
Highlights

• A novel discrete grey polynomial model is proposed.

• The proposed model unifies the univariate discrete grey models.

• An algorithm is presented to select the optimal model structure adaptively.

• Matrix decomposition is adopted to provide a simpler paradigm for property analysis.
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Abstract

Grey models have been reported to be promising for time series prediction with small samples, but the
diversity kinds of model structures and modelling assumptions restrains their further applications and de-
velopments. In this paper, a novel grey prediction model, named discrete grey polynomial model, is proposed
to unify a family of univariate discrete grey models. The proposed model has the capacity to represent most
popular homogeneous and non-homogeneous discrete grey models and furthermore, it can induce some other
novel models, thereby highlighting the relationship between the models and their structures and assump-
tions. Based on the proposed model, a data-based algorithm is put forward to select the model structure
adaptively. It reduces the requirement for modeler’s knowledge from an expert system perspective. Two
numerical experiments with large-scale simulations are conducted and the results show its effectiveness. In
the end, two real case tests show that the proposed model benefits from its adaptive structure and produces
reliable multi-step ahead predictions.

Keywords: grey system theory, discrete grey model, structure selection, matrix decomposition

1. Introduction

Time series prediction has been an important topic in various fields ranging from natural science to
social science. In the past decades, researchers have proposed many kinds of statistical and machine learning
methods for large-sample time series prediction, among which the most representative techniques include
the exponential smoothing, autoregressive integrated moving average, support vector regression, and neural
network, etc (Box et al., 1994; Hastie et al., 2013; Tim et al., 1996). These methods work well when large
data collection is available. However, sometimes it is difficult or even impossible to collect sufficient data,
such as the cold-start problems in recommendation systems (L et al., 2012) and the incomplete information
in disaster emergency managements (Altay & Iii, 2007). From an expert system perspective, the modelers
are required to have a higher level of skill and knowledge to infer the likely consequences if only limited
data are available, restraining the application of expert system in practice. Therefore, researchers have been
paying attention to the identification of effective predicting models that only require small samples (Liu
et al., 2017).

Grey system theory is one of the most popular techniques for small-sample time series analysis and
prediction. Grey models use the accumulating generation sequence operator to mine the pattern hiding in
the small-sample time series, and then quantify the identified pattern using dynamic equations instead of
static formulas. In this way, the grey-based predictors can achieve high accuracy with smaller number of
samples (Xie & Wang, 2017).

There are many different available grey models. Grey model GM(1,1), employing the first-order (the
first ’1’) single-variable (the second ’1’) differential equation, is the first and also the most popular one.
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Since grey models assume that the original time series is quasi-exponential, and this is in agreement with
the physics that the accumulation and release in generalized energy system including economy, society and
ecosystem usually conform to exponential law (Liu et al., 2017). It has been extensively researched from
the methodological and industrial viewpoints, such as the necessary and sufficient condition for modeling
(Chen & Huang, 2013), relative error bound estimation (Liu et al., 2014), and influence of sample size on
modeling performance (Yao et al., 2009; Wu et al., 2013a; Tabaszewski & Cempel, 2015). Meanwhile, some
researchers proposed novel approaches to improve the modeling accuracy by generalizing the accumulating
generation form integer-order to fraction-order (Wu et al., 2013b), optimizing the background coefficient
optimization (Zhao et al., 2012) and initial value (Xu et al., 2011), and hybrid approaches optimizing them
simultaneously (Wang et al., 2014; Xiao et al., 2014). However, in spite of their significant improvements
on modeling accuracy, GM(1,1) is still limited to the quasi-exponential time series. Therefore, researchers
inspired by the modeling ideas of GM(1,1), proposed a series of novel models to obtain wider application
scopes. For example, the Bernoulli differential equation, NBGM(1,1) was firstly proposed for the time
series with an inverted U-shaped trajectory (Chen et al., 2008; Wang et al., 2011; Evans, 2014; Shaikh
et al., 2017). Subsequently, the non-homogeneous grey model, NGM(1,1), was developed for quasi non-
homogeneous exponential series by replacing the constant term in the differential equation of GM(1,1)
with a linear function of time; a generalization form of the non-homogeneous grey model, GM(1,1,tα), was
proposed by replacing the linear function with the α-order power function. Until recently, Luo & Wei (2017)
and Wei et al. (2018) developed a grey polynomial model, GPM(1,1,N), by taking the N -order polynomial
function as the forcing term in the differential equation. It has been proved that the grey polynomial model
unifies the above two models and is applicable to the complex nonlinear time series with quasi-homogeneous,
non-homogeneous or even fluctuating characteristics.

Although the aforementioned optimization and development of grey predicting models play an important
role in improving modeling accuracy and expanding application scopes, they still have some weaknesses.
As pointed out by Xie & Liu (2009), the numerical integration (known as background value) or numerical
derivative (known as grey derivative) will introduce discretization errors, resulting in the gap between model
values and actual values even for the pure exponential series without noise. In order to avoid discretization
errors, Xie and Liu firstly constructed the discrete grey model DGM(1,1) (Xie & Liu, 2009), the discrete form
of GM(1,1), and then the non-homogeneous discrete grey model NDGM(1,1) (Xie et al., 2013a), the discrete
form of NGM(1,1), by using the individual difference equations directly. Based on this argument, researchers
also proposed some other discrete models, such as the nonlinear ones (Long et al., 2014; Zhang et al., 2015),
the fractional order accumulation-based ones (Wu et al., 2014), the multivariate ones (Ma & Liu, 2016;
Wu et al., 2016) and the interval-based ones (Liu & Shyr, 2005; Zeng et al., 2010; Xie & Liu, 2015). By
analyzing the modeling procedure, the existing discrete grey models have the following shortcomings. First,
there are a variety of discrete grey models with different structures, which makes it difficult for researchers
to provide a unified paradigm for property analysis. Next, even though each discrete grey model has explicit
assumption, it is difficult to determine whether the data meets the modeling condition in practice exactly,
leading to challenges for users to select an appropriate model. Last, the grey polynomial model were proved
to have wider application scopes, but its discrete form has not yet been investigated systematically.

To overcome these problems, we proposed a novel discrete grey polynomial model and the main contri-
butions can be summarized as follows:

(1) The proposed model unifies a family of univariate discrete grey models including the homogeneous
and non-homogeneous ones, and can induce some other novel models. It fits the original time series
directly rather than the accumulating generation series, and avoids the two-step parameter estimation
and the unnecessary complexity introduced by the inverse accumulating generation. In particular, the
unified representation makes it simple to provide a paradigm for property analysis by using the matrix
decomposition.

(2) Different from the classical grey predicting models where the expressions are always preset, a data-
based selection algorithm searches the optimal model structure adaptively. Large-scale simulations
are conducted to statistically test the effectiveness and also the robustness, especially under the noisy
environment. Two real data sets are used as benchmark to compare the proposed method with
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existing methods in terms of their predicting accuracy, and the results show that the proposed method
outperforms the alternatives.

The remainder of this paper has following structure: the proposed model and a data-based structure
selection algorithm are presented in Sections 2 and 3; the theoretical property are analyzed in Section 4;
large-scale simulations and two real case tests are provided in Sections 5 and 6; conclusions and future work
are discussed in Section 7.

