformity of the Pareto approxi-
mate optimal solution, and the coverage of the PF can be directly seen, which
is beneficial for discovering the weakness of the algorithm, especially the de-
fect of distribution. Therefore, we designed an evaluation experiment based
on Pareto-Box to directly observe the convergence and distribution of the

34



Pareto-Box algorithm. It should be remembered that the optimal solution in
Pareto-Box is distributed in the designed two-dimensional closure, and the
distribution can be directly observed by the distribution of the solution in the
two-dimensional closure. It can be intuitively observed from Figs. 12-14 that
MaOEADRA has more advantages than other competing algorithms. The
distribution of DDEANS is comparable to MaOEADRA on Pareto-Box prob-
lems but the convergence is slightly worse. MaOEAIGD and MOEADD are
the worst in searchability and cannot search for the complete PF. RVEA’s
reference point adjustment mechanism in high-dimensional space leads to
insufficient convergence and poor search capabilities. The reference point
adjustment strategy of A-NSGAIII improved the defects of NSGA-III to a
certain extent, and the distribution improved slightly, but it still could not
guarantee a more uniform solution distribution. It can be seen intuitively
that MaOEADRA has the largest number of Pareto solutions, and can en-
sure more even distribution in the two-dimensional closure. The convergence
and distribution are further verified.
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Figure 13: Final solution sets on the fifteen-objective Pareto-Box of MPDMP, shown by
parallel coordinates.
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Figure 14: Final solution sets on the fifteen-objective Pareto-Box of MLDMP, shown by
parallel coordinates.

4.5. Effectiveness of the proposed reference point update strategy
This section analyzes the effectiveness of the reference point update strat-

egy. In order to visually illustrate the distribution of the reference point and
the true PF on MaOPs with regular, degraded, discontinuous and inverted
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PF, Fig. 15 exemplifies the coverage of the final obtained reference points and
the true PF on three-objective problems. Obviously, in various situations,
the proposed strategy not only guarantees the ability and stability of the
global search but also can effectively converge to the true PF and distribute
solutions evenly. Combining the results of the experiment in Section 4.4, it
can be concluded that the reference point update strategy still performs well
regardless of the PF shapes of the problems.

(a) DTLZ1 (b) MaF1 (c) MaF2

(d) MaF6 (e) MaF7

Figure 15: Coverage of the obtained reference points and the coverage of the true PF on
three-objective problems.

In order to further analyze the effectiveness of the reference point update
strategy on MaOPs, we use an entropy indicator to represent the relation-
ship between the population and the reference points. In the conventional
decomposition problem, the relationship between the reference points and
the population is not a one-to-one correspondence because of the existence
of extreme conditions (e.g., degradation and discontinuity). The entropy in-
dicator can be used to indirectly analyze the distribution of the population
because the crowded solution tends to be associated with the same reference
point [52]. According to Formula 6, the change of entropy in the evolu-
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tionary process can be calculated. In the evaluation system based on cross
entropy, the algorithm aims to maximize the entropy, that is, the individual
can cover more different sub-regions. As shown in Fig. 16(a) and 16(b), on
the MaOPs with irregular PFs, as the evolution progresses, the distribution
of the population is improved. With the adjustment of the reference point,
the proportion of reference points participating in the evolution of the pop-
ulation is greatly increased compared to the preset uniform reference points
in Fig. 16(c) and 16(d). On the basis of the empirical observations above,
we can conclude that the proposed reference point adaptation method still
performs well on MaOPs with irregular PFs.

E(P) = −
N∑
i=1

pi
N

In
( pi
N

)
, (6)

where pi is the number of individuals associated with reference point ri; N
is the population size.
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Figure 16: Curve of entropy over the generation on MaF2 (a) and MaF6 (b). Curve of
reference point usage ratio on MaF2 (c) and MaF6

4.6. Sensitivity of parameter
In the framework of MaOEADRA, the reference point update strategy is

not a frequent procedure. In algorithm 2, the parameter η is set to 50, that
is, the reference point update strategy is executed every 50 generations of
evolution. Frequent updating of the reference points is not conducive to the
algorithm’s fast convergence to the true PF. On the contrary, the reduction of
the number of updates is not conducive to the distribution of the algorithm.

