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Abstract
Large-eddy simulations are performed of a turbu-

lent round jet at Ma = 0.5 and 0.9. The solver de-
pendency is explored on computationally affordable
grids of 5 and 20 million grid points, by taking advan-
tage of the consistency of the subgrid-scale σ-model.
Three different solvers are tested. With all three, the
computed mean and second-order fluctuating quanti-
ties of the turbulent near field compare favorably with
measurements, for both Mach numbers and both grids,
showing the strength of the σ-model in adapting to dif-
ferent flow conditions and grid refinements.

1 Introduction
In recent years, as the computing power continu-

ously increases, Large-eddy simulations (LES) have
become more and more feasible for the study of com-
plex flows like turbulent jets (Bodony and Lele, 2008;
Bogey and Bailly, 2006; Shur et al., 2005; Xia et al.,
2009; Xia, 2015). Nevertheless, computational effi-
ciency is still a priority. Numerical simulations of
high Reynolds number turbulent jets can be strongly
affected by the choice of the subgrid-scale model (Bo-
gey and Bailly, 2003; Mahak et al., 2016) and of the
solver (Tucker et al., 2006), especially if run on com-
putationally affordable grids. The dependency on the
solver is usually not easy to assess, since small numer-
ical differences due to the code can be hidden by the
subgrid-scale model, while the absence of a model, as
in Implicit LES (ILES), can amplify those differences.

The choice of a suitable subgrid-scale model is
therefore essential to identify solver dependency. Dy-
namic models (Germano et al., 1991) are usually con-
sidered a valid option, but they can be difficult to im-
plement and to apply to complex flows. The model
chosen for the present work is the σ-model (Nicoud
et al., 2011), in which the subgrid-scale viscosity is
defined as

νSGS = (Cm∆)
2Dm (u) (1)

with

Dm =
σ3 (σ1 − σ2) (σ2 − σ3)

σ2
1

(2)

where σ1 ≥ σ2 ≥ σ3 ≥ 0 are the three singular val-
ues of the velocity gradient tensor. The model con-
stant reported in Nicoud et al. (2011), Cm = 1.35, has
been used in this work. Unlike more standard mod-
els, like Smagorinsky (where Dm =

√
2SijSij ), the

σ-model has the property to automatically vanish as
soon as the resolved field is either two-dimensional
or two-component, as in pure shear. In addition, it
has the appropriate cubic behavior in the vicinity of
solid boundaries without requiring any ad-hoc treat-
ment. The model has been successfully adopted for jet
noise prediction in Angelino et al. (2016), showing its
strength in properly adapting to different grid refine-
ments.

2 Numerical methods
The codes compared in this study are summarized

in the following table:

Code-A Code-B Code-C
code type cell-centered cell-vertex cell-centered
continuity density-based density-based pressure-based

time
implicit explicit implicit

discret.
σ-model b b a
method

Table 1: Properties of the solvers

Code-A
Code-A (Xia, 2005) is an academic research code

based on a cell-centered finite volume discretisation
for arbitrarily unstructured meshes. To compute the in-
viscid flux, Roe’s flux difference splitting approximate
Riemann solver is employed at the interface between
two neighboring control volumes:

F =
1

2
(FL + FR)− ε1

2
|A| (QR −QL) (3)

where |A| = M|Λ|M−1 is the diagonalizing trans-
form, A = ∂F/∂Q the Jacobian, and ε is adopted
as an additional parameter to control the amount of



upwinding (see Xia et al., 2009). The dual-time in-
tegral is employed with the outer physical time dis-
cretized by a three-level backward Euler scheme. This
leads to second-order temporal accuracy. The inner
pseudo time is advanced by a three-stage Runge–Kutta
scheme. As the outer time is discretized implicitly,
larger physical time steps are allowed thus increasing
the efficiency compared with explicit time marching.

The σ-model has been implemented in it’s method
“b” formulation (Nicoud et al., 2011), which does not
require the use of external scientific libraries. It finds
the singular values of the resolved velocity gradient g
through the calculation of three angles based on the
invariants of the matrix G = gtg.

Code-B
Code-B (Moinier, 1999) is a density-based cell-

vertex finite volume industrial code used for turboma-
chinery design. The second order flux calculation is
based on the Roe scheme with a tunable parameter ε
as in Code-A. For the temporal discretisation, a stan-
dard three-stage Runge-Kutta explicit algorithm is em-
ployed.