2. Discrete grey polynomial model

2.1. The definition of grey polynomial model

Supposing that the original time series is X(0) =
{
x(0)(1), x(0)(2), · · · , x(0)(n)

}
, the accumulating gen-

eration series is defined as
X(1) =

{
x(1)(1), x(1)(2), · · · , x(1)(n)

}
,

where

x(1)(k) =

k∑
i=1

x(0)(i), k = 1, 2, · · · , n. (1)

The grey polynomial prediction model (Luo & Wei, 2017) for the accumulating generation series X(1) is
suggested to be the coupled equations composed of the differential equation

d

dt
x(1)(t) = ax(1)(t) + b0 + b1t+ · · ·+ bN t

N , (2)

and the difference equation

x(0)(k) = a
[
(1− λ)x(1)(k − 1) + λx(1)(k)

]
+

N∑
j=0

bj
kj+1 − (k − 1)j+1

j + 1
+ εk, (3)

where N < n−3 is the polynomial order; λ ∈ [0, 1] is the tuned background coefficient; εk is the discretization
error. If the polynomial order N is equal to 0, the sample size n must be equal or greater than 4, which has
always been the basic requirement of GM(1,1) model (Xie & Wang, 2017).

Based on the difference equation, the least square estimates of the model parameters b0, b1, · · · , bN and
a are calculated as [

â b̂0 b̂1 · · · b̂N
]T

=
(
BTB

)−1
BTy, (4)

where

y =


x(0)(2)
x(0)(3)

...
x(0)(n)

 , B =


(1− λ)x(1)(1) + λx(1)(2) 1 3

2 · · · 2N+1−1N+1

N+1

(1− λ)x(2)(1) + λx(1)(3) 1 5
2 · · · 3N+1−2N+1

N+1
...

...
... · · ·

...

(1− λ)x(1)(n− 1) + λx(1)(n) 1 2n−1
2 · · · nN+1−(n−1)N+1

N+1

 .
Substituting the estimates into the analytic solution to the differential equation (2) (see the details in

Luo & Wei (2017)) gives the time response function

x̂(1)(t) = ceât + d0 + d1t+ · · ·+ dN t
N (5)

where the polynomial coefficients d0, d1, · · · , dN are
d0

d1

...
dN

 =


−â 1 · · · 0

0 −â
. . .

...
...

...
. . . N

0 0 · · · −â


−1 

b̂0
b̂1
...

b̂N

 ,
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and the optimal integration constant, also known as the initial condition, is obtained by least squares as

ĉ =
e2â − 1

e2ân − 1

n∑
k=1

x(1)(k)−
N∑
j=0

djk
j

 eâ(k−2).

By substituting the time points into the time response function equation (5) and then using the inverse
accumulating generation operator, the fitted and predicted values of the original series are expressed as

x̂(0)(k) =

x̂
(1)(k) = ĉ+

N∑
j=1

dj , k = 1,

x̂(1)(k)− x̂(1)(k − 1), k = 2, 3, · · · .
(6)

It can be seen in the above modeling process that the time response function in (5) is obtained under
the hypothesis that there exist no discretization error between the continuous equation (3) and the discrete
equation (4) at time points. However, the differential equation (3) is discretized based on the intermediate
value theorem (the trapezoid rule with λ = 0.5), which definitely introduces the discretization error (Wei
et al., 2018). Therefore, the least square estimates in equation (4) can not be substituted into the time
response function (5) unless the discretization error is quantified to guarantee the accuracy.

2.2. The representation of discrete grey polynomial model

We now turn to the difference equation (3) to simulate the accumulating generation series straightforward,
the procedures are detailedly carried out as follows.

From the definition of accumulating generation series in equation (1), the first term of the right side in
equation (3) can be expressed as

(1− λ)x(1)(k − 1) + λx(1)(k) = x(1)(k − 1) + λx(0)(k), (7)

according to the binomial theorem,

kj+1 − (k − 1)j+1 =

j+1∑
r=1

(
j + 1

r

)
(−1)r−1kj−r+1, j = 0, 1, · · · , N, (8)

then the second term of the right side in equation (3) is transformed into

N∑
j=0

bj
j + 1

j+1∑
r=1

(
j + 1

r

)
(−1)r−1kj−r+1 =

N∑
j=0

 N∑
r=j

br
r + 1

(
r + 1

r − j + 1

)
(−1)r−j

 kj . (9)

Substituting equations (7) and (9) into equation (3) gives that

x(0)(k) = ax(1)(k − 1) + aλx(0)(k) +

N∑
j=0

 N∑
r=j

br
r + 1

(
r + 1

r − j + 1

)
(−1)r−j

 kj + εk, (10)

which is equivalent to

x(0)(k) =
a

1− aλ
x(1)(k − 1) +

N∑
j=0

 1

1− aλ

N∑
r=j

br
r + 1

(
r + 1

r − j + 1

)
(−1)r−j

 kj +
1

1− aλ
εk. (11)

By setting

α =
a

1− aλ
, βj =

1

1− aλ

N∑
r=j

br
r + 1

(
r + 1

r − j + 1

)
(−1)r−j , εk =

1

1− aλ
εk, (12)
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the discrete grey polynomial model, termed as DGPM(1,1,N), can be represented as

x(0)(k) = αx(1)(k − 1) + β0 + β1k + · · ·+ βNk
N + εk, (13)

or, in a vector form:
y = Xβ + ε (14)

where

y =


x(0)(2)
x(0)(3)
x(0)(4)

...
x(0)(n)

 , X =


x(1)(1) 1 2 · · · 2N

x(1)(2) 1 3 · · · 3N

x(1)(3) 1 4 · · · 4N

...
...

... · · ·
...

x(1)(n− 1) 1 n · · · nN

 , β =


α
β0

β1

...
βN

 , ε =


ε2
ε3
ε4
...
εn

 .

2.3. The parameters estimation of discrete grey polynomial model

It can be seen that equation (13) can be regarded as a special multiple regression model which combines
the partial characteristics of autoregression and polynomial regression. Divide the matrix X into two parts,
X = [u V ], where u is the first column and V is the rest N+1 independent columns. In general u is not in
the column space of V , and thus the columns of matrix X are linearly independent. Then, the least square
estimates of model parameters can be obtained by minimizing the sum of squared error ‖ε‖22 = ‖y −Xβ‖22
and expressed as

β̂ =
[
α̂ β̂0 β̂1 · · · β̂N

]T
=
(
XTX

)−1
XTy. (15)

Substituting the least square estimates into the equation (14), the fitted values of the original time series
excluding the first sample can be calculated as

X̂(0) = ŷ =
{
x̂(0)(2), x̂(0)(3), · · · , x̂(0)(n)

}
= Xβ̂ = X

(
XTX

)−1
XTy, (16)

and the predicted values based on the recursive equation (13) can be expressed as

x̂(0)(n+ `) =


α̂x(1)(n) +

N∑
j=0

β̂j(n+ 1)j , ` = 1,

α̂

[
x(1)(n) +

`−1∑
i=1

x̂(0)(n+ i)

]
+

N∑
j=0

β̂j(n+ `)j , ` ≥ 2.

(17)

2.4. Some comparisons with classical modeling approach

On the basis of the classical modeling approach in the conventional discrete grey models such as DGM(1,1)
(Xie & Liu, 2009) and NDGM(1,1) (Xie et al., 2013a), we may generalize the equation forms of these two
models and then deduce another similar expression of DGPM(1,1,N) model expressed as

x(1)(k) = ϕx(1)(k − 1) + φ0 + φ1k + · · ·+ φNk
N + εk, (18)

where the model parameters and the initial value are obtained by using a two-step method. In the first step,
the model parameters are estimated by minimizing the sum of squared errors

arg min
ϕ,φ0,··· ,φN

n∑
k=2

x(1)(k)− ϕx(1)(k − 1)−
N∑
j=0

φjk
j

2

where the initial value x̂(1)(1) = x(1)(1) is an invariant. In the second step, the initial value is assumed to
be a variable and obtained by minimizing the sum of squared errors

arg min
δ

n∑
k=2

x(1)(k)− ϕ̂x̂(1)(k − 1)−
N∑
j=0

φ̂jk
j

2
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where x̂(1)(1) = x(1)(1) + δ and δ is a variable. The inconsistency of the objective functions in these two
steps may introduce additional errors.