To investigate the sensitivity of the parameter in the proposed algorithm,
the parameter η is set to different values on problems with regular (DTLZ1)
and inverted (MaF1) PF. The IGD and HV indices at different η values can
be observed in Fig. 17. When η value is set too small, the algorithm has
poor convergence on the test problems with fifteen objectives (see Fig. 17(b)
and 17(d)). But on the test problems with three objectives, the value of η
has little effect on the performance of the algorithm regardless of the PF
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shapes of the problems (see Fig. 17(a) and 17(c)). It is intuitive that η is
set to 50; the convergence and distribution performances of the algorithm
are well balanced. In fact, the Wilcoxon rank sum test can be employed to
conclude that when η is between 30 and 70, there is no great difference in
significance level and the influence of the parameter can be ignored. It is
interesting to note that previous literature employed a similar strategy, and
guaranteed better performance by setting η to 50. [52, 25, 68].
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Figure 17: Box-plot: the influence of parameter η in Algorithm 2 on the experimental
results among 30 runs in DTLZ1 (a-b) and MaF1 (c-d).

4.7. Discussion
The experimental results shows that MaOEADRA can achieve optimal

performance with regular PFs similar to algorithms that are good at such
problems, which benefit from the coordinated update strategy of the preset

40



reference point and the non-dominated solutions guidance. These ensure
the robustness of the algorithm on different types of benchmark problems,
so that it can achieve excellent performance on most problems. DDEANS
is competitive on MaOPs with irregular PF, but its performance is inferior
to the proposed algorithm on MaOPs with regular PF and the convergence
becomes worse on MaF3, DTLZ5 and DTLZ6. RVEA achieved the best
results in DTLZ1 and DTLZ2 in the experiment, but the performance of the
algorithm was unstable on other problems, and the angle-penalized distance
could not guarantee the convergence and distribution in the degradation
problem. In the Pareto-Box experiments, MaOEAIGD easily evolved toward
a part of the true PF, resulting in a sharp drop in distribution. MOEADD
also had the same flaw, and the final solution was often concentrated in a
subregion. A-NSGAIII is an improved version of NSGA-III. It dynamically
adjusts the reference point in each iteration to adapt to the changes in the PF
but fails to maintain population diversity in deceptive test problems. SPEAR
uses an efficient reference direction based density estimator to achieve the
best performance in mixed problems, but it was not competitive on other
test problems, and further research is needed to improve performance.

MaOEADRA not only had better performance on the benchmark prob-
lems with an irregular PF but also was competitive in the benchmark prob-
lems with regular PFs, especially in dealing with feature degradation. Mean-
while, the elitism mechanism based on a cascading sort could effectively
balance the convergence and distribution of the population. The algorithm
adopts the method of delaying the update of the reference points to ensure
the convergence and global search ability of the solution in the early stage
and save the calculation cost. It is observed from the experimental results
that although the seven competing algorithms maintained advantages on a
few benchmark problems, they ignored the overall performance. In contrast,
MaOEADRA better solved the benchmark problems with different types of
PFs and was more robust.

5. Conclusion

In this paper, a dominance-based MaOEA with reference point adapta-
tion has been proposed, termed MaOEADRA. To cope with the challenges
of convergence and distribution of MaOPs with different PF types, an adap-
tive reference point update method was applied to adapt to the change of
PF in the evolution process. When adjusting the reference point, the preset
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reference points and the non-dominant solution archive are employed in coor-
dination to guarantee the PF approximation. Thus, it takes into account the
algorithm’s global search capability and convergence speed. On this basis,
combining the advantages of non-dominated sorting and decomposition, an
environmental selection method based on cascade sort has been proposed,
which effectively improves the convergence and distribution of the popula-
tion. Empirical results have demonstrated that the proposed MaOEADRA
outperformed seven state-of-the-art algorithms on various test suites, show-
ing promising versatility and robustness.

In the future, we will use the MaOEADRA to solve a wider range of prob-
lems and incorporate preference information to extend the reference points
set update strategy to enable algorithms to deal with practical problems
related to preference. Additionally, the extension of the non-dominance so-
lutions archive to the constraint field is another direction of further research.
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