The σ-model has been implemented in it’s method
“b” formulation.

Code-C
Code-C (OpenFOAM) is a pressure-based com-

pressible finite volume solver built on a combina-
tion of the pressure-implicit split-operator (PISO) and
the semi-implicit method for pressure-linked equa-
tions (SIMPLE). The SIMPLE sub-iterations (1 in this
case) allow a more stable convergence for larger time
steps. The pressure equation is expressed in its tran-
sonic form as found in Demirdžić et al. (1993).

For the convective terms a blending of the cen-
tral differencing scheme and the second order upwind
scheme is applied through a local factor ε, with the
same rationale as in the previous two codes.

Taking advantage of the existing scientific libraries
in OpenFOAM, the σ-model has been implemented in
its method “a” formulation (Nicoud et al., 2011), based
on the direct calculation of singular values of the re-
solved velocity gradient g from the eigenvalues of the
matrix G = gtg.

3 Case setup and flow conditions
The case studied is that of Set Point 3 and 7 of

Tanna (1977), corresponding to cold jet conditions
(T/T∞ ≈ 1 before the nozzle contraction), and acous-
tic Mach number at the jet exit Ma = Uj/a∞ = 0.5
and 0.9, respectively. The Reynolds number, based on
the nozzle exit diameter Dj and jet exit velocity Uj , is
around 5×105 and 106, respectively. The axisymmet-
ric nozzle SMC000 (Bridges and Wernet, 2010) has a
2-inch exit diameter.

Solutions are obtained on multi-block structured
grids with 5M and 20M cells. In order for the mesh
refinement to be consistent in the whole domain, it

Figure 1: Detail of the nozzle exit for the 5M grid

high ε “sponge” region

low ε core region

nozzle

Figure 2: Distribution of the upwinding parameter ε

follows an equal-ratio rule, i.e. the number of cells
increases by 3

√
4 times along all three directions. A

detail of the nozzle exit for the 5M grid is depicted in
Figure 1.

The computational domain consists of the up-
stream, jet inlet, farfield, and downstream boundaries.
The domain is 50Dj long and expanded to a radial ex-
tent of 50Dj at the right end. On the nozzle solid wall,
the no slip and adiabatic thermal conditions are ap-
plied.

Figure 2 gives the distribution of the upwinding pa-
rameter ε. Its maximum value of 1 corresponds to fully
upwinded flux, which is used in the “sponge” zone to
damp the acoustic reflections. Its minimal value needs
to be tuned (≈ 0.1) to avoid numerical instabilities.
A linear transition connects the two regions with the
lowest and highest ε values.

4 Results and discussion
In order to demonstrate the superiority of σ-model

compared with the traditional Smagorinsky-model,
vorticity magnitude contours of the (x, y) plane, ob-
tained with Code-B, are shown in Figure 3, for the 5M
grid with Ma = 0.9. Since there is no unsteady pertur-
bations in the inflow conditions, the flow presents lam-
inar behaviour inside the nozzle. However, by using
the σ-model, the transition to a turbulent regimen oc-
curs near the nozzle exit, as expected in high-Reynolds



Figure 3: Vorticity magnitude contours of the (x, y) plane,
5M grid, Ma = 0.9, Code-B. Comparison of the
σ-model and the Smagorinsky-model.

Figure 4: Vorticity magnitude contours of the (y, z) plane
at x/Dj = 0.75, 5M grid, Ma = 0.9, Code-B.
Comparison of the σ-model and the Smagorinsky-
model.

number jets. On the contrary, with the Smagorinsky-
model, this transition does not happen until x/Dj = 1,
where highly coherent vortices appear. This should not
occur for such a high Reynolds number.

Vorticity magnitude for a (y, z) plane at
x/Dj = 0.75 can be seen in Figure 4. It is clear
that, despite the coarse mesh used for this simulation,
three-dimensional turbulent structures appear when
the σ-model is used, whereas in the Smagorinsky-
model case the flow is still two-dimensional. This
clearly emphasis the fact that the σ-model behaves
better than the Smagorinsky-model and, even in
coarse meshes, is able to give a feasible representation
of high-Reynolds number jets.

In the following paragraphs a detailed comparison
of the results obtained with the σ-model with Code-A,
Code-B and Code-C will be presented.