It should be noticed that the proposed model and the two-step model are relevant by the following similar
or different points:

(1) The accumulating generation is employed in two different models. The two-step model can be viewed
as the process to find the relationship between the current cumulative sum and that at the last time
points, and thus the inverse accumulating generation is essential to restore the fitting and predicting
results of the accumulating generation series. However, the proposed model can be considered as the
process to find the relationship between the current value and the cumulative sum at the last time
point, so we can obtain the fitting and predicting results of the original series. It is obvious that the
proposed model has a simpler modeling procedure without using the inverse accumulating generation.

(2) The model parameters in the two-step and the proposed models are respectively estimated by mini-
mizing the objective functions expressed as

‖ε‖22 =

n∑
k=2

[
x(1)(k)− x̂(1)(k)

]2
and ‖ε‖22 =

n∑
k=2

[
x(0)(k)− x̂(0)(k)

]2
.

Although these two objective functions are different, there exist fixed quantitative relationships be-
tween their estimated model parameters (see Theorem 1).

(3) The initial values in both models are selected by using two different approaches, thereby leading to the
difference between their modeling results. In the two-step models, the fitting and predicting results
are calculated based on the analytic solution and inverse accumulating generation, that is

x̂(1)(1) = x(1)(1) + δ̂,

x̂(1)(k) = ϕ̂x̂(1)(k − 1) +
N∑
j=0

φ̂jk
j ,

x̂(0)(k) = x̂(1)(k)− x̂(1)(k − 1), k = 2, 3, · · · .

However, it can be seen in equations (16) and (17) that the proposed model uses a totally different
approach which has already been validated and commonly used in time series analysis and forecasting
(Box et al., 1994). The proposed model avoids the use of the inverse accumulating generation, and
thus reduces unnecessary complexity for quantification of residual errors and interpretation of modeling
results.

Theorem 1. DGPM(1,1,N) model defined by equation (13) is equivalent to that defined by equation (18).

Proof. Adding x(1)(k − 1) on both sides of equation (13), then

x(0)(k) + x(1)(k − 1) = x(1)(k) = (α+ 1)x(1)(k − 1) + β0 + β1k + · · ·+ βNk
N + εk

By setting ϕ = α + 1, βj = φj , equation (18) is obtained and the least square estimates of its model
parameters are expressed as

φ̂ =
[
ϕ φ0 φ1 · · · φN

]T
=
(
XTX

)−1
XTz, (19)

where
z =

[
x(1)(2) x(1)(3) x(1)(4) · · · x(1)(n)

]T
= u+ y. (20)

Substituting equation (20) into the right side of equation (19) gives that

φ̂ =
(
XTX

)−1
XTu+

(
XTX

)−1
XTy = e1 +

(
XTX

)−1
XTy, (21)

where e1 is a (N + 2)× 1 vector having 1 in the first entry and 0’s in the other entries.
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Substituting equation (15) into (21), the least square estimates of the model parameters in equations
(13) and (18) satisfy

φ̂ = e1 + β̂ ⇔ ϕ̂ = α̂+ 1, φ̂j = β̂j , (22)

and the fitted and predicted values based on equations (15) and (16) satisfy

x̂(1)(k) = ϕ̂x̂(1)(k − 1) +

N∑
j=0

φ̂jk
j ⇔ x̂(0)(k) = α̂x̂(1)(k − 1) +

N∑
j=0

β̂jk
j . (23)

By setting the initial value as that in equation (17), equations (13) and (18) are totally equivalent not
only in the analytic expression but also from the application standpoint. Furthermore, when the order is
N = 0, DGPM(1,1,N) yields to the DGM(1,1) model; when the order is N = 1, DGPM(1,1,N) yields to
the NDGM(1,1) model.

Without regard to the initial value selection, the grey prediction models with discrete forms are equivalent
to those with connotation forms, that is, GM(1,1,C) (Liu et al., 2014) and DGM(1,1) (Xie & Liu, 2009),
SAIGM (Zeng et al., 2016) and NDGM(1,1) (Xie et al., 2013a), DGM(1,1,N) (Xie et al., 2013b) and FOTP-
GM(1,1) (Li et al., 2018) are respectively equivalent to each other.

3. Structure selection for discrete grey polynomial model

The modeling procedures in Section 2.3 are based on the hypothesis that the polynomial order is known
in advance, which limits the application in practice. From both theoretical and practical perspectives, it is
always not satisfactory on the basis of the following reasons:

(1) If the number of rows n−1 (n is the number of samples) is slightly greater than the number of columns
N+1 (N is the polynomial order) in equation (14), there may be a lot of variability in the least square
estimates in equation (15) (Hastie et al., 2013). (See example 1 in Section 4.3.)

(2) For higher polynomial order, it is likely to lead to the over-fitting problem. The fitted curve oscillates
so wildly especially near the ends of original time series that we may end up with better fitting but
poor predicting (Hastie et al., 2013). (See simulation studies in Section 5.2.)

In order to overcome these defects, the polynomial order is presupposed to be N = 4, and then the least
square estimates in equation (15) are regained by minimizing the following objective function

n∑
k=2

x(0)(k)− αx(1)(k − 1)− β0 −
N∑
j=1

βjk
j

2

subject to

N∑
j=1

I(βj 6= 0) = s (24)

where 0 ≤ s ≤ N is a tuned factor controlling the model structure; I(·) is an indicator function that returns
a 1 if the condition is true, and returns a 0 otherwise.

In fact, the nature of minimizing the objective function under the constraint condition in equation (24)
can be considered as a best subset selection context, and the tuned factor s ∈ {0, 1, 2, 3, 4} controls the
subset size. That is to say, all the 2N = 16 possible models are fitted and evaluated separately. Then the
validation set approach is employed to estimate the predicting error of each model, and the original series is
split into two parts: a training set used to build model and a validation set used to be predicted. Taking the
mean absolute percentage error (mape) as the performance measure, both the fitting and predicting errors
can be obtained from

mape =
1

n2 − n1 + 1

n2∑
k=n1

∣∣∣∣x(0)(k)− x̂(0)(k)

x(0)(k)

∣∣∣∣× 100%, (25)

where n1 < n2 and n1, n2 ∈ N. If n1 = 2 and n2 = m, then mape = mapetrain; if n1 = m + 1 and n2 = n,
then mape = mapevalid.

In detail, the best subset selection for selecting the optimal model from among all the possibilities is
described in Algorithm 1.
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Algorithm 1 Data-based structure selection (DBSS) algorithm

Input: Original time series X(0), polynomial order N .
1: Divide the original series into two parts:

X
(0)
train =

{
x(0)(1), x(0)(2), · · · , x(0)(m)

}
and X

(0)
valid =

{
x(0)(m+ 1), x(0)(m+ 2), · · · , x(0)(n)

}
;

where m is the maximal integer that is less than or equal to 4
5n (Hastie et al., 2013).

2: Let M0,1 denote the null model (s = 0) that only contains the accumulative and constant terms in the
right side of equation (13).

3: for all s = 1, 2, · · · , N do
4: Fit all

(
N
s

)
models that contain exactly s+2 terms (1 accumulative term, 1 constant term and s other

terms) in the right side of equation (13).
5: Let Ms,t denote the superior picked from the above

(
N
s

)
models. Here superior is defined as

Ms,q = arg min
M
{M(mapetrain) ≤ η1} , q = 1, 2, · · ·

where η1 ∈ (0, 1] controls the fitting error and traditionally set as 0.1 in application.
6: end for
7: Pick a single optimal model from among Ms,q, and denote it as Mb. Here optimum is defined as

Mb = arg min
M

P (M) subject to M(mapevalid) ≤ η2,

where P (M) denotes the order of polynomial in M; η2 ∈ (0, 1] controls the predicting error and tradi-
tionally set as 0.1 in application.

Output: Mb.

For the convenience of property analysis in the following, the optimal model Mb is expressed as the
selective matrix. For example, if the optimal model is x(0)(k) = αx(1)(k − 1) + β0 + β1k, the least square
estimates are rewritten as

β̂s = [α̂ β̂0]T =
(
XT
s Xs

)−1
XT
s y,

where Xs = XS, S = [e1 e2 e3] is a (N + 2)× 3 selective matrix, and eι is a (N + 2)× 1 vector having
1 in the ι-th entry and 0’s in the other entries.

In the end, the optimal model Mb is fitted based on the original series (X
(0)
train

⋃
X

(0)
valid = X(0)) to take

full advantage of the samples, and the fitted values according to equation (16) are

X̂(0) = ŷ =
{
x̂(0)(2), x̂(0)(3), · · · , x̂(0)(n)

}
= XSbβ̂b, (26)

and the predicted values according to equation (17) are

x̂(0)(n+ `) =
[
χ 1 (n+ `) · · · (n+ `)N

]
Sbβ̂b, (27)

where

χ =


x(1)(n), ` = 1,

x(1)(n) +
`−1∑
i=1

x̂(0)(n+ i), ` ≥ 2.

To sum up, once the original series and the predicted length are given, the fitted and predicted values
can be obtained according to equations (26) and (27).
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4. Theoretical property analysis

In this section, the propositions are only proved in the case that the selective matrix Sb is equal to the
identity matrix I, and it is easy to prove that the conclusions still hold true for other selective matrices.

Lemma 1. Assuming that X
(1)
a =

{
x

(1)
a (1), x

(1)
a (2), · · · , x(1)

a (n)
}

, where x
(1)
a (k) = ρx(1)(k) + ξ, ρ 6= 0, is

the affine transformation of the accumulating generation series X(1), then the fitted and predicted values

corresponding to X
(1)
a and X(1) satisfy x̂

(0)
a (k) = ρx̂(0)(k), k = 2, 3, · · · .

Proof. Combining the definitions of affine transformation and accumulation generation, it follows that

x(0)
a (k) = x(1)

a (k)− x(1)
a (k − 1) = ρx(0)(k), k = 2, 3, · · · , n.

The vector ya is obtained as

ya =
[
x

(0)
a (2), x

(0)
a (3), x

(0)
a (4), · · · , x(0)

a (n)
]T

= ρy,

and the matrix Xa is decomposed into three parts

Xa =


x

(1)
a (1) 1 2 · · · 2N

x
(1)
a (2) 1 3 · · · 3N

x
(1)
a (3) 1 4 · · · 4N

...
...

... · · ·
...

x
(1)
a (n− 1) 1 n · · · nN

 =


ρx(1)(1) + ξ 1 2 · · · 2N

ρx(1)(2) + ξ 1 3 · · · 3N

ρx(1)(3) + ξ 1 4 · · · 4N

...
...

... · · ·
...

ρx(1)(n− 1) + ξ 1 n · · · nN

 = XPQ,

where P and Q are both (N + 2)-order non-singular matrices respectively defined as

P =


ρ 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

 and Q =


1 0 0 · · · 0
ξ 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

 .

Let βa = [α′ β′0 β′1 · · · β′N ]T be the model parameters of the DGPM(1,1,N) model corresponding

to the affine transformation series X
(1)
a , then the least square estimates β̂a = [α̂′ β̂′0 β̂′1 · · · β̂′N ]T can

be expressed as

β̂a =
(
XT
aXa

)−1
XT
a ya = ρQ−1P−1

(
XTX

)−1
XTy = ρQ−1P−1β̂,

that is,
α̂′ = α̂, β̂′0 = −α̂ξ + ρβ̂0, β̂

′
j = ρβ̂j , j = 1, 2, · · · , N. (28)

Substituting the least square estimates in equation (28) into the fitted and predicted values based on
equations (26) and (27) gives that

X̂(0)
a = ŷa =

{
x̂(0)
a (2), x̂(0)

a (3), · · · , x̂(0)
a (n)

}
= Xaβ̂a = (XPQ)

(
ρQ−1P−1β̂

)
= ρXβ̂

= ρŷ =
{
ρx̂(0)(2), ρx̂(0)(3), · · · , ρx̂(0)(n)

}
,

and

x̂(0)
a (n+ `) =


α̂′x

(1)
a (n) +

N∑
j=0

β̂′j(n+ 1)j = ρx̂(0)(n+ 1), ` = 1,

α̂′
[
x

(1)
a (n) +

`−1∑
i=1

x̂
(0)
a (n+ i)

]
+

N∑
j=0

β̂′j(n+ `)j = ρx̂(0)(n+ `), ` ≥ 2.
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Lemma 1 shows that all the data normalization methods that can be expressed as the affine transfor-
mations have no influence on the modeling performance, for example, the feature scaling method in which
the multiple coefficient ρ = 1/(max−min) and the translation coefficient ξ = −min/(max−min), where
max = maxnk=1

{
x(1)(k)

}
, min = minnk=1

{
x(1)(k)

}
.

4.1. The influence of multiple transformation of original series on modeling

Theorem 2. Assuming that X
(0)
m =

{
x

(0)
m (1), x

(0)
m (2), · · · , x(0)

m (n)
}

, where x
(0)
m (k) = ρx(0)(k), k = 1, 2, · · · , n,

is the multiple transformation of original series X(0), then the fitted and predicted values corresponding to

X
(0)
m and X(0) satisfy x̂

(0)
m (k) = ρx̂(0)(k), k = 2, 3, · · · .

Proof. According to equation (1), the accumulating generation of the multiple transformation series is
calculated as

x(1)
m (k) =

k∑
i=1

x(0)
m (i) = ρ

k∑
i=1

x(0)(i) = ρx(1)(k), k = 1, 2, · · · , n,

which can be viewed as a special form of x
(1)
a (k) in Lemma 1 (the translation coefficient ξ = 0). Therefore,

the fitted and predicted values satisfy x̂
(0)
m (k) = ρx̂(0)(k) + ξ = ρx̂(0)(k).

In addition, if the first sample satisfies x
(0)
m (1) = ρx(0)(1) + ξ and the rests are x

(0)
m (k) = ρx(0)(k), then

x(1)
m (k) =

k∑
i=1

x(0)
m (i) = ρ

k∑
i=1

x(0)(i) + ξ = ρx(1)(k) + ξ, k = 1, 2, · · · , n,

which is equivalent to the affine transformation x
(1)
a (k) in Lemma 1, and thus the conclusion hold true.

Theorems 2 shows that the values of the first sample in the original series and the multiple coefficient in
multiple transformation have no influence on the fitted and predicted values. Hence, we can select a suitable
multiple coefficient ρ to reduce the condition number in real world applications.

4.2. Unbias for original series composed of pure exponential and polynomial functions

Theorem 3. Assuming that X(0) =
{
x(0)(1), x(0)(2), · · · , x(0)(n)

}
, where x(0)(k) = ceak + b0 + b1k + · · ·+

bNk
N , c 6= 0, k = 1, 2, · · · , n, is the original series, then the fitted and predicted values by DGPM(1,1,N+1)

model satisfy x̂(0)(k) = x(0)(k), k = 2, 3, · · · .