Figure 5 shows the Q-criterion coloured by veloc-
ity at Ma = 0.9 for the three solvers. They all show a
large range of turbulent structures, where the smallest
ones appear near the nozzle exit and, as the flow devel-
ops, these structures start to mix with each other creat-
ing larger ones. Code-A and Code-B show more regu-
lar oscillations in the initial shear layer, while Code-C
yields a slightly faster transition from laminar to tur-
bulent regimen in the shear layer.

Figures 6, 7 and 8 compare the centerline mean

axial velocity and the centerline normal stress to ex-
perimental results (Bridges and Wernet, 2010; Zaman,
1986; Arakeri et al., 2003) at Ma = 0.5 with 5M grid
points, Ma = 0.9 with 5M grid points, and Ma = 0.9
with 20M grid points, respectively. The agreement be-
tween the simulations and the experiments for the vari-
ables along the centerline is quite satisfactory, even
for the 5M Ma = 0.9 case in which the mesh is quite
coarse for the high Reynolds number of the simulation.

Similarly, Figures 9, 10 and 11 show the lipline be-
haviour of the normal stress. The peak that appears in
the normal stress near the nozzle is possibly caused
by the delay in the transition from laminar to turbulent
regimen in the shear layer. In all the simulations this
transition occurs slightly downstream from the nozzle
lip. This is due to the fact that the inflow conditions
that are used for these simulations do not include any
characterisation of the turbulent levels in the bound-
ary layer of the nozzle. However, Code-C has small
numerical instabilities at the end of the nozzle, which
trigger a faster transition. This explains as well the
difference with the experiments, where the conditions
that were used assure a turbulent regimen in the bound-
ary layer of the nozzle.

Figures 12, 13 and 14 show shear stress radial pro-
files at four different locations near the nozzle exit,
compared to experiments (Bridges and Wernet, 2010).
For a clearer comparison, in each graph the value of
the shear stress is shifted by 0.1 in the second pro-
file, 0.2 in the third, and 0.3 in the fourth. These pro-
files confirm the sensitivity of the initial shear layer
to the numerical differences of the solvers, which can
be detected thanks to the vanishing of the σ-model
in two-dimensional flows. For x = 2Dj the discrep-
ancy between the solvers and the experiments is the
highest, which is in agreement with the highest value
of the normal stress near the nozzle exist. However,
for downstream location there is no real difference be-
tween the experiments and the simulations, which in-
dicates that the development of the shear layer is not
particularly affected by the initial peak of the stresses.

Further investigation is currently being conducted
to assess the effect of inflow turbulence on the shear
layer transition with the three solvers.

5 Conclusions
Large-Eddy Simulation results have been com-

pared from three different solvers using the σ-model.
All three solvers have proven to be very effective in
capturing the overall behaviour of high Reynolds num-
ber jets, even with computationally affordable grids.
Results are very consistent, with both grids of 5M and
20M grid points, and with Mach numbers 0.5 and 0.9.
Slight discrepancies among the three solvers appear in
the initial shear layer, where the transition seems to be
driven by the solver numerics. The overall mean and
fluctuating quantities, however, are code independent
and compare favorably with measurements.



Figure 5: Q-criterion coloured by velocity for Ma = 0.9

Figure 6: – centerline velocity, – – centerline normal stress,
◑ Bridges and Wernet (2010), ◮ Zaman (1986);
Ma = 0.5; 5M cells.

Figure 7: – centerline velocity, – – centerline normal stress,
◑ Bridges and Wernet (2010), ⧩Arakeri et al.
(2003); Ma = 0.9; 5M cells.

Figure 8: – centerline velocity, – – centerline normal stress,
◑ Bridges and Wernet (2010), ⧩ Arakeri et al.
(2003); Ma = 0.9; 20M cells.

Figure 9: Lipline normal stress, # Bridges and Wernet
(2010), 4 Zaman (1986); Ma = 0.5; 5M cells.

Figure 10: Lipline normal stress, # Bridges and Wernet
(2010); Ma = 0.9; 5M cells.

Figure 11: Lipline normal stress, # Bridges and Wernet
(2010); Ma = 0.9 ; 20M cells.



Figure 12: Shear stress radial profiles, # Bridges and
Wernet (2010); Ma = 0.5; 5M cells.

Figure 13: Shear stress radial profiles, # Bridges and
Wernet (2010); Ma = 0.9; 5M cells.

Figure 14: Shear stress radial profiles, # Bridges and Wer-
net (2010); Ma = 0.9; 20M cells.
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