Proof. Let µ = ea, νj =
bj
c , then we only need to prove the conclusion to be true with x(0)(k) = µk + ν0 +

ν1k + · · ·+ νNk
N .

Without loss of generality, let N = 3, then according to equation (15) the parameter estimates corre-
sponding to DGPM(1,1,4) model are obtained as

α̂ = µ− 1, β̂0 = µ(ν0 + 1), β̂1 = ν0(1− µ) +
1

2
ν1(1 + µ) +

1

6
ν2(1− µ),

β̂2 =
1

2
ν1(1− µ) +

1

2
ν2(1 + µ) +

1

4
ν3(1− µ), β̂3 =

1

3
ν2(1− µ) +

1

2
ν3(1 + µ), β̂4 =

1

4
ν3(1− µ).

Substituting parameter estimates into equations (15) and (16) gives the fitted values expressed as

X̂(0) = ŷ =
{
x̂(0)(2), x̂(0)(3), · · · , x̂(0)(n)

}
= Xβ̂ = y =

{
x(0)(2), x(0)(3), · · · , x(0)(n)

}
,

and the predicted values expressed as

x̂(0)(n+ `) =


α̂x(1)(n) +

N∑
j=0

β̂j(n+ 1)j = x(0)(n+ 1), ` = 1,

α̂

[
x(1)(n) +

`−1∑
i=1

x̂(0)(n+ i)

]
+

N∑
j=0

β̂j(n+ `)j = x(0)(n+ `), ` ≥ 2.

11



In particular, if µ = 1, then α̂ = 0, β̂0 = ν0 + 1, β̂1 = ν1, β̂2 = ν2, β̂3 = ν3, β̂4 = ν4. DGPM(1,1,4) yields
to the fourth degree polynomial regression model, and the conclusion still holds true.

Similarly, if ν3 = 0, then α̂ = µ − 1, β̂0 = µ(ν0 + 1), β̂1 = ν0(1 − µ) + 1
2ν1(1 + µ) + 1

6ν2(1 − µ), β̂2 =
1
2ν1(1−µ)+ 1

2ν2(1+µ), β̂3 = 1
3ν2(1−µ). DGPM(1,1,4) yields to the DGPM(1,1,3) model, and the conclusion

still holds true. That is, DGPM(1,1,3) is unbiased for the series X(0) =
{
x(0)(1), x(0)(2), · · · , x(0)(n)

}
, where

x(0)(k) = ceak + b0 + b1k + b2k
2.

Theorem 3 shows that the fitted and predicted values by DGPM(1,1,N) model are unbiased when the
original series follows the distribution with partial exponential and partial polynomial characteristics.

4.3. Numerical examples for property validation

Example 1. Assuming that the original time series is X(0) = {1.2, 1.4, 1.8, 2.3, 2.7, 3.3, 4.2, 4.8, 6.1},
the multiple coefficient is taken at every 0.02 units on the interval (0, 1.0]. Figure 1 displays the condition
number of XTX when estimating the model parameters of DGPM(1,1,0) and DGPM(1,1,1) model. The
results shows that there indeed exists a multiple coefficient to minimize the condition number in this numerical
example. Moreover, although the error of DGPM(1,1,0) model (mape = 2.32%) is a little less than that of
DGPM(1,1,1) model (mape = 2.47%), the condition numbers of the former in Figure 1(a) are much less
than those of the latter in Figure 1(b) under every multiple coefficient, which indicates that DGPM(1,1,1) is
a ill-conditioned model, and also illustrates the importance and necessity of model selection. The condition
numbers are all computed with respect to the L1 matrix norm (maximum absolute column sum).
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Figure 1: Trends of the condition number with the increasing multiple coefficient in DGPM(1,1,N) models with the order
N = 0, 1.

Example 2. From Zeng (2018), X(0) = {17.72, 27.39, 45.09, 84.60, 183.41, 443.43, 1141.63} is sampled
from x(0)(k) = ek+5k+10 at the time points k = 1, 2, · · · , 7. Then form Theorem 3, the polynomial order is
set as N = 2, that is, DGPM(1,1,2) model are constructed based on the first 6 samples. The corresponding
estimates of model parameters from equation (15) are obtained as

α̂ = e− 1 = 1.718282, β̂0 = 11e = 29.901100,

β̂1 = 12.5− 7.5e = −7.887114, β̂2 = 2.5(1− e) = −4.295705,

and the fitted and predicted values form equations (16) and (17) are calculated as{
x̂(0)(2), x̂(0)(3), x̂(0)(4), x̂(0)(5), x̂(0)(6), x̂(0)(7)

}
= {27.39, 45.09, 84.60, 183.41, 443.43, 1141.63} .

The above results not only validate the conclusion in Theorem (3) but also reveal that DGPM(1,1,N) is more
accurate than the grey model with fractional order accumulation in Zeng (2018).
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5. Simulations

5.1. Data generation mechanism

In order to further validate the theoretical analysis, we design a simulation study where the original time
series is generated by adding random error to a mixture of exponential and linear functions, that is

x(0)(t) = eat + b0 + b1t+ εt,

where εt v N (0, σ2) is the random error.
The model parameters are set as (a, b0, b1) = (0.5, 5.0,−2.0) to generate the samples at every time interval

of 0.25 in the range of t ∈ [0, 7], and the random errors are generated based on the normal distribution with
mean 0 and standard deviation varying σ = 0.05, 0.06, 0.07, 0.08, 0.09, 0.10. Then DGPM(1,1,N) models
with polynomial order varying N = 0, 1, 2, 3 are respectively constructed, and therefore we have a total of
24 scenarios of different combinations.

5.2. Modeling results and comparisons

In each scenario, the original series is split into two parts: the in-sample period (the first 23 samples)
used to fit models and the out-of-sample period (the rest 6 samples) used to assess the predicting error, and
500 runs are replicated using the statistical computing software R (version 3.4.3). The total averages of the
mean absolute percentage errors in the in-sample (MAPEin) and out-of-sample (MAPEout) periods are used
to compare the performance of different models:

MAPEin =
1

500

500∑
i=1

mapein and MAPEout =
1

500

500∑
i=1

mapeout,

where

mapein =
1

22

23∑
k=2

∣∣∣∣x(0)(k)− x̂(0)(k)

x(0)(k)

∣∣∣∣× 100% and mapeout =
1

6

29∑
k=24

∣∣∣∣x(0)(k)− x̂(0)(k)

x(0)(k)

∣∣∣∣× 100%.

Figure 2 shows the boxplots of the fitting and predicting errors in the 500 simulation replications, and
also the averages of the errors in Table 1.

Table 1: Comparison of the four DGPM(1,1,N) models with the order N = 0, 1, 2, 3 in terms of the in-sample error MAPEin

and the out-of-sample error MAPEout with the standard deviation of random error σ = 0.05, 0.06, 0.07, 0.08, 0.09, 0.10.

Errors Order Standard deviation

0.05 0.06 0.07 0.08 0.09 0.10

MAPEin

0 24.02 24.03 24.04 24.05 24.06 24.07
1 20.08 20.09 20.11 20.12 20.14 20.15
2 0.85 1.02 1.19 1.35 1.52 1.69
3 0.82 0.99 1.15 1.31 1.48 1.64

MAPEout

0 52.73 52.73 52.72 52.72 52.71 52.71
1 16.53 16.54 16.55 16.55 16.55 16.55
2 0.96 1.15 1.34 1.53 1.72 1.92
3 1.79 2.15 2.51 2.87 3.22 3.59

Figure 1 and Table 1 show that for the scenarios with the same polynomial order, both the fitting error
and the predicting error tend to increase with the increase of the standard deviation of random error; for
the scenarios with the same standard deviation of random error, both the fitting error and the predicting
error decrease firstly to the minimum and then increase with the increase of the polynomial order; for all
the scenarios, DGPM(1,1,2) and DGPM(1,1,3) perform far better than the rest two models in terms of both
the fitting error and the predicting error. Furthermore, DGPM(1,1,2) and DGPM(1,1,3) perform almost the
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Figure 2: Boxplots for the fitting error mapein and the predicting error mapeout by using the four DGPM(1,1,N)
models with the order N = 0, 1, 2, 3 in 500 simulation replications with the standard deviation of random error σ =
0.05, 0.06, 0.07, 0.08, 0.09, 0.10.
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same especially in terms of the fitting performance, that is, the difference of MAPEouts is less than 2.00%
and that of MAPEins is even less than 0.05%.

Because the mapeins and mapeouts of DGPM(1,1,2) and DGPM(1,1,3) are respectively paired (two
models on each individual time series), we consider the paired t-test for a parametric test. Table 2 shows
that there exist significant differences between these two models. From a statistical perspective, the mean of
mapeins of DGPM(1,1,2) is significantly greater than that of DGPM(1,1,3) in the in-sample period, whereas
the mean of mapeouts of DGPM(1,1,2) is significantly less than that of DGPM(1,1,3) in the out-of-sample
period.

Table 2: Significance of comparisons of the second-order and third-order models with the number of simulation replications 25,
50, 100, 500, and the standard deviation of random error σ = 0.05, 0.06, 0.07, 0.08, 0.09, 0.10.

Alternative Replications Standard deviation

hypothesis 0.05 0.06 0.07 0.08 0.09 0.10
µ2 − µ3 > 0 a 25 0.02 (0.003∗) 0.03 (0.003∗) 0.03 (0.003∗) 0.04 (0.003∗) 0.05 (0.002∗) 0.06 (0.002∗)

50 0.02 (0.000∗) 0.03 (0.000∗) 0.04 (0.000∗) 0.05 (0.000∗) 0.05 (0.000∗) 0.06 (0.000∗)
100 0.03 (0.000∗) 0.03 (0.000∗) 0.04 (0.000∗) 0.05 (0.000∗) 0.05 (0.000∗) 0.06 (0.000∗)
500 0.02 (0.000∗) 0.03 (0.000∗) 0.03 (0.000∗) 0.04 (0.000∗) 0.05 (0.000∗) 0.05 (0.000∗)

µ′2 − µ′3 < 0 b 25 −0.63 (0.004∗) −0.77 (0.003∗) −0.91 (0.002∗) −1.06 (0.002∗) −1.23 (0.001∗) −1.40 (0.001∗)
50 −0.80 (0.000∗) −0.97 (0.000∗) −1.13 (0.000∗) −1.31 (0.000∗) −1.48 (0.000∗) −1.67 (0.000∗)
100 −0.64 (0.000∗) −0.77 (0.000∗) −0.91 (0.000∗) −1.04 (0.000∗) −1.18 (0.000∗) −1.32 (0.000∗)
500 −0.83 (0.000∗) −1.00 (0.000∗) −1.16 (0.000∗) −1.33 (0.000∗) −1.50 (0.000∗) −1.67 (0.000∗)

a The mean of mapeins of DGPM(1,1,2) is greater than that of DGPM(1,1,3).
b The mean of mapeouts of DGPM(1,1,2) is less than that of DGPM(1,1,3).
* Highly significant at the 0.01 level (one-sided).

5.3. Short discussion

It can be seen from the data generation mechanism that the original time series is a mixture of exponential
component, linear component and random error, and this pattern is in agreement with the unbiased property
in Theorem 3 that the second-order model is unbiased for the time series composed of pure exponential and
linear functions. Therefore, DGPM(1,1,2) should be the best even though there exists noise in the generated
time series. The above simulation results show that DGPM(1,1,0) and DGPM(1,1,1) are both under-fitting
models with higher fitting errors and predicting errors, and at the same time DGPM(1,1,3) is a over-fitting
model with lower fitting error but higher predicting error. Only DGPM(1,1,2) performs best among these
models, which also validates the robustness of the proposed model.

6. Real data tests

6.1. Data collection

Energy demand is the prerequisite condition for a nation’s economic development, and it is significant
to predict accurate energy consumption. There exist two accounting approaches for annual total energy
consumption: calorific value calculation (ATECcvc) and coal equivalent calculation (ATECcec) in China.

The ATECcvc and ATECcec data of China in the period from 1990 to 2014 are respectively collected in
Tables 3 and 4 (China Energy Statistical Yearbook 2015). In order to validate the performance of proposed
model, the original series is divided into three parts: a training set used to fit the models, a validation set
used to select the optimal model structure and a test set used for assessment of the predicting error of the
final chosen model, as shown in Figures 3(a) and 3(b).

6.2. Modeling procedures and results

It can be seen in Tables 3 and 4 that although the values of ATECcvc and ATECcec are different at all
time points, their trends (see Figure 3) and modeling procedures are similar with each other. Therefore,
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Figure 3: Split of the annual total energy consumption data (based on the calorific value calculation and coal equivalent
calculation approaches respectively) in China from 1990 to 2014.

only the modeling details of ATECcvc are presented, and the results corresponding to ATECcvc are just
briefly summarized in the following.

According to Algorithm 1 (where the polynomial order is set as N = 4), the models are separately fitted
based on the training set from 1990 to 2005, the optimal model is selected based on the validation set from
2006 to 2009. The mapetrains and mapevalids for each possible model are plotted in Figure 4.
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Figure 4: Comparison of all possible subset models in terms of the training error mapetrain and the validation error mapevalid
in the data sets ATECcvc and ATECcec. The grey spot indicates the value of error for each possible model and the red frontier
tracks the best model for a given number of subset size.

It can be seen in Figure 4(a) that as the subset size increases, the mapetrain decreases quickly from 8.6%
to 0.9%, while the mapevalid decreases firstly and then increases. The mapetrains of every possible model
are less than 0.1, but only the mapevalids of M1,2 with form x(0)(k) = αx(1)(k) + β0 + β2k

2 and M1,3 with
form x(0)(k) = αx(1)(k) + β0 + β2k

3 are less than 0.1. The best model is selected as Mb = M1,2 due to
that the orders of polynomial satisfy P (M1,2) = 2 < P (M1,3) = 3. Fitting this optimal model on the series

X
(0)
train

⋃
X

(0)
valid gives the final model expressed as

ATECcvc : x(0)(k) = −0.08569752x(1)(k − 1) + 11.07645 + 0.1206434k2,
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and also the fitted and predicted values computed by equations (26) and (27) listed in Table 3.
Similarly, the final model for ATECcec is obtained as

ATECcec : x(0)(k) = −0.08146799x(1)(k − 1) + 11.42946 + 0.1227668k2.

and also the fitted and predicted value displayed in Table 4.

Table 3: Comparison of the fitted results (from 1990 to 2009) and predicted results (from 2010 to 2014) by using various grey
and other models in the data set ATECcvc.

Year Actual DGPM NDGM(1,1) NBGM(1,1) a GPMB(1,1,0) b QPR c SVR d NNAR e

values Values APE Values APE Values APE Values APE Values APE Values APE Values APE
1990 9.5384 — — 9.9556 4.37 — — 10.0743 5.62 10.8917 14.19 — — — —
1991 10.0413 10.7416 6.97 9.8555 1.85 8.0124 20.21 8.2364 17.98 10.5928 5.49 — — — —
1992 10.5602 10.4843 0.72 10.2077 3.34 8.6777 17.83 8.8952 15.77 10.4590 0.96 11.5210 9.10 10.7600 1.89
1993 11.1490 10.4238 6.50 10.6096 4.84 9.3850 15.82 9.6067 13.83 10.4905 5.91 11.5077 3.22 11.1262 0.20
1994 11.8071 10.5542 10.61 11.0682 6.26 10.1426 14.10 10.3751 12.13 10.6872 9.48 11.6667 1.19 11.5969 1.78
1995 12.3471 10.8694 11.97 11.5915 6.12 10.9565 11.26 11.2049 9.25 11.0491 10.51 12.0548 2.37 12.1965 1.22
1996 12.9665 11.3797 12.24 12.1886 6.00 11.8321 8.75 12.1012 6.67 11.5762 10.72 12.6175 2.69 12.7044 2.02
1997 13.0082 12.0781 7.15 12.8700 1.06 12.7750 1.79 13.0691 0.47 12.2686 5.69 13.3341 2.50 13.4233 3.19
1998 13.0260 13.0143 0.09 13.6475 4.77 13.7908 5.87 14.1144 8.36 13.1261 0.77 13.8049 5.98 13.3079 2.16
1999 13.5132 14.1902 5.01 14.5347 7.56 14.8854 10.15 15.2434 12.80 14.1489 4.70 13.8500 2.49 13.3234 1.40
2000 14.0993 15.5657 10.40 15.5471 10.27 16.0653 13.94 16.4626 16.76 15.3369 8.78 14.2320 0.94 14.0720 0.19
2001 14.8264 17.1322 15.55 16.7023 12.65 17.3373 16.94 17.7794 19.92 16.6901 12.57 15.1149 1.95 14.9458 0.81
2002 16.1935 18.8777 16.58 18.0205 11.28 18.7088 15.53 19.2015 18.58 18.2085 12.44 16.2705 0.48 16.1709 0.14
2003 18.9269 20.7473 9.62 19.5247 3.16 20.1876 6.66 20.7374 9.57 19.8922 5.10 18.1776 3.96 18.7352 1.01
2004 22.0738 22.6240 2.49 21.2410 3.77 21.7822 1.32 22.3961 1.46 21.7410 1.51 21.4992 2.60 22.2328 0.72
2005 25.0835 24.4723 2.44 23.1995 7.51 23.5018 6.31 24.1875 3.57 23.7551 5.30 24.4693 2.45 24.9578 0.50
2006 27.5134 26.3039 4.40 25.4343 7.56 25.3562 7.84 26.1221 5.06 25.9344 5.74 26.7641 2.72 27.6156 0.37
2007 29.9271 28.1686 5.88 27.9844 6.49 27.3561 8.59 28.2115 5.73 28.2789 5.51 29.1779 2.50 29.7258 0.67
2008 30.6455 30.0677 1.89 30.8943 0.81 29.5129 3.70 30.4681 0.58 30.7886 0.47 30.6731 0.09 30.8884 0.79
2009 32.1336 32.1466 0.04 34.2147 6.48 31.8390 0.92 32.9051 2.40 33.4635 4.14 30.8443 4.01 32.0259 0.34
MAPE(%) 6.87 5.81 9.87 9.32 6.50 2.85 1.08
2010 34.3601 34.3392 0.06 38.0036 10.60 34.3477 0.04 35.5370 3.43 36.3037 5.66 30.3828 11.58 32.0774 6.64
2011 37.0163 36.5841 1.17 42.3270 14.35 37.0534 0.10 38.3795 3.68 39.3090 6.19 30.0486 18.82 32.6539 11.79
2012 38.1515 38.8779 1.90 47.2603 23.88 39.9715 4.77 41.4493 8.64 42.4796 11.34 30.7685 19.35 32.5588 14.66
2013 39.4794 41.2164 4.40 52.8897 33.97 43.1187 9.22 44.7647 13.39 45.8154 16.05 30.8124 21.95 32.7597 17.02
2014 40.0299 43.5957 8.91 59.3132 48.17 46.5132 16.20 48.3453 20.77 49.3164 23.20 30.6286 23.49 32.7057 18.30
MAPE(%) 3.29 26.19 6.06 9.98 12.49 19.04 13.68

a The power and background coefficient are 0.01 and 0.5. b The optimal background coefficient is 0.36. c The coefficient of determi-
nation is 0.9749. d The model type is ε-SVR with the embedding dimension equal to 2 and the kernel type being radial basis. e

The model type is feed-forward neural network with 2 lagged inputs and 3 nodes in the only hidden layer.

6.3. Comparison with other models

The proposed model is compared with the grey models including the linear discrete one NDGM(1,1) (Xie
et al., 2013a), the nonlinear continuous ones NBGM(1,1) (Chen et al., 2008) and GPMB(1,1,N) (Wei et al.,
2018), and also some other models including the QPR (quadratic polynomial regression), SVR (support
vector regression) and NNAR (neural network autoregression) (Hastie et al., 2013). In order to ensure the
comparability of modeling results, the time series in the period from 1990 to 2005 is used for fitting and the
rest for evaluating the predicting performance. The calculation results together with the absolute percentage
errors (APEs) in two data sets ATECcvc and ATECcec are shown in Tables 3 and 4, respectively.

In comparison with the grey models, all their MAPEs are less than 10%, and DGPM and NDGM(1,1)
having small differences in MAPE, outperform NBGM(1,1) and GPMB(1,1,0) in terms of the fitting per-
formance. But in the predicting period from 2010 to 2014, their MAPEs differ greatly from each oth-
er. It is worth noting here that NDGM(1,1) has a little higher fitting accuracy but much worse predict-
ing performance than DGPM. From the property analysis in subsection 2.4, NDGM(1,1) is equivalent to
DGPM(1,1,1) except for the initial value optimization, and the modeling results in subsection 6.2 indi-
cate that the best model structure is x(0)(k) = αx(1)(k − 1) + βk2 + γ rather than that of DGPM(1,1,1)
x(0)(k) = ax(1)(k − 1) + bk + c. It means that NDGM(1,1) does not recognize the true pattern hidden in
the time series and thus results in poor predictions, although optimizing the initial value by least squares
again in NDGM(1,1), could reduce the fitting errors.
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Table 4: Comparison of the fitted results (from 1990 to 2009) and predicted results (from 2010 to 2014) by using various grey
and other models in the data set ATECcec.

Year Actual DGPM NDGM(1,1) NBGM(1,1) a GPMB(1,1,0) b QPR c SVR d NNAR e

values Values APE Values APE Values APE Values APE Values APE Values APE Values APE
1990 9.8703 — — 10.2751 4.10 — — 10.4117 5.48 11.2948 14.43 — — — —
1991 10.3783 11.1164 7.11 10.2792 0.96 8.3533 19.51 8.5854 17.28 10.9973 5.96 — — — —
1992 10.9170 10.8847 0.30 10.6466 2.48 9.0479 17.12 9.2731 15.06 10.8710 0.42 12.1680 11.46 11.1042 1.71
1993 11.5993 10.8547 6.42 11.0658 4.60 9.7864 15.63 10.0158 13.65 10.9159 5.89 12.1223 4.51 11.5108 0.76
1994 12.2737 11.0147 10.26 11.5443 5.94 10.5774 13.82 10.8179 11.86 11.1319 9.30 12.2573 0.13 12.1244 1.22
1995 13.1176 11.3652 13.36 12.0904 7.83 11.4273 12.89 11.6844 10.93 11.5190 12.19 12.6289 3.73 12.7382 2.89
1996 13.5192 11.8925 12.03 12.7136 5.96 12.3417 8.71 12.6202 6.65 12.0773 10.67 13.3248 1.44 13.7006 1.34
1997 13.5909 12.6326 7.05 13.4248 1.22 13.3265 1.95 13.6310 0.29 12.8067 5.77 14.0707 3.53 13.9286 2.48
1998 13.6184 13.6124 0.04 14.2364 4.54 14.3874 5.65 14.7227 8.11 13.7073 0.65 14.4043 5.77 13.8566 1.75
1999 14.0569 14.8355 5.54 15.1628 7.87 15.5309 10.49 15.9019 13.13 14.7790 5.14 14.4769 2.99 13.8694 1.33
2000 14.6964 16.2684 10.70 16.2199 10.37 16.7635 14.07 17.1755 16.87 16.0219 9.02 14.8100 0.77 14.6103 0.59
2001 15.5547 17.8948 15.04 17.4264 12.03 18.0925 16.32 18.5511 19.26 17.4359 12.09 15.6583 0.67 15.5874 0.21
2002 16.9577 19.6968 16.15 18.8033 10.88 19.5255 15.14 20.0369 18.16 19.0211 12.17 16.9301 0.16 16.9976 0.24
2003 19.7083 21.6299 9.75 20.3746 3.38 21.0708 6.91 21.6417 9.81 20.7774 5.42 18.9268 3.97 19.4852 1.13
2004 23.0281 23.5846 2.42 22.1680 3.74 22.7373 1.26 23.3751 1.51 22.7049 1.40 22.2484 3.39 23.2098 0.79
2005 26.1369 25.5143 2.38 24.2146 7.35 24.5346 6.13 25.2472 3.40 24.8035 5.10 25.4004 2.82 26.0254 0.43
2006 28.6467 27.4363 4.23 26.5503 7.32 26.4730 7.59 27.2693 4.81 27.0732 5.49 27.8615 2.74 28.7178 0.25
2007 31.1442 29.3993 5.60 29.2159 6.19 28.5636 8.29 29.4534 5.43 29.5141 5.23 30.3590 2.52 30.9440 0.64
2008 32.0611 31.4045 2.05 32.2580 0.61 30.8185 3.88 31.8124 0.78 32.1262 0.20 31.9388 0.38 32.3625 0.94
2009 33.6126 33.5804 0.10 35.7297 6.30 33.2506 1.08 34.3603 2.22 34.9094 3.86 32.1234 4.43 33.4737 0.41
MAPE(%) 6.87 5.68 9.81 9.23 6.52 3.08 1.06
2010 36.0648 35.8755 0.52 39.6919 10.06 35.8738 0.53 37.1123 2.90 37.8638 4.99 31.5950 12.39 33.7780 6.34
2011 38.7043 38.2318 1.22 44.2137 14.23 38.7032 0.00 40.0847 3.57 40.9893 5.90 31.2048 19.38 34.2314 11.56
2012 40.2138 40.6416 1.06 49.3742 22.78 41.7551 3.83 43.2951 7.66 44.2859 10.13 32.0433 20.32 34.2817 14.75
2013 41.6913 43.1007 3.38 55.2636 32.55 45.0470 8.05 46.7627 12.16 47.7537 14.54 32.1154 22.97 34.3843 17.53
2014 42.5806 45.6049 7.10 61.9848 45.57 48.5977 14.13 50.5081 18.62 51.3927 20.69 31.9055 25.07 34.3982 19.22
MAPE(%) 2.66 25.04 5.31 8.98 11.25 20.03 13.88

a The power and background coefficient are 0.01 and 0.5. b The optimal background coefficient is 0.36. c The coefficient of determi-
nation is 0.9752. d The model type is ε-SVR with the embedding dimension equal to 2 and the kernel type being radial basis. e

The model type is feed-forward neural network with 2 lagged inputs and 3 nodes in the only hidden layer.

In comparison with the other three models, QPR obtains almost the same fitting performance with
DGPM, but performs poorly in predicting. Comparing the model structures, QPR does not consider the
autocorrelation in time series, resulting in the poor predicting performance. With regard to SVR 1 and
NNAR 2, both of them obtain too high fitting accuracy to be true, and the prediction results indicate that
they both behave badly in the period from 2010 to 2014. It is likely that the small size of modeling samples
leads to the over-fitting (Hastie et al., 2013), although we have tried our best to avoid this by simplifying
the model structures in modeling process.

Overall, the DGPM models in the data sets ATECcvc and ATECcec, have the minimal MAPE values of
3.29% and 2.68% in the period from 2010 to 2014, respectively, indicating the highest predicting accuracy
in these two case studies.

6.4. Short discussion

All the above models show an interesting phenomenon that the errors of predicted values tend to increase
with the increasing of prediction step. In DGPM models, especially, the APEs in 2014 are as much as 8.91%
and 7.10%, indicating that long-term and multi-step prediction should be carefully evaluated.

It can be seen from the optimal model structure in subsection 6.2 and Theorem 3 that the pattern
hidden in the annual total energy consumption data roughly reflects the quasi-exponential growth, linear
adjustments and uncertainty shocks in reality, and also is in line with the characteristics of the time series in
Figure 3. Additionally, Tables 3 and 4 show that all these models, except for SVR and NNAR, have higher
fitting errors in the two periods of 1994–1996 and 2000–2002, but only the proposed model behave well,

1Support vector regression is implemented by using the function svm in R package e1071. URL: https://mirrors.ustc.
edu.cn/CRAN/web/packages/e1071/e1071.pdf

2Neural network autoregression is implemented by using the function nnetar in R package forecast. URL: https://

mirrors.ustc.edu.cn/CRAN/web/packages/forecast/forecast.pdf
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illustrating that the proposed model and algorithm are robust to uncertainty shocks in some sense. In fact,
the uncertainty shocks, such as the energy-saving and emission-reduction policy (in The Eleventh Five-year
Plan) introduced by the Chinese Government in 2006 and Beijing Olympic Games in 2008, changed the
original values in 2008 and 2009 (there exists two- and one-year delays) and thus destroy the consistency of
data. In this regard, any predictors are subject to errors, although these events should be accommodated
within the fairly large uncertainty bounds (Young, 2018).

7. Conclusions

In this study, a novel discrete grey polynomial model is proposed which presents a unified representation
for a family of univariate discrete grey models including the popular homogeneous and non-homogeneous
ones. By simulating the original time series directly, the proposed model avoids the two-step parameter
estimation and the unnecessary inverse accumulating generation, and makes property analysis simple by
introducing matrix decomposition. Furthermore, a data-based selection algorithm is presented to search the
optimal model structure adaptively, and then large-scale simulations and two real data sets are employed
to test the robustness and performance. The results demonstrate the effectiveness and applicability of the
proposed model compared with the alternative models.

There are several interesting directions for extending the present work. First, the data-based structure
selection algorithm is a discrete process in this study. It would be interesting to examine how a continuous
shrinkage method performs, where the estimates of model parameters can be obtained as

arg min
α,β0,··· ,βN


n∑
k=2

x(0)(k)− αx(1)(k − 1)−
N∑
j=0

βjk
j

2

+ λ1|α|+ λ2

N∑
j=0

|βi|


where λ1, λ2 > 0 are hyper-parameters. Next, the forcing term in the proposed model can be actually viewed
as a polynomial basis expansion, and inspired by this one important direction would be to introduce the
kernel method, that is, x(0)(k) = $x(1)(k − 1) + ωTb(k), where ω is the unknown weight vector and b(k)
is the unknown basis function vector. This is straightforward but tedious because of the semi-parametric
characteristic. Last, efforts to improve the accuracy of the proposed method, such as introducing the rolling
and moving mechanism, may be one of the main future studies.